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EXTRACT PROM THE PREFACE TO THE 
FIRST EDITION 

The main purpose of the book is to give a logical connected 
account of the subject, by starting with the definition of “Number” 
and proceeding in what appears to me to be a natural sequence of 
steps. 

Since modem Analysis requires great precision of statement, and 
demands from the student a very clear understanding of its funda- 
mental principles, I have aimed at presenting the subject in such 
a way as to make every important concept clearly understood. The 
examples at the end of each chapter have been chosen mainly to 
illustrate the fundamental concepts, and most of them have been 
taken from a collection which I have made of questions suitable 
for examination and exercise work for my students. 

It is extremely difficult to acknowledge indebtedness to all the 
different sources in a work of this kind, and I am fully aware that 
I have benefited largely from most of the existing text-books and 
standard works on the subject, as well as from the lectures of 
Prof. J. E. Littlewood, F.II.S., and Mr S. Pollard of Trinity College, 
Cambridge. Since it is so often difficult to discover the rightful 
originator of particular theorems or modes of demonstration, no 
systematic attempt has been made to cite authorities; but where 
I have definitely borrowed from any recent work which appears to 
possess originality, acknowledgement has been made either in 
footnotes or in the text itself 

Prof. W. E. H. Berwick very kindly read through part of the first 
draft of the manuscript, and made some helpful suggestions for 
which 1 am grateful My sincere thanks are due to Prof Q. N. 
Watson, F,Jl.S., for valuable criticisms and suggestions which have 
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helped very greatly to improve the form and presentation of the 
book; and to my colleague Mr W. M. Shepherd for his kindness in 
drawing all the diagrams and for his help with the proof-reading. 
I desire also to express my gratitude to the ofiScials of thei tiniversity 
Press both for their unfailing courtesy and for the excellence of 
their work. 

E. G. PHILLIPS 


Jamiary 1930 



PREFACE TO THE SECOND EDITION 


The second edition of this book, based on a course of lectures on 
Analysis first prepared for the Honours students in the University 
College of North Wales, is largely a reproduction of the first edition. 
My experience of using the book with my own students has 
convinced me that it is already difficult enough for those who are 
using it as their first introduction to rigorous Analysis and so I 
have made no substantial changes in the subject-matter. 

I have taken advantage of the opportunity to clarify a few 
obscurities and to correct some errors which had been overlooked 
in the preparation of the first edition; and I take this opportunity 
of thanking all those who kindly drew my attention to many of 
these. 

I have altered a few of the examples and I have also included 
some additional ones. 

E.aP. 


June 19o9 
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a systematic study of modem Analysis ought to remain in entire 
ignorance of the field of study which has been opened up by Frege, 
Bertrand Russell and others ^ in reducing to logic those arithmetical 
notions which had previously been shewn by Peano to be sufficient 
for mathematics. To consider this question fully would nijake this 
chapter unduly lengthy ; accordingly it has been thought aljuflScient 
to indicate the main essential ideas, and leave the reader tq consult 
other treatises for a more detailed explanation f. i 

No science is entirely self-contained ; each borrows the strength 
of its ultimate foundations from something outside itself, such as 
experience, or logic or metaphysics. This is the case with Pure 
Mathematics, and the definition of number which is given in this 
chapter is a logical definition ; hence some knowledge of that field 
of study which has come to be known as“ mathematical philosophy” 
is unavoidable. 

Although the natural numbers seem to represent what is easiest 
and most familiar in mathematics, very few people would be 
prepared with a definition of what is meant by “number” or “1” 
or “8,” and a much greater diflSculty arises when we consider 
how to define “0.” 

It may be remarked that 0 is a recent addition to the series of 
natural numbers, and the Greeks and Romans had no such digit. 

All the essential ideas involved in the logical definition of 
number will be explained as simply and as untechnically as possible; 
but however carefully we attempt to avoid difficult and unfamiliar 
phraseology, this chapter will unavoidably appear difficult, and 
perhaps artificial to the beginner. As we have already remarked, 
however, we must deal with these unfamiliar ideas, unless we are 
content to shirk all the difficulties by the unjustifiable assumption 
that we already understand what is meant by “number.” 

Historicalljr, the progress of mathematics has been constrwtive 
in the direction of rapidly increasing complexity. In the case of 
number, with which we are now concerned, the natural numbers 

I> , tt, ... 


^ Frege’s Qrundlagen der ArithmetiJe (1884) gave the first correct logical defimtlon 
of number, but the book attracted little attention, and its eontenti remained 
practically unknown until they were rediscovered by Bussell iu 1901. 

t l)he reader may profitably consult B. Bussell’s Introduetim to MMkmathol’ 
Pklkeif h|f, and S, E. LitUewood’s JSkmentt of th$ Thiory of Beal FuneHone (1996). 
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were the first to be considered, and their earliest use was in an 
ordinal sense, when they were employed for the purpose of counting. 
Our familiarity with the use of the natural numbers for counting 
is one of the chief obstacles to be removed before we are able to 
give a satisfactory definition of a cardinal number. The commonest 
every-day use of numbers (for the purpose of counting) is just the 
aspect of number which is least helpful for this purpose, and the 
definition of a cardinal number must not involve the use of counting. 
The importance of the distinction between cardinal and ordinal 
numbers will be emphasised as we proceed ; and the reader will 
see later that counting, although so familiar, is logically a very 
complex operation. All that need be said at the moment is that 
counting employs the natural numbers in an ordinal sense, and the 
logical definition of “order” and “ordinal number” is by no means 
easy. 

The impossibility of defining a cardinal number by the process of enumera- 
tion is very obvious when viewed psychologically. “Counting,*^ it is said, 

consists of successive acts of attention ; the result of such a succession is a 
number.” In other words, “the number teven is the result of seven acts of 
attention.” This makes the vicious circle obvious. 

The introduction of fractions into arithmetic was thb next step, 
these arising naturally in connection with the problem of measure- 
ment; and their introduction was comparatively easy. On the 
contrary the negative numbers caused a great deal of trouble. For 
some time negative numbers were called absurd and fictitious, 
and the fact that the product of — a and — b could give a positive 
number ab was for a long time a difficulty to many minds*. The 
subsequent introduction of irrational numbers, such as \/2, ^6, tt 
and e, did not excite much comment. In actual calculations 
approximate rational values were used, and it seemed quite 
natural to subject them to the same laws as rational numbers. 
Irrational numbers arose first in connection with geometry, with 
the discovery by the early Greek geometers that there is no 
fraction of which the square is 2, a result which naturally emerges 
out of the problem of determining the length of the diagonal of a 

* In the latter half of the eighteenth century, Maseree (1731-1824) and Frend 
(1767-1841) published works on Algebra and Trigonometry in which the use of 
negative numbers was disallowed, although Descartes had used them freely move 
than a hundred years before. 
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unit square. With the invention of algebra the same question 
arose in the solution of equations, but here it took a wider form 
involving also complex numbers, which will be discussed later. 

Although irrational numbers were discovered as early as the 
time of Pythagoras, no real advance towards constructing ja rigorous 
theory of irrational numbers was made until the time of Wfeierstrass 
(1815-97) and Dedekind (1831-1916). It may be remaned that 
if we agree to accept the tiatural numbers as fundamental, and 
thereby avoid the necessity of considering any mathematical 
philosophy, even then some rigorous theory of irrational numbers 
is necessary before Analysis can be founded on a satisfactory basis. 
The definition of an irrational number which will subsequently 
be given is due to B. Russell, and it is a slight modification of 
Dedekind’s method. 

The other method of pursuing the study of mathematics is the 
reverse of the historical order of progress. Instead of pursuing the 
constructive process towards increasing complexity, we proceed, by 
analysing, to greater abstractness and logical simplicity. Instead 
of considering what can be defined and deduced from our initial 
assumptions, we examine whether more general ideas and principles 
can be found in terms of which our original starting-point can be 
defined or deduced. This second method is what characterises the 
study which has come to be known as mathematical philosophy. 
Thus, if our foundations are to be based farther back than on the 
mere postulation of the existence of the natural numbers, it can 
only be done by considering some of the questions with which 
mathematical philosophy is concerned. 

1*2. Fundamental notions. 

We now state what concepts must be taken as fiindamental in 
order to give a definition of number. The following remarks may 
perhaps clear the ideas of the beginner, and help him to appreciate 
the definition which will subsequently be given. A trio of men is 
an instance of the number 3, and the number 8 is an instance of 
number, but the trio itself is not an instance of number. The 
number 8 is not identical with any collection of terms having that 
number; it is something which all trios have in common, and 
which distinguishes them from other collections. It brings us a 
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step nearer to the correct definition when we realise that number 
is to be regarded as something which characterises certain collections. 
The reference to a “collection** of objects introduces the first 
important concept, that of an aggregate. 

An aggregate (or collection) of objects which is conceived of as 
containing more or fewer objects is a concept which will be taken 
as primitive, and no attempt is made to defims it. A great deal 
can be known about an aggregate without our being able to 
enumerate its members. The elements composing an aggregate 
need not possess any parity as regards size or any other special 
quality. For example, an aggregate may be “all the living creatures 
in the city of London,** “all the trees in a certain garden,** or any 
other collection of entities of entirely diverse characteristics. 

An aggregate, considered quite apart from the order of its 
members, is termed a class or set. 

A great part of mathematical philosophy is concerned with 
relations, and although only a few important illations enter into 
the discussions in this book, a few remarks may be helpful to the 
beginner. 

Amongst the most important kinds of relations is the class of 
“one-many,** “many-one,** and “one-one** relations*. If A and B 
denote two sets of entities, the relation between these two sets is 
“one-many,** if more than one member of the set B bears the given 
relation to each member of the set A. 

The following examples will make the ideas clearer. In countries whore 
monogamy is practised the relation of husband to wife is one-one, in poly- 
gamous countries the relation is one-many, and in Tibet, where polyandry is 
prsptised, the relation is many-one. The relation of father to son is one-many, 
that of son to faiher is many-one, but that of eldest son to father is one-one. 

The domain of a relation consists of all those terms which have 
the relation to something or other, and the converse domain consists 
of all those terms to which something or other has the relation. 

The field of a relation consists of the domain and the converse 
domain together. 

* The use of the word **one*’ in the desoription of these relations is justifiable, 
for a meaning can be assigned to the above relations which does not require any 
concept of the cardinal number ** 1.*’ For an interesting remark on this point, see 

Inttlewood^s MlemenU qf the Theory of Ueal Functions (1926), p. 2. 
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A further notion which is required is that of coebespondence : 
this is the notion which underlies the process of tallying. The 
elements of one aggregate may be made to stand in some logical 
relation with those of another so that a definite element of one 
aggregate is regarded as correspondent to a definite etement of 
another aggregate* \ 

Two aggregates which are such that to each element of\the first 
there corresponds one and only one element of the second, and to each 
element of the second there corresponds only one element of the first, 
are said to be in one-one correspondence. 

1*21. Definition of number. 

Two aggregates are said to be similar when there is a one-one 
correspondence which correlates their elements. Suppose now that 
all couples are in one bundle, all trios in another, and so on. In 
this way we obtain various bundles of collections. Each bundle is 
a set whose members are classes ; thus each is a set of classes. To 
decide when two collections are to belong to the same bundle we 
use the notion of similarity defined above. Given any aggregate, 
we can define the bundle to which it must belong as being the set 
of all those aggregates which are similar to it. 

We therefore give the following definition : 

The NUMBER of a class is the set of all those classes thcd are 
similar to it 

According to this definition the set of all couples is the number 
2 ; the set of all trios is the number 3, and so on. 

Numbers in general have been defined as bundles into which 
similarity collects classes. A number is a set of classes such that 
any two of the classes are similar to each other, and none outside 
the set is similar to any inside the set. 

On the same lines the number 0 can be defined. The number 0 
is the number of terms in a class which has no members, and this 
class is called the null class. By the general definition of number, 
the number of terms in the null class is the set of all classes which 
are similar to the null class, and this is easily seen to be the set 
whose only member is the null class. The purely logical definition 
of the number 0 may therefore be given as follows : 

The number 0 is the set whose only member is the null class. 
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1*3. Relations. 

The important type of relation known as a one-one relation hals 
already been mentioned. The concept of one-one correspondence 
is of fundamental importance, for upon it depends the definition of 
number given above. There are, however, many other kinds of 
relations, and one very important type, “serial relations,*’ will be 
needed when we define “order.” 

The following examples of “one-one” relations may assist the 
reader to assimilate some of the essential ideas involved. 


Take the first ten integers (excluding 0), 

1 , 2 , 3 , 8 , 9 , 10 ( 1 ). 

This set can clearly be correlated with the set of integers 

2 , 3 , 4 , ..., 9 , 10 , 11 ( 2 ); 


and the relation which correlates these two classes can be described as the 
relation of n to The relation is clearly one-one ; also the domain and 

converse domain overlap, for all the members of class (1), save the first, are 
repeated in class (2), and class (2) contains only one new member, 11. 

If, instead of the relation of n to n+1, we take the relation of a number to 
its square, we obtain the set of integers 

1 , 4 , 9 , ..., 64 , 81, 100 ( 3 ), 

which also bears a one-one relation to the set (1). 

1*31. Serial relations. 

An idea which obviously calls for attention is that of an aggregate 
whose members are arranged in a certain order. In defining 
number we considered aggregates quite apart from any question 
of order among their members. The numbers which we were able 
to define in this way are called cardinal numbers. 

An ordered aggregate, which appears to be a greater complexity 
than a class, is resolved in quite a simple way ; but before we can 
deal with ordered aggregates, serial relations must be understood. 
It will be seen that an ordered aggregate leads naturally to the 
definition of an ordinal number. 

In seeking a definition of order, the first thing to realise is that 
no set of terms has just one order to the exclusion of others; a set 
of terms has all the orders of which it is capable. It is true that 
the natural numbers (due to their employment for the purpose of 
counting) occur to us most readily in order of magnitude, but they 
are capable of an unlimited number of other arrangements. The 
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definition of order is not therefore to be sought in the nature of 
the set of terms to be ordered, since the same set of terms has 
many different orders. The order lies, not in the set of terms, but 
in a relation among the members of the set, in respect of which 
some appear as earlier and some as later. 

The essential characteristics of a relation which is t^ give rise 
to order may be discovered by considering that in respect of such 
a relation we must be able to say, of any two terms iti the set 
which is to be ordered, that one “precedes"' and the other ‘^follows.” 
We require the ordering relation to have the following three 
properties : 

(1) Asymmetry. If x precedes y must not also precede x. 
We say that any given relation is asymmetrical when^ if it holds 
from X to y, then it does not hold from y to x. 

Relations which do not give rise to series often do not have the property of 
asymmetry. The relation “ is the cousin of” is an example of this, for if x 
is the cousin of y is also the cousin of x. 

(2) Transitiveness. If x precedes y and y precedes then x 
must also precede z. A relation is transitive when, if it holds from 
xtoy and from y to z, it also holds from x to z. 

The relation considered above is not transitive, for if x is the cousin of y, 
and y oiz,x may not be the cousin of z, for x and z may be the same person. 
The relation “ sameness of height ” is transitive, but not asyinmetricaL The 
relation “ father ” is asymmetrical but not transitive. The reader is advised 
to construct examples for himself. 

(3) Connectivity. Given any two terms of the class which is 
to be ordered, there must be one which precedes and the other 
which follows. 

A relation is connected, if given any two members x and y of its 
field, then either the relation holds from xtoy or from y to x. 

The relation “ ancestor” has the first two properties, but not the third 
Its failure to possess the third property makes it an insufficient relation to 
arrange the human race in a series. 

Definition. A relation is serial if it is asymmetrical, transitive 
and connected. 

A series is the same thing as a serial relation. 

* We imply of course that the field of the relation considered is the human raoe. 
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1*32. Order. 

The three properties required in order that any given relation 
may be serial have now been examined. It is not possible, without 
greatly increasing the number of new ideas and technical terms, 
to go very deeply into the question of order; but to be able to 
understand the fundamental relation “less than*' the following 
definitions are required : 

(1) A property is said to be hereditary in the natural number 
series, if whenever it belongs to a number n it also belongs to 
rt -f 1, the successor of n. 

(2) Tho svecessor of the number of terms in the class A is the 
number of terms in the class consisting of A together with a?, where 
X is any term not belonging to A. 

(8) A number m is said to be less than another number n when 
n possesses every hereditary property possessed by the successor of m. 

It is not difficult to prove that the relation “less than” so defined 
is serial, and that it has the finite cardinal numbers for its field. 
By means of the relation “less than” the cardinal numbers acquire 
an order ^ and this order is the so-called “natural” order, or order 
of magnitude 

The generation of series by means of relations more or less resembling that 
of w to » 4- 1 is very common. The series of kings of England, for example, is 
generated by relations of each to his successor. This is probably the easiest 
way, where it is applicable, of conceiving the generation of a series. 

1*33. Cardinal and ordinal numbers. 

The distinction between a cardinal and an ordinal number is 
rendered difficult by the fact that each finite positive integer is 
made to serve two distinct purposes; it may be used to comt^ 
when it is acting in the ordinal sense, and it may be used to 
mmber, when it is acting as a cardinal number. Symbolically there 
is no distinction whatever between a cardinal and an ordinal number, 
but logically there is a fundamental difierence between them. 
As we have already seen, the question of order is irrelevant to the 
definition of a cardinal number; and it is partly in order to secure, 
this important distinction between cardinal and ordinal numbers 
that the discussion of “serial relations” and “order” has been given. 

* The questions considered in this section are onlj briedy mentioned. Far fuller 
reference the reader is referred to Russell’s book, Zoc. cit. Ohs. i~vx. 
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Briefly it may be said that cardinal numbers are obtained from 
the idea of equivalence^ ordinal numbers from the idea of likeness. 
The precise significance to be attached to these two terms can be 
seen in the following definitions : 

(1) Two aggregates A and B are equivalent (similar) if there 

is a one-one correspondence between their members. v 

(2) Two series S and T are like (ordinally similar) i t/ there 
is a one-one correspondence between their members, preserving the 
order*. 

So long as our attention is confined to finite aggregates, rearrange- 
ment of the members of the aggregate cannot alter the ordinal 
number; in whatever way we count the members of a finite 
aggregate we always end up with the same number. Thus all the 
possible series which arrange the members of a finite class are like 
series. 

Two finite series which are like, are said to have the same ordinal 
number, and by analogy with the definition of a cardinal number 
we can give the following definition : 

The ORDINAL NUMBER of a series is the set of all those ordered 
aggregates that are like {ordinally similar to) it 

The important distinction between cardinal and ordinal numbers is best 
seen by considering infinite aggregates. A simple example will suffice. 

Ck)n8ider the two series 

(A) 1, 2, 3, 71 , ..., 0, 

(B) 1, 2,3, .... 

The series (A) and (B) are not ordinally similar, for there is not a one-one 
correspondence which a)rrelate8 each term of (A) with each term of (B) and 
which preserves the order, for there is no term in (B) with which the term 0 of 
(A) tallies. The ordinal number of the series (B) is usually denoted by a>, and 
the ordinal number of the series (A) is then denoted by w-f 1. * 

If these two series are considered as classes, no account being taken of 
order, there is a one-one correspondence between them. 

(A') 0, 1,2,3, 

(B) 1,2,3,4,...,7i+1, .... 

When (A) has been rewritten as (A'), the classes (A') and (B) are correlated 
by the one-one relation of n to w -Hi. Thus both (A') and (B) are classes 
which belong to the same set of classes, and the cardinal number which is 
characteristic of this particular set is denoted by No (Aleph zero). 

* That is to say, a one-one correspondence in which, if y* correspond to any ' 
a, y, then x' precedes y' if x precedes y. 
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The question of order has not been very fully discussed, but the 
reader should realise that we have indicated the lines on which it 
is possible to give a purely logical definition of the relation “less 
than.” The phrase “less than” is not used in its primitive sense as 
referring to magnitude. By virtue of the definitions in § 1*32, “less 
than” is a well-defined type of relation; it satisfies the three 
conditions which make it a serial relation (§ 1*81), so that when it 
is applied to the finite cardinal numbers it arranges them in a 
series. Thus whenever we have to deal with the ordered aggregate 
0 , 1 , 2 , ... 

we are, in reality, dealing only with the relation “less than.” This 
relation, which is of the serial kind, is really what we mean by 
“the natural numbers arranged in ascending order.” 

1*4. Operations on classes. 

The reader has doubtless realised that classes and numbers are 
entities of different kinds, although it has been shewn that the 
definition of number depends on the concept of a class. The signs 
+, X of elementary algebra are conveniently employed to denote 
those operations on classes which are the obvious analogues of the 
operations of addition, subtraction and multiplication in elementary 
algebra. If A and B denote two given classes, the meaning of 4+ B 
depends upon the definition of the addition of two classes which 
follows. 

When some or all of the formal laws of algebra are satisfied with 
new meanings assigned to the symbols , x, it is much more 
convenient to use these symbols than to try to invent new ones to 
replace them. The three concepts of class, cardinal number and 
ordinal number, involve three distinct algebras. 

If A and B denote two given classes, a and h two given cardinals 
and a and /8 two given ordinals, the meaning of the sign + is 
different in each of the expressions 

ilH-JJ, a-f6, a + ^. 

Each new kind of number which is introduced involves a new 
algebra, for which it is necessary to shew, from the definitions^ 
whether some or all of the fundamental laws of algebra hold. 

We now give the definitions of addition, subtraction and multi- 
plication of classes. 
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(1) Addition of classes. The sum class* ItA of a set of classes A 
is the class consisting of every term which belongs to some class 
A of the set. 

The sum class of A and B is denoted by + J8, th^ of A, B 
and (7 by il-f J8 + (7, and so on. The sum class is independent of 
the concept of order, and 

A+B^B-^A. ^ 

(2) Subtraction of classes. If the class B is contained in the 
class Ay A— B denotes the class of those terms which belong to A 
but not to B, 

(3) Product of classes. The product HA of a set of classes is the 
class consisting of all those terms which belong to every class A of 
the set. For two given classes A and By the product is written AB. 

It can be shewn that the formal laws of algebra, so far as they 
concern addition and multiplicatiouy are fulfilled, so that the nota- 
tion used for addition and multiplication of classes is convenient by 
its analogy with ordinary algebra. Thus 

{A^B)C^AG^BG^CB^CA. 

1*41. Operations on cardinal numbers. 

If a and h are two given cardinal numbers, a + 6 is defined to 
be the cardinal number of the class -4+5, where A and B are 
exclusive classesf having cardinal numbers a and h respectively. 

The product ah is defined to be the cardinal number of the class 
of ordered couples (a?, y), such that a? is a member of the class A 
and y is a member of the class B. 

It remains to define exponentiation. In order to render the 
definition of exponentiation suitable for extension to infinite classes, 
the best way to define it is as follows. Let P be the class of many- 
one correlations between the classes A and 5; that is, correlations 
in which every member of B is partnered by some member of A^ 
repetition of members of A being allowed. The cardinal number p 
of the class P (which is independent of the choice of the classes A 

* Although we are oonoerned only mthftniti olaseee, and with sets of classes for 
which the number of classes in any given set is finite, the definition of the sam class 
does not depend upon the number of classes A being finite. 

t Two classes are exclusive when they have no common member^ 
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and B) depends only on a and 6. The cardinal number p thus 
defined is We assume that 6 + 0 in the preceding definition. 
It is usual to define a® to be the cardinal number 1, and 0® is nob 
defined. 

The genesis of the above definition in common sense is "a kinds 
of things in 6 holes/* 

In the above definitions the classes A and B are required to be exclusive. 
Given any two classes A and B which are not necessarily exclusive, it is easy 
to construct two classes A* and B* which are exclusive, and such that A and 
A\ B and B* are similar ; for A* is the class of ordered couples (^, e), and B 
is the class of ordered couples (y, /3), where a and range respectively through 
the classes A and B^, 

1*5. Beal numbers. 

Cardinal and ordinal numbers have both been defined, but neither 
of these is capable as it stands of the extensions of the concept of 
number to negative, fractional and irrational numbers. Logical 
definitions of these extensions will now be given. 

At the outset it must be emphasised that if m denotes any finite 
cardinal number as defined in § 1*21, m is not the same as + m, nor 

is m the same as y. Further, it is not necessary that irrational 

numbers, such as the square root of 2, should find their place among 
rational fractions as being greater than some and less than others. 
In fact, distinctions of this kind must be made in order that precise 
definitions may be given. 

(i) Positive and negative integers. 

Both 4* 1 and — 1 are relations, and they are converses of each 
other. The obvious and sufficient definition of + 1 is that it is the 
relation of n + 1 to n, and — 1 is the relation of w to w + 1. If m be 
any cardinal number, + m is the relation of m + n to n (for any n), 
and - m is the relation of n to m -fn. The point to be emphasised 
is that + m cannot be identified with m, which is not a relation, but 
a set of classes. 

(ii) Fractions. 

The fraction m/n is defined to be that relation which holds 
between the two cardinal numbers p and q when pn^qm. The 

* For farther details, the reader should refer to the books of Russell and 
Littlowood, too. eCL 
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definition enables ns to prove that min is a one-one relation 
provided neither m nor n is zero, njm is the converse relation to 
mjn. Accordingly m/1 is the relation between the two cardinal 
numbers p and q which consists in the fact that p =» ifnq. Hence 
again, since m/1 is a relation, it cannot be the same thing as m, 
which is a set of classes. \ 

It can be seen that 0/n is always the same relatioit whatever 
number n may be: it is the relation of 0 to any other cardinal 
number. This is the zero of rational numbers, and it is not of course 
identical with the cardinal number 0. Conversely m/0 is always 
the same relation whatever m, but there is no finite cardinal number 
which corresponds to m/0: this may be called the “infinity of 
rationale.** It is to be noted that this “infinity** does not require 
for its definition the use of any infinite classes or infinite integers. 

Zero and infinity are the only relations among ratios which are 
not one-one: zero is one-many, and infinity is many-one. 

Greater and less among fractions are easily defined: m/n is less 
than piq if mq is less than pn. The relation less than so defined is 
serial, so that the fractions form a series in order of magnitude. 

Positive and negative ratios can be defined in a similar way to 
that used for defining positive and negative integers. The addition 
of the two ratios mfn and pjq is defined to be the ratio (mg ^pn)lnq, 
the product of the same two ratios is defined to be mpinq. If x be 
any number, integral or fractional, the use of a ratio as an index is 
defined by the postulate 

The symbol x^!^ is to be interpreted subject to this postulate 
provided that such interpretation is possible. 

Positive and negative ratios can be defined just in the same way 
as positive and negative integers. Thus +j)/g is the relation of 
mln^plq to min, where min is any ratio; — p/g is of course the 
converse relation of 4* p/g. 

The reader should note that the above method is not the only one which 
could be adopted for dealing with ratios, but it has the advantage of analogy 
with the method adopted for integers. It has been remarked by Hobson^^ 
that the above meth<^ is open to the objection that it is of an arbitrary 
character, and it is not easy to see why the particular laws of operatioahave 

* Theory of Funetiom of a Meal Variable, i (1921), |§ 12, IS. 
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been postulated, except as suggested by the traditional non*arithmetioal con- 
cept of a fraction. To remedy this, Hobson gives another method of dealing 
with ratios, and the reader may refer, for an explanation of this, to the 
reference given in the footnote. 

(iii) Irrational numbers. 

The extensions of the domain of number by the introduction of 
fractional and negative numbers were suggested by the desirability 
of constructing a domain so complete that the operations of division 
and subtraction might always be possible. In the aggregate of 
rational numbers, the operations of addition, subtraction, multipli- 
cation and division are always possible operations, but it is easily 
sThewn that the operation of determining a fractional power of 
a rational number is not, in general, a possible one. 

A simple proof can be given * that no positive integer m other 
than a square number has a square root within the aggregate of 
rational numbers. 

For, if possible, let m be the square of a rational fraction pjq in 
its lowest terms; thus p^ - mq^ = 0 . There always exists a positive 
integer n such that w* < w < (n -f 1 )^; we then get nq<p<{ni-l)q. 
Consider the identity 

(mq - npf - m (p — nqf = — m) {p^ - mq^) = 0 : 

from this identity it follows that m is the square of a rational 
number {mq - np)l{p - nq) whose denominator is less than 9 . This 
contradicts the hypothesis that m is the square of the fraction p/q 
which is in its lowest terras. Hence there can be no rational 
number whose square is m. 

As an illustration, consider the case in which m = 2. An ascend- 
ing sequence of fractions, all of which have their squares less 
than 2 , can be found; and, by taking enough terms of the sequence, 
a number will be reached whose square differs from 2 by less than 
any assigned amount 

Such a sequence, for example, is 

1 , ri, 1 - 2 , 1*4, 1-41, 1*411, 1*412, 1*413, ... (A). 
Similarly a descending sequence can be found, such as 

..., 2, 1*7, 1*6, T5, 1-43, 1*42, 1*417, 1*416, ... (B), 
in which all the terms have their squares greater than 2 . 

^ 'Bie proof is dae to Dedekmd, SuHgkeit und irratiomk ZahUn (Braimsohweig, 
1873 ). 
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This fact naturally suggests that between these two sequences of 
fractions the square root of 2, if it is to exist, must lie. On these 
lines attempts have been made to define V2. We shall now explain 
the method given by Dedekind*, and then, by a jjpodification of 
this method, the definition of an irrational number will be obtained. 

Suppose that all ratios are divided into two class^ according as 
their squares are less than 2 or not. We then find that among those 
whose squares are not less than 2 (numbers such i;as appear in 
sequence (B) above) all have their squares greater than 2. There 
is no maximum to the ratios whose squares are less than 2, and no 
minimum to those whose squares are greater than 2, Clearly a 
similar argument applies to numbers other than 2. 

Thus all ratios can be divided into two classes such that all the 
terms in one class are less than all the terms in the other, there 
being no maximum to the lower class and no minimum to the 
upper class. 

This method of dividing all the terms of a series into two classes 
L and fT, of which one wholly precedes the other, was adopted by 
Dedekind, and it is called a Dedekmd cu^f. There are four 
possibilities. 

(1) There may be a maximum to the lower section L and a 
minimum to the upper section U ; (2) there may be a maximum to 
L and no minimum to U\ (3) there may be no maximum to L and 
a minimum to U; (4) there may be neither a maximum to L nor 
a minimum to U, 

An example of case (1) is the series of integers. If all the 
integers not greater than 5 constitute class and all those greater 
than 5 constitute class f/, L has the number 5 for maximum, and 
the number 6 is the minimum for U. The series of ratios illustrates 
cases (2) and (3). If the lower section L contains all ratios up to 
and including and U contains the remainder, then ^ is the 
maximum for L while U has no minimum. If the ratio ^ be 

* Another method of defining an irrational number has been given by Oantor, but 
this theory depends upon the use of convergent infinite sequenoes, a concept which 
has not yet been considered. An account of Cantoris theory can be found in 
Hobson’s Functiom of a J^eal VariahU^ i (1921), 1 28 et $eq, A bdef note on Cantor’s 
theciy is given in § 6^8. 

t German Schnitt: French coupttre, English writers usually epenk of 
lecticfi. 
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included in U instead of in L, case (3) is similarly illustrated. An 
example of case (4) has already been considered, the sequences (A) 
and (B) above being composed of typical terms chosen respectively 
from the classes L and TJ. This fourth case is important, and we 
say that there is a "gap,” or that we have an “irrational section,” 
since sectioiis of the ratios have gaps when they correspond to 
irrational numbers. 

Of the four kinds of Dedekind section, the first three are similar 
in that each section has a boundary, upper or lower as the case 
may be. A series is “ Dedekindian” if every section has a boundary. 
To draw the fourth case into line with the other three, Dedekind 
postulated the existence of an irrational limit to fill the gap: he 
set up his axiom that the gap must always be filled. 

In order to give a precise logical definition of irrational number, 
the unjustifiable postulation of this irrational limit must be 
avoided. It is clear that an irrational Dedekind cut in some way 
"represents” an irrational number, and by a modification of the 
Dedekind definition, Kussell has given one which avoids the logical 
difficulty involved in Dedekind's postulate. 

The idea that an irrational number must be the limit of a set of 
ratios is rejected. Just as ratios whose denominator is 1 are not 
identical with integers, so those rational numbers which can be 
greater or less than irrationals, or can have irrational numbers as 
their limits, must not be identi6ed with ratios. 

We define a new kind of numbers called real numbers, of which 
some will be rational, and some irrational. Those that are rational 
"correspond” to ratios in the same kind of way as the ratio n/1 
corresponds to the cardinal number n; but they are not logically 
the same as ratios. To decide what they are to be, we observe that 
an irrational number is represented by an irrational cut, and 
that a cut will be represented by its lower section. If we confine 
ourselves to cuts in which the lower section has no maximum, the 
lower section is called a segment*. Those segments which corre- 
spond to ratios are those which consist of all ratios less than 
the ratio to which they correspond, and this is their boundary; 

* Since all the fractions a such that a and all the fractions such that <i< } 
are both lower sections corresponding to the number ambiguity is avoided by 
defining the lower tegmmt to be a < 
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while those which represent irrationals are those that have no 
boundary. 

We now define a (signless) real number. 

A (signless) BEAL number is a segment of ike series of ratios in 
order of magnitude. 

If the segment has no boundary it is an irrational numbeA^, hut 
if it has a boundary it is a RATIONAL NUMBER. 

In accordance with this definition the real number 3, for example, 
is the aggregate of all rational numbers which are less than the 
rational number 3 (more precisely 3/1). The irrational number V3 
is the aggregate of all those rational numbers which are negative, 
and all those which are positive and which have their squares less 
than 3, the number 0 being included in the aggregate. 

The reader will observe that the real number which corresponds 
to a rational number x, though logically distinct from ar, has no 
properties which diflfer from those of a?, and it is therefore usually 
denoted by the same symbol This is analogous to the use of the same 
symbol n to denote both the cardinal number n and the ratio n/1. 

There is no difficulty in defining addition and multiplication for 
real numbers as defined above. In fact, the extension of the term 
number to the real numbers is justified by the fact that it is possible 
to define the four fundamental operations for the real numbers in 
such a way that the formal laws of these operations are in agree- 
ment with those which hold for operations within the domain of the 
rational numbers. 

Given two real numbers a and each being a class of ratios, 
take any member of a and any member of ^ and add them together 
by the law of addition of ratios. Form the class of all such sums 
obtainable by varying the selected members of a and yS: this gives 
a new class of ratios which can easily be shewn to be a segment of 
the series of ratios. We define it to be the sum a 4* )8. 

Similarly the product of two (signless) real numbers is the class 
of ratios generated by multiplying a member of the one class by 
a member of the other in all possible ways. 

The definitions all extend to positive and negative real numbers, 
and to their addition and multiplication. 

It will be seen that arithmetical operations between two real 
numbers are reduced to operations with rational numbers. 
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1*6. Complex nixmberB. 

Although complex numbers are capable of a geometrical inter- 
pretation, they are not demanded by geometry in the same way as 
irrational numbers are demanded. A complex number means a 
number involving the square root of a negative number. Clearly 
since the square of a negative number is always positive, a number 
whose square is to be negative must be a new kind of number. It 
is customary to use the letter % to denote the square root of — 1, 
and any number involving the square root of a negative number 
can be expressed in the form x -f iy, where x and y are real. 

The study of algebraic equations led to the introduction of 
complex numbers. We desire to be able to say that every quadratic 
equation has two roots, every cubic equation has three roots, and 
so on. If real numbers only are considered, the equation a:® 4* 1 = 0 
has no roots, and — 1 = 0 has only one. Every generalisation of 
number has first presented itself as needed for some simple problem, 
but the reader should realise that extensions of number are not 
created by the mere need of them: they are created by the 
definition, and our object is now to define complex numbers. 

Complex numbers had been for some time used by mathema- 
ticians in spite of the absence of any precise definition. It was 
simply assumed that they would obey the formal rules of arithmetic, 
mainly because on this assumption their employment had been 
found profitable. 

By choosing one of several possible definitions, we state that a 
complex number is an ordered pair of real numbers. Thus (2, 8), 
(e, V2), (i, •n) are all complex numbers. If we write z = {x, y), x is 
called the real part and y the irnaginary part* of the complex 
number z. 

(i) Equality. Two complex numbers are equal, if, and only if, 
their real and imaginary parts are separately equal. The equation 
z^sf implies that both x^x' and y = y'. 

(ii) Modulus. The modulus of z, written \z\, is defined to be 
-f + y*)’ is an immediate consequence of the definition that 
I X I « 0 if, and only if, a? «= 0 and y » 0. 

* Although this terminology is now sanctioned by usage, it is very ill-ohosen. 
The reader must realise that there is nothing imaginary about y ; it is just as 
*' real as the real part «, 
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(iii) Definition of the fundamental operations. 

lies {w, y) and / = {al, y') we have the following definitions : 

(1) z + z' iB{x + td,y + y'). 

(2) -y). 

(3) / = £: + (_/) is (®-®',y-yO. \ 

( 4 ) z.z' is {xaf — yy', xy' + x'y). 

From the definitions it is easy to deduce that the fundamental 
laws of algebra are satisfied. 

(a) The commutative and associative laws of addition hold, 
namdy 

Zi + Z^ ^ Zt + Zil '!> 

Zi + (_Z2 + Zi) * {zi + 2 j) + Zt’= Zi + Z2 + Z2. 

(b) The commutative and associative laws of multiplication hold, 

ziZ2 = Z2Z1 ; 

Zi (Z2Z2) = (^122) 2 s = ZiZ 2Z2. 

(c) The distributive law holds, 

(Zl + Z2) Zz = ^i^s + Z2Z2 . 

It will suffice, by way of illustration, to prove that the com- 
mutative law of multiplication holds. We have 

2 i2s = {xiX 2 - yiyu Xiy 2 + X 2 yi) = {X2X1 - ysyi, a^yi + Xiy^ - Z2Z1. 

Any of the others are proved similarly by direct appeal to the 
definitions. 

We therefore see that complex numbers obey the same funda- 
mental laws as real numbers: their algebra will accordingly be 
identical in form, though not of course in meaning, with the 
algebra of real numbers. 

There is no order among the complex numbers ; the algebra of 
complex numbers deals only with equalities; and the phrases 
“greater than” and “less than” have no meaning within the 
domain of complex numbers. Inequalities can only be introduced 
into relations between the moduli of complex numbers. The 
modulus of a complex number is of course a real positive number. 

It remains to define division: this can be deduced fi^}m the 
definition of multiplication. 

Oonnder the equation (1), 

where « = («, y), z's(fl/,y') and 9). 
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The equation (1) is 

- SW, + y^) “= W, f), 

80 that x^-yii-x\ a!»?+yf=y', 

and solving these equations for ^ and tj, we get 
f , V ^ ^ - L 

-{yj^ + sw'j x’y-noy' i* + y*' 

Hence provided that |s|4=0, there is a unique solution, and ^is 
the quotient s' jz. 

It will be seen that division by a complex number whose modulus 
is zero is meanu|;leBs; this conforms with the algebra of real 
numbers 

It cannot be emphasised too strongly that complex numbers 
and real numbers belong to entirely distinct domains. It is cu8« 
tomary to denote complex numbers whose imaginary parts are 
zero by the real number symbol x. In order that no confusion of 
ideas may arise from this, it is essential to point out that the 
symbol x may have two meanings, (i) the real number x, (ii) the 
complex number {x, 0) ; which of the two meanings is to be under- 
stood for it depends upon which domain is under consideration. 

It is customary to define the complex number (0, 1) to be % \ then 
we have 

i* = i.i-(0»-l*,0.1-f-1.0)*(-l, 0). 

In accordance with the above we see that i* is not the real 
number -1, but the complex number (-1, 0). To say that *'• is 
equal to - 1 implies that we are interpreting the symbol - 1 in 
the domain of complex numbers. 

The abbreviated notation leads to no ambiguities, for if x denotes 
the complex number («, 0) and y denotes (y, 0), 

« + y = (®, 0) + (y, 0) = (« -H y, 0), 

x.y a=(a!, 0).(y, 0) =(a;.y-0.0, ».0 + 0.y)e(®.y, 0). 

Thus, so far as sums and products are concerned, complex 
numbers whose imaginary parts are zero can be treated as though 
they were real numbers. With this convention for the atHnwiated 
notation it is true that 


(x, y)sx + iy. 
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For « + 0) + (0, l).(y, 0) 

= («, 0)4-(0.y -1.0, 0.0 + 1. y) 

= (®. 0) + (0. y)* (® + 0, 0 + y) = {x, y). : 

In virtue of the relation just proved, we are allowed; in any 
operation involving sums and products, to treat x, y and % as Wough 
they were real numbers, replacing always by — 1. 

1*61. Complex numbers are only a special case of the theory of veetors, in 
which the ^-dimensional vector can be denoted by (^i, a? 2 , where the 

suf^xes denote correlation with the integers used as suffixes, and the correla- 
tion is one-many, not necessarily one-one, because Xf, and Xg may be equal 
when r is not equal to a This dehnition, with a suitable rule of multiplication^ 
serves all purposes for which ^-dimensional vectors are needed. 

In particular, in the three-dimensional case, we have the definitions 

(i) (^1 y, y, z')=^(x+x\ y+y, 

(ii) (x, y, z) . (of, y, 

where the right-hand side is riot a vector, and is called the “scalar product,^ 

(iii) F . {x, y, z ) . (^ , /, /) * (y«' - y*z, zaf -slx.xrf’- ^y), 

where the symbol F denotes what is called the “ vector product.” 

The components of the vector product are the co-factors of i, y, h in the 
determinant 

i, y, h 

yi ^ 

The reader can easily verify that 

V - yi «) • y> 0 ')*= - F . (a/, z ^) . (a?, y, z\ 

which shews that the vector product is not commutative. 

If t«(l,0,0), y«(0, 1,0), Xr=(0,0,l), 

then it is easily verified that 

iy=r0, ki^0\ ; 

the vector (a?, y, z) then behaves like a;t>yy+«^, and the fundamental laws of 
algebra hold when applied to the sum and to the scalar product. 

Further information about vector algebra may be found by reference to 
any of the standard works which deal with the subject Vector algebra is 
of considerable importance in the modern treatment of certain branches of 
Applied Mathematics and Physics, but it does not come within the scope 
of this book. 

* For example, £• B. Wilson’s TrzaHze on Victor Algebra (Tale University Press, 
1918 ). 
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1*62. Geometrical representation of a complex number. 

If we choose a pair of rectangular axes Ow, Oy in a plane^ then 
a point P whose coordinates referred to these axes are (a?, y) may 
be regarded as representing the complex number so + iy. In this 
way, to every point of the plane there corresponds some one com- 
plex number ; and conversely, to every possible complex number 
there corresponds one, and only one, point of the plane. 

If we denote + by r and choose 0 so that rcos^ = a?, 
r sin ^ = y, then r and 0 are clearly the radius vector and vectorial 
angle of the point P, referred to the origin 0 and axis Ox. 

The representation of complex numbers thus afforded is often 
called the Argand diagram. 

By the definition already given it is evident that r is the 
modulus of z, where z = (^r, y) ; the angle 0 is called the argument^ 
or amplitude of z. 

We write 0^aTgz. 

The argument is not unique, for if d be a value of the argument, so also is 
2n«-4*^(nsal, 2, 3, ...). The principal value of arge is that which satisfies 
the inequality - tr < arg 2 < ir. 

The reader who wants further information about the geometrical 
representation of a complex number, or who is unfamiliar with 
de Moivre’s theorem and its applications, must consult some other 
treatise*. 

It may perhaps be worth while to remind the reader that 
theorems on complex numbers may be readily illustrated by means 
of the geometrical representation mentioned above, but these in- 
tuitions do not constitute an analytical proof. 

The point of this remark will be illustrated in the next section, 

1*63. Theorem. The modulus of the algebraic sum of any number 
of complex numbers is not greater than the sum of their moduli. 

To fix the ideas, consider first only two complex numbers zi and 
z% : we shall prove that 

( 1 ), 

* See for example Hobson’s Trigonomiry^ Oh. xm, or Hardy’s Pun Mathematicif 
Oh. m. 
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■which is equivalent to proving that 

K®i ± + (yi ± y»)*}* < («i* + yi*)* + (®s* + ^2*)* • • -{2). 

Squaring both sides, we see that (1) is true if 

»i* + Xi* ± 2 xiX2 + yi* + y** ± 2yiy2 < xi^ + yi* + ajj* + y*® \ 

+ 2 {(a-i® + yi*) (<r*® + y^))*, 
ie. if ± (xixt + yiyt) ^ {(a;i® + yi®) (a^® + y2®)}* 

Le. if (xixt + yiyj)® < (*1® + yj*) (3:2® + ya*), 

ie. if 0 ^ (aji® + yi®) (a;*® + 2/*®) - + yij/*)®, 

Le. if Or^ixiyi-Xi^iY, 

which is obvious, since the right-hand side is a perfect square. 

In a similar way, 

|-^l±^2±«8kUll + |-^2 ±^3| 

1*4“ 1^2! + 1^31* 

Thus, in the case of n complex numbers we get 

i ± ^2 ± • • • + -^n I ^ 1 1 *4" I ^2 I + • • • + 1 I (3). 

By adverting to the geometrical representation, we see that the inequality 
(1) expresses the well-known result that any two sides of a triangle are 
together greater than the third. 



If Pi denote the point (^j, yd and the point {^2^ then l«i|*«OPi, 
1 82 1 ■* OP2 = P\ Pz and 1 ^ + 2'2 1 =® OPz . Hence (I ) is either equivalent to 

OPz^OPi+PiP$ 

(equality holding only if Pi lies in OPzi that is when the complex numbers 
and Zf have the same argument) ; or else (1) is equivalent to 

since 
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1*7. Conjugate complex numbers. 

If A = <r + iy, the conjugate complex number x-iy is denoted 
by f. It is easy to see that the numbers conjugate to + zg and 
z\Zt are zi + z% and hh respectively. 

The following three formulae are easily proved: 

\z\* = zz, 2Rz = z + z, 2ilz = z — z; 
where Rz and Iz denote the real and imaginary parts of z. 

Proofs of theorems concerning complex numbers may frequently 
be simplified by the use of conjugate complex numbera The 
theorem of § 1'63 may be neatly proved in this way: 

|Xl + «g| * = (Ai + Zi) (Zi + Zt) 

= ZxZ% •¥ ZiZ^-\- Z2Z2 

= \zi\^ + 2R{ziz^-\-\zi\^ 

<|2’l|*+2|£:ii2| + N* 

= {W\ + l^fgl)®, 

and so \zi + Zi\ ^ |^i| + \zt\. 

Also we have 

\zi-Zi\‘=\zi\^-2R{ziZi)+ l^al* 

>\zif-2\ziZi\ + \zif‘ 

= (kil-k2|)*, 

leading to the important and useful inequality 


EXAMPLES L 

1. If a and 3 are two real numbers for which Aiy ... are members of 

the respective L classes and A 2 , ... are members of the corresponding 

U classes of a Dedekind ian section of the rational numbers, prove that the 
class determined by ... and the class determined by A^^B^y ... form 

a definite section of the rational numbers. 

[One member of each class plainly exists ; it remains to prove that there is 
at most one rational number which is greater than every Ai-^Bi and less 
than every A 2 +B 2 - Assume that there are two such, and shew that this 
leads to a contradiction.] 

2. Shew that the preceding example gives a unique meaning to the number 
a 4* A Discuss similarly the definition of the real number a/3. 
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3. By taking Bussell’s definition of a real number, shew that Example 1 
can be modified to give the definition of a-H/S- 

[Dedekind defines the real number (when irrational) to bathe "out” which 
then separates the L class from the V class. Bussell defines it a 9 ,the lower 
segment of the series of ratios. Example 1 establishes the existence of a 
definite unique lower segment which is the real number a +i3.] 

4. Prove that between any two real numbers there lie both rational and 
irrational numbers. 

5. Shew that a parabola can be drawn to pass through the reprc^ntative 
points of the complex numbers 

2+1, 4+4i, 6+9f, 8+16t, 10+25i. 


6. Prove that, if and are two complex numbers, 

(i) = and =j^, 

(ii) arg(^,* 2 )=arg«,+arg*,: arg (^j=arg*,-arg*)|, 

(iii) |«j-*i!|*+|*i+*8l*=>2|«,l»+2|»||‘. 

7. Discuss the loci on which 

and 

respectively are constant, where z ia a, variable complex number, while a and 
/S are fixed complex numbers. 

Prove that these loci cut orthogonally. 

8. If ^ be a complex number such that | ^ 1 *» 1, prove that the point m 
given by 

— 

t^y 

describes a circle as t varies, unless 1 y 1=*1. 

What is the locus of z when | y | « 1 ? 

9. Prove that has exactly q different values, when p and q are positive 
integers which are prime to each other. 

Factorise completely a* - (a + %h\ 

and shew that the five values of z represent the vertices of a regular pentagon 
on the Argand diagram. 

10. Shew that 

I Ca + Cj2+... + Ctt4(’* 1 > I 1 1 X |’»(1 - « I), 

provided that | z | exceeds the greater of 1 and n/>, and p is the greatest of 
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L Shew that the area of the triangle whose vertices are the points 
on the Argand diagram is 

Shew also that the triangle is equilateral if 
*1* + + ^3* - - h h - 

12. If 0<ao<ai<...<an, prove that all the roots of 

/(z) s + ai + ... + 
are outside the circle of unit radius |« |=sl. 

13. If a, are real and a is a complex constant, shew that if 

QZ^ Z\ dZy ^ + Oij ^2 4" ^Z2 Z2^0 

and ai3~aa<0, then the values of Zi/% lie on a real circle, or on a straight 
line in a special case. 

14. Shew that, if c is real, the equation 

(a5 4- = 2 (61 4* 6«) + c 

represents a parabola. 

15. Determine the regions of the s-plane specified by 

where a is a complex number such that | a | < 1. 

16. If Zy and z^ are two complex numbers such that | | < 1, | ^ | < 1, shew 
that there exists a positive constant k (depending only on Zy and Z 2 ) such 
that, for every point z (other than 3 ^ 1 ) which lies inside the triangle whose 
vertices are the points 1, zy, 32 , 

17. If p, j', r, * are all rational numbers, and 

(pi-jr)H4(p-r) (}-.)“0, 

prove that either (i) p=r, or else (ii) 1-pg and 1-r* are squares of 
rational numbers or are zero. 

18. If all the solutions of the equations 

a**+2iaiy+(^*-l, te*+2jJuy+By*«l 
are rational solutions, prove that both 

(e-«)} and ,^{(an - ci)*+4 (om-K) (owi-nJ)} 
are rational, when a, e, 2, ffi, n are rational numbera 
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BOUNDS AND LIMITS OF SEQUENCES 
21. Introduction. 

We now introduce two concepts which are fundai^iental in 
Analysis ; they are (i) the concept of a bouTid, and (ii) the concept 
of a limit. 

The definition of a bound follows immediately from the defini* 
tion of a real number, so that it is naturally the next subject for 
consideration in a logical order of development of Analysis. Before 
the actual definition can be given we must examine an important 
property of the aggregate of real numbers, or as it is sometimes 
termed, the continuum. 

If an irrational number is defined by Dedekind’s method, a 
theorem, known as DedeJdnd's theorem, must be proved. The 
theorem can be stated as follows : 

If the aggregate of real numbers is divided into two classes 
L and U in such a way that (i) every number belongs to one or other 
of the two classes, (ii) each class contains at least one member, and 
(iii) any member of L is less than any member of U, then there is 
a number a which has the property that all numbers less than it 
belong to L, and all numbers greater than it belong to U. The 
number a itself may belong to either class*. 

Dedekind’s theorem expresses the fact that the continuum it doted. In 
other words, the real numbers do not produce any further extension in the 
field of numbers. Real numbers are obtained as definite collections of rational 
numbers (see § 1‘5), but collections of real numbers only yield leal numbers, 
not some further extension to some still more general species of number. 

211. The Principle of Continuity. 

The reader will recall that the definition of a real number given 
in the previous chapter difiers slightly from the one given by 
Dedekind f. The concept of a segment of the series of ratios, 
which was used to formulate the definition of a real number in 
Chapter i, will now be applied to the continuum. 

* The reader should notice that the aggregate of rational manburt does not 
possess this property. 

t See Ezs. 1, note on Question 8; also |1'S. 
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Imagine that all the real numbers are laid out before us, and 
that we select one of these numbers, say a; it is clear that a 
determines two segments of the aggregate of real numbers, a lower 
segment and an upper segment : the number a itself is the dividing 
number, or the number which determines the scgmenta 

The characteristic property of a lower segment is that if 
belongs to the segment, then so do all the numbers less than yS. 

Similarly the characteristic property of an upper segment is that 
if belongs to the segment, then so do all the numbers greater 
than /8, 

• Th^ assertion that enery segment of the aggregate of real numbers 
determines a definite real number constitutes the Principle of 
Continuity. 

When allowance is made for the difference between Dedekind*s 
method and Russell’s method of defining real numbers, the reader 
will see that the Principle of Continuity is equivalent to Dedekind’s 
theorem. For this reason no proof of the latter theorem was given 
in § 2*1, 

In the case of a lower segment, the boundary number a has the 
following properties : 

If a? < a, then x belongs to the segment. 

If ® > a, then x definitely does not belong to the segment. 

The number a itself may or may not belong to it. 

Similarly in the case of an upper segment, the number a has the 
properties : 

l{x> a, then x belongs to the segment. 

lix<a, then x definitely does not belong to the segment. 

The number a itself may or may not belong to it. 

2*2. Upper and lower bounds of a set of numbers^. 

We now define two kinds of bounds, rough bounds and exact 
bounds. Let 8 denote any linear set of numbers x ; for example, 
8 might be the set of numbers defined by the relation 0< a?< 1. 

If there exists a number H which is less than every number x 
of the set, then 8 is said to be bounded below, and H is called a 
rough lower bound. 

* We sbaU bereaftor use the word ** number*’ to mean *‘rdal number,” ae 
dedtledliill*^ ' 
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Similarly if there exists a number K which is greater than every 
number x of the set 8, then 8 is said to be hounded above, and K 
is a rough upper bound. 

The Principle of Continuity is needed in order to gjve the defini- 
tion of an “ exact bound.” If rough lower bounds exjfet at all, they 
form a lower segment, for if H' is less than JET, then W is another 
rough lower bound. The aggregate of rough lower 'bounds thus 
determines a definite real number. This real number, which will 
be denoted by m, is the {exact) lower hound * of the set of numbers 8. 

Theorem 1. The lower hound m of a set of numbers 8 has tiie 
properties : 

(i) m ^ every number x of the set, (ii) m -f s > some one number 
of the set at least, where e is an arbitrary positive number as small 
as we please. 

To prove (i), suppose that m>Xi (say), where Xi is a member of 
the set 8, then 

m — a?! 4- S, 

where S is positive; hence ^ 

m’'-^S>xj; 

but m^\h<m and it is a rough lower bound. 

Hence the supposition that m>xi leads to a contradiction ; and 
this establishes (i). 

To prove (ii), if possible suppose that 

m 4 € < every one of the numbers x of the set 8 
then m 4 Je < every one of the numbers x ; 

so that m4i€ is a rough lower bound. This is impossible, for 
m4i€ >m. This contradiction establishes (ii), and the theorem 
is proved f. 

By a similar argument it may be shewn that there is an {exact) 
upper bound M determined by the upper segment which consists 
of the aggregate of rough upper bounds. 

* The word ** exact” has only been need to distingnieh between the two kinds of 
bonnd which have now been defined. In what follows, m will be called the ** lower 
bound” of the set 8, and the word ** exact” will not be used ttnless it ie desired to 
m^hatUe that the bound ifi question is not a ** rough” bound. 

t The reader should be familiar with this mode of |»roof : it is frequently used in 
Analysis. 
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Thsobem 2. The upper bound M of a set of numbers 8 has the 
properties : 

(i) if > every number x of the set, (ii) if — € < some one number 
of the set at hast. 

The proof, which follows the same lines as that of Theorem 1, is 
left as an exercise for the reader. 

It follows directly from the properties of if and m that 

if 

2*3- Limit points of a set of numbers. 

Before a formal definition is given, it may be said by way of 
general description that a “limit point'' of an infinite set is a 
number in whose immediate neighbourhood is concentrated an 
indefinite number of members of the set. Consider, for example, 
the aggregate of points representing the numbers 


In any interval, however small, extending from the origin to the 
right, there is an indefinite number of points of this aggregate. 
The origin is therefore a limit point, for an indefinite number of 
points of the aggregate are clustered about the origin. At a limit 
point the concentration of the members of the set has the property 
of endlessly great density. 

We now give a formal definition. 

The point a is a limit point of an infinite set E* if however small 
may be, there is a point of the set E, other than a, whose distance 
from a is less than e. 

If there is one such point within the interval (a ~ e, a -f e) there 
lust be an indefinite number ; for if there were only n of them, 
ad On were the nearest to a, there would not be in jF a point 
other than a whose distance from a was less than | a - a« | 

* The letter E, the initial letter of the French word emenible, i» often need to 
note an arbitrary get of points. The German word corresponding to aggregate or 
et is Menge, 

t When s is a complex number, we have already defined the meaning of | s |. If 
' be real, the symbol |« | means simply the positive (or absolute) value of 
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2*31. Weieesteass’s theoeem. Every botmded infinite aggregate 
has at least one limit point 

To fix the ideas, consider only a linear infinite set of points 
included in the interval (a, 6). Take any point c, such that a< ip< 6; 
then since (a, b) contains an infinite set, there must be an ini^ite 
set either in (a, c) or in (c, b) or in both. Suppose, for definit€|iess, 
that there is an infinite set in (a, c). The set of points x in ((|, o), 
such that none or only a finite number of members of this infinite 
set is less than x, is bounded above by c, so that c, and every number 
greater than c, is a rough upper bound. The aggregate of rough 
upper bounds determines a unique number the upper bound of 
the set. The number ^ has the properties, 

^ ^ every x, 

^ < at least one x; 

hence in any interval — c, there are points of the infinite 
set in (a, c) other than The number ^ is therefore a limit point. 

2'4. The concept of a function. 

A function is merely a relation between real numbers. If x denote 
any real number, since the square of x ” is the relation between 
a? and x, the phrase the square of x ” implies the existence of a 
function of x. The concept of a function of the real variable x will 
be more fully discussed in the next chapter, but for our present 
needs the concept of a function of the positive integral variable n 
must be understood. 

Let us consider the sequence of numbers 

8i, 82 i 8s, 8f^, 

it being understood that some law exists according to which the 

general term s„ can be written down* For example, if «»«2n+i, 
o 71 

we see that 

= .... 

Since, when n assumes in turn the integral values 1, 2, 3, ... 
there is a corresponding set of numbers Si, s®, Ss, may be 

* The law of formation need not be embodied in any explidit fonmUa which 
enftbles ua to obtain for a given n by direct calculation. For example, a sequence 
may be defined by the statement that ** «,^ssthe decimal fraction for ^2 termi* 
nated at the nth digit/* 
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described as a function of the integral variable n. Such a function 
may be denoted by ^ (n), so that all that is implied by the equation 

is that as n assumes in turn the values 1, 2, 3, ... there is a corre- 
sponding set of values of y, say yi, y 2 » ya, where 
yi = </>(l), y2 = ^(2), y8 = <#>(3), .... 

The notation {«»} will be used to denote the infinite sequence of 
numbers 

^1* ^ 2 » ^ 3 > •••> ^n» *••• 

.2*6. Limits of sequences. 

The limit of a sequence {sn} as n increases indefinitely is an 
extremely important concept which needs to be discussed in some 
detail. Two phrases are of constant use, and they must be under- 
stood. They are, 

(1) For all sufficiently large values ofn^* 

(2) ** For values of n as large as we please*' 

We now assign a definite meaning to each of these phrases. 

(1) Suppose that it is possible to find a fixed integer v such that 
whenever n'^v the number s^ possesses some definite property. 
It need not possess this property for every value of n\ all that we 
need to know is that it possesses this property for every value of n 
as soon as n exceeds a fixed integer v. If this is the case, we say 
that the property holds for all sufficiently large values of n. 

To illustrate this, consider an example of the kind in which this 
phrase occurs quite frequently in the theory of limits of sequences. 
If € denote an arbitrary ppsitive number which may be as small 
as we please*, then we can say that, if Sn = l/n, 

** 8n < €, for all sufficiently large values of n." 

This is easily seen, for l/n < € whenever n^v, ii v is the greatest 

integer in 1 + ~ . 

The reader to whom this idea is novel, is advised to consider 
the above example in greater detail by assigning different small 
numerical values to €, and calculating the corresponding values of p, 

* Th$ symbol t will be used in this sense thronghout the book. In future, there- 
fore, e will be used without the abore desoription being repeated each time. 
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Two facts should be noticed, (1) that v is always an integer, 
and (2) that the value of v depends upon the chosen value of e. 
The latter statement is especially important, and it must be clearly 
understood by every reader who wishes to acquire a proper grasp 
of the theory of limits. 

To take numerical examples, if 

6 = 01, i/ = ll; 

€=001, 1^ = 101; I' 

€ = 0 0001 , 1 ^ = 10 , 001 ; \ 

and so on. 

We shall often write v(€) to indicate the dependence of v upon* 
the arbitrarily chosen value' of e. It is to be emphasised that € is 
quite arbitrary, and to each chosen value of € there will be a cor- 
responding value of V. 

(2) A property is said to hold “ for values of n as large as we 
please,” if it holds for at least one value of n greater than any 
assigned N, however large. The idea is perhaps best comprehended 
if we think of an attempt to prevent some property holding for {^n}. 
We endeavour to assign some large value i\r of n, such that when 
n^N a certain property of {sn} fails to hold. If no such value N 
of n can be found, we say that the property holds *'for values of n 
as large* as we please!' 

For example, it is true that (— 1)’* is greater than zero for values 
of n as large as we please, for no matter how large N may be, so 
long as n is an even integer (— 1)” > 0 . Thus no integer N can be 
found so large that (-1)” is not greater than zero when n'^N. 
The reader should observe that we could not say that (— 1)’*>0 
for all sufficiently large values of n, for whatever value is selected 
for Vy every odd integer which exceeds v renders the inequality 
l)w > 0 untrue. 

2*51. Upper and lower limits of a bounded sequence. 

Let [sn] be any bounded sequence, H and K its lower and upper 
bounds. Any real number A which is such that 

A ^Sn 

for all sufficiently large values of n, is called an inferior mmber 
for {Sn}* Similarly a number B which is such that 

•S ^ 
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for all suflSciently large values of n, is called a superior number 
for [Sn]. 

A number 0 which is such that 0 <Sn for an infinity of values 
of w, and also C >8^ for an infinity of values of n, is called an irder^ 
mediate number. 

Consider the aggregate of all superior numbers. It is bounded 
below, for none of its members is less than H : this aggregate 
therefore has a lower bound which is denoted by A. 

Similarly the aggregate of inferior numbers has an upper bound 
which is denoted by X. 

The number A is called the upper limit of the sequence {^fn} as 
00 , and the number \ is called the lower limit of {«„} as oo . 
It is customary to write 

A= .iim Sn, X= lim 

or more simply, by omitting n oo 

lim Sn and lim Sn* 

It is clear from the mode of definition of the numbers \ and A 
that 

We have also the following elementary properties, stated for 
convenience in the form of theorems. 

Theorem 1. The numbers A and \ are the upper and lower 
bounds of the aggregate of intermediate numbers, if any suck exist. 
Since A > X there are two cases to consider. 

(1) If A « X = Z, there can be at most one intermediate number { 
and there is nothing to prove. 

(2) If A > X, since, by definition, any intermediate number C is 
less than any superior and greater than any inferior number, we 
have 

X ^ (7 ^ A. 

If X < C7 < A, then G must be an intermediate number, since it 
is clearly neither superior nor inferior. Hence there are inter- 
mediate numbers as near as we please to X or to A, 

Theorem 2. Given e, then 

(i) «n < A 4- € for all sufficiently large values o/n, and 

(ii) > A — 6 for an infinity of values of n* 
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For, the number A + e is a superior number, and A - € is either 
intermediate or inferior. The result is then an immediate conse- 
quence of the definition. 

Similarly we have 

Theorem 3. (i) «„ > X — e for all sufficiently large values of % 
(ii) < X -f e for an infinity of values ofn. 

We now give two illustrative examples. 



Example 1. Let 
By forming a table of values 


n 

a 



g 

5 

6 

8 

16 

48 

Sn 

H 





-i 





we see that, as soon as n exceeds 4 every value of lies between - ^ and 
As n increases indefinitely, 4/n tends to zero, and the limit of as n oo is 
either - J or ^ according as n ranges through odd or even values. Hence 

X=s and 


S, X Sg A S 3 

i I I I 1 

-14 -4 0 i ^ 

Fig. 2 


Si 

-L. 

34 


As n increases through odd values, tends to the value - and we see 
that the points representing values of when n is large and odd cluster 
about the point on its right. Similarly the points representing values of 
when n is large and even cluster about the point 4 on its left. The upper 
and lower limits of a bounded sequence therefore both have the character of 
limit points of a set as described in § 2*3. 

It is evident in this example, that with few exceptions, the points repre- 
senting values of lie within the interval (X, A). In fact, for this sequence, 
the only points lying outside this interval are those representing «i, ^8> 

and «4 coincides with X. 

It is however possible that an infinite number of terms of the sequence 
may lie to the left of X and to the right of A This is illustrated by the 
following example. 

Example 2. I^et - )n 4. ^ 

The first few terms of this sequence are 

and evidently X** — 1 and As=* 1. In this case an infinite number of terms lie 
to the left of X and to the right of A and no term of the sequence lies between 
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X and A. It is not therefore necessaxy that there should be only a finite 
number of terms of the sequence outside the interval (X, A). 

In virtue of Theorems 2 and 3 above, < A + € and «„ > X - 1 for all suffi- 
ciently large values of n, so that at most a finite number of terms of the 
sequence lie to the left of X - 1 and to the right of A+c. 


2*52. The unique limit of a sequence. 

If the upper limit coincides with the lower limit, so that Aa«X, 
their common value I is defined to be the unique limit of the 
sequence {^n} as n oo , The unique limit is often called simply 
the limit When the sequence {^n} has a unique limit it is said to 
converge to that limit. Symbolically this may be expressed in 
either of two ways, 

( 1 ) lims^^l, 

or (2) as 00 . 

Since A — \ > 0, it is a direct consequence of the above definition 
that the necessary and sufficient condition for the eodstence of a 
unique finite limit {convergence of the sequence) is that 

A - X < 6, 

for evei*y arbitrary € > 0. 

Thus, when a unique limit exists, the lower bound of the superior 
numbers is equal to the upper bound of the inferior numbers 
(A = X = l)j and so every number greater than I is superior, and 
every number less than I is inferior. 

2*53. Theorems on imique limits. 

A different definition of a unique limit is fi^equently given. The 
sequence {^nl ^ to tend to a limit I, if given e, there exists a 
number i/(e), such that 

\Sn-l\<e 

whenever n^v (e). 

It is immaterial which of the two possible definitions is adopted, 
but whichever one is selected as the initial definition, the other 
must be proved to be a consequence of it. Since we have taken as 
our initial definition the one given in § 2*52, it is necessary to prove 
that the definition just given is equivalent to the one which we 
have adopted. This is done in Theorem 1 which follows. 

The reader is advised also to adopt the second definition and 
then prove as an exercise that the first definition is equivalent to it 
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Theorem 1. The necessary and sufficient condition that the 
sequence {^n} converges to a limit I is that, given €, there exists a 
V (e) such that 

jSn^ I \ < € 

whenever n'^v (c). 

(а) The condition is necessary, for if Sn’-^h then every number 
greater than I is superior for and every number less than I is 
inferior for Hence 

i — e<Sn> forn>i/i; \ 

i for 71 ^ 

If* V =» max (vi, I/a), 

Z — € < Sn < ^ + 6, for 71 ^ I/, 
that is to say | ~ ^ I < tor i/. 

(б) The condition is sufficient, for suppose that jsn — for 
n'^v, then Z — £ is an inferior number for {5^}, but since e is arbi- 
trary every number less than Z is an inferior number for {«n}« 
Similarly every number greater than I is a superior number for 
the sequence. Hence a unique limit exists. 

Theorem 2. Cauchy’s General Principle of Convergence. 

The necessary and sufficient condition for the convergence of any 
sequence {sn}, is that corresponding to every arbitrary e there exists 
an integer v, such that 

I Sp Sy^p I < € 

for all positive integral values of p. 

(a) The condition is necessary, for by Theorem 1, if s^ tends to 
a limit Z, whenever n'^v, 

ls„~Z|<ie. 

In particular we have 


Now 

\s,-l + l- S,+p 1 < 1 s, - i 1 + 1 i 1 

< i€ + i€ = e; 

that is, 

1 s, — s,+p 1 < e. 


* max ( 1 * 1 , p^) means the greater of the two numbers p^ and p^* Similarly we use 
min (i/|, p^) to denote the lesser of the two numbers concerned. The symbolism 
applies equally well to more than two numbers; thus max (a, b, c, d, ...i ft) means 
the greatest of the numbers a, b, c, d, ft. 
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(i) The condition is sujfficientf for, if | | < e for all positive 

integral values of p, we have 

6 , 

that is Sr 6 is an inferior number and Sr 4* 6 is a superior number 
for the sequence Hence 

A — X < (Sr 4* e) — (sr — c) = 26; 

and so, by remembering that A - X ^ 0 and that € is arbitrary, it 
must follow that 

A — X « 0. 

Since this is the condition that a unique limit exists, the suffi* 
ciency of the condition is established, 

2*54. Unbounded sequences. 

In the preceding sections only bounded sequences have been considered, 
and the upper and lower limits of such sequences must be finite. It is some- 
times convenient, though not indispensable, to extend the concept of upper 
and lower limits to unbounded sequences. In drder to do this it is necessary 
to say that in certain cases A= +oo and X — ~ oo . So far we have assigned no 
meaning to the symbol “ qo standing alone, and up to the present the symbol 
has been regarded as meaningless except when it has occurred in the notation 
which is merely a convenient abbreviation for the phrase “n is 
indefinitely increased.” A precise definition of what is meant by the state- 
ments A«=ao,Xs=-ao is given below, but the reader should be able to see 
the need for their employment in the following examples. 

The sequence defined by the relations 

^?2n-l==lM = W (71=1,2,3,...) 

is clearly one for which X exists aud has the value 0, but unless we say that 
A=: -p 00 wo cannot assign a value to A. 

Again, if the sequence n 

is to be considered as possessing upper and lower limits at all, we must say 
that 

X=a-oo, A=4 qo. 

The reader must clearly understand that the symbol “oo” and the terms 
infinite, infinity and t&nde to infinity have purely conventional meanings. 
Phrases in which these terms am employed have a meaning only when by a 
definition some suitable meaning has been assigned to them. 

When we say that a number n tends to infinity (n co ), we are using a 
short and convenient phrase (or a still shorter symbolical expression) to ex- 
press the fact that n assumes an endless sequence of values which eventually 
become and remain greater than any arbitrary positive number, however 
large. 
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For this reason the reader is advised not to use the concept of X and A 
being supposed infinite until he fully realises what that concept really means. 
The precise meaning to be attached to the symbols A«>ao, X«— oo is con- 
tained in the following definitions : 

(i) A sequence may be such that, when n exceeds v, inferior numbers 

exist and have a finite upper bound X, but superior numbers do not exist 
because an infinity of values of Sf^ can be found which exceed any arbitrary 
positive number (r, however large. In this case X ea^ts and is Jinvte^ ati^ we 
say that . \ 

(ii) Similarly may be such that, when n exceeds v, superior num'^rs 
exist and have a finite lower bound A, but inferior numbers do not e^xist 
because an infinity of values of s^ can be found which are less than any 
arbitrary negative number - however large O may be. In this case A exists 
and is finite^ and we say that X = - co . 

(iii) Sequences {5^} exist for which there are neither inferior nor superior 
numbers, so that X and A do not exist finitely, but there is always an infinity 
of values of which exceed any arbitrary large number (?, and an infinity of 
values of s^ which are less than any arbitrary number — O, It is this case 
which is represented symholimlly by the statements X = — 00, A=oo, 

2*55. Divergent and oscillatory sequences. 

When the sequence {^n} uot converge to a unique finite 
limit, there are several possibilities which will now be considered. 

( 1 ) Divergence, If the terms of the sequence have the property 
that, however large the positive number G may be, an integer v 
can be found such that 

G 

whenever n exceeds p, then {sn] is said to diverge. This may be 
expressed symbolically by writing 

as n->oo. 

Similarly, if an integer v can be found such that 

Sn< — G 

whenever n>i;, then {sn} diverges. This may be expressed sym- 
bolically by writing 

—00 as 00 . 

In both cases {«n} is a divergent sequence, and {««} may be said 
to diverge <0 00 , or to diverge to -- co. 

( 2 ) Oscillation. When the sequence {«„}, while not convergent, 
possesses a finite upper limit and a finite lower limit, then it is 
said to oscillate finitely. 
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For example, the sequence «n~( ~ |l + - j oscillates finitely, for X« - 1, 
A«l. 

Now that the meaning of the expressions A» oo , X« - oo has been precisely 
defined, a sequence for which A and X have these values may be said to 
wciUate infinitely. Infinite oscillation does not differ much from divergence, 
and some writers use the latter term to include infinite oscillation. The 
difference is clearly seen by considering the following examples; 

If n\ {s^ diverges, and -► ® as » oo . 

If ** *-" w*, {#n} diverges, and asn-^oo. 

If {«n} oscillates infinitely, the even terms increasing and the 

odd terms decreasing without limit. In other words « 2 m as m ^ oo , and 

as J 

2*56. Theorems on limits of sequences. 

For the sake of brevity the following notation is adopted. If 
{Sn} converges to a unique limit, say /?, as n is indefinitely increased, 
we shall write simply leaving the phrase ‘*as n tends to in- 

finity” to be implicitly understood. Also the word “limit” will be 
taken always to imply “ unique limit,” unless the contrary is stated. 

In §2*53 we proved two fundamental theorems, the second of 
which, the general principle of convergence, is of immense theo- 
retical importance. It gives a means of deciding whether a sequence 
tends to a limit or not, without any previous information concerning 
the value of the limit. 

Although in elementary work the limit theorems which will 
now be proved may be employed more frequently than the 
“general principle,” the reader must not underestimate the im- 
portance of the general principle on the grounds that it seems to 
be rarely used. Most of the abstract theorems which involve the 
concept of a limit depend for their proof upon the employment, in 
some form or other, of this important result. 

Proofs of the fundamental limit theorems will now be given. 
We begin by proving two lemmas. 

Lemma I. //* | — s [ < Ae for n'^v, where k is a positive con- 

stanb, then Sn^s, 

Replace e by e/k, as is clearly permissible, since c is arbitrary and 
efk is positive. Thus if e « efk we can find an integer i/, depending 
on such that 

l5n-<sl</v€' for 

that is for n>p\ 
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and, since is a constant, is a function of e, so that by the 
ordinary criterion. 

The reader may be inclined to regard the above lemma as trivial, but it 
has been proved for a special reason. In the proof of Theorem 2, g 2'53, the 
first inequality was taken to be The reason for the choice of 

was to ensure that the final result should read | 1 <c. Although 

such a procedure is frequently adopted for the sake of artistic elegance, the 
lemma shews that it is quite unnecessary. If f had been chosen at the outset, 
the final result would have read | |<2€, which would do just as\well. 

The reader should observe that it is rarely possible to decide befor^and 
whether or Jf, or Je must be chosen first, so as to be left with c at the 
final step of the proof. The lemma shews that this artificial choice of some 
fraction of c is unnecessary. 

Lemma 2. Every convergent sequence is hounded. 

If Sn-^s and s is finite, then when n ^ i/, 

s — €<5n<S + e. 

Let g and G be the least and greatest respectively of the — 1 
numbers 

Si f 82 f • . ♦ , Sy^i . 

If A = min {s — €,g) and II = max {s -f e, (?), then 

h^Sn^H ( 1 ) 

for all values ofn; in other words («„} is bounded. 

Corollary, An equivalent inequality to (1) above is 

\sn\<,M, 

where it/ is a constant. Plainly M — max ( | A | , | if j ). 

2‘661. The fcmdamental limit theorems. 

and where s and t are finite^ then 

(1) "h -f- tf 

( 2 ) Sntn-^St, 

(3) ^-,80 long as 8^0. 

Sn S 

Proof of (1). We have 

1 s„ — s I < e forn > i/j, 

1<»- <|< e for n 


and 
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now («n-f «»)-(« + 0 = (s»-«) + (<n-<). 

hence | (s^ + fn) “•(s + ^)|^|sn"“*l-l'|^“^|^ 2e, 

for n > V s max (vi, i/j). This proves that Sn + t„ -*• s + t, by. 

Lemma 1. 

First proof of (2). 

By Lemma 2, {$„) and {<„} are bounded; hence there is a positive 
constant M such that, for ail values of n, 

If we write S for | « | and T for 1 1 1, then 

Sn tn-St = Sn(tn-t) + t («„ - s), 
hence jt„— <l + 2’|s»-s|< {M+T)e, 

for w > i>. Thus, by Lemma 1, 

Second proof of (2). 

We can write 

^ntn ~ St^ (Sn ■■ s) (tn * “f* ^ “ s) + 5 ■* t), 

so that, for n'^v, 

|s„t„- st\<e .e + Te + Sei 

and, since we may suppose that e < 1, when ra > v we have 

I Sn^n ~ I < (1 + ^) *• 

Hence, by Lemma 1, the theorem follows. 

Proof of (3). 

Since we must assume that* s + “^^7 write |s| = 2S, 

where 3 > 0. Since Sn-*~s, a number vi can be chosen so that, 
when n > vi, 

|s„-s <B, 

and accordingly, when n'^vi, 

> 8 . 


Now 

and 


Sfi S S •Sn 

1 8 ^ ^ I ^ I 

Sn i ^ 1 1 I 2S . S 


* The reader ehotild observe that the condition that s 4> 0 is necessary, for l/i 
has no meaning when s^O. If may not even possess a unique limit ; for 

example, s. » ( - ~ 0, but — » ( ~ fi, and this oscillates infinitely. 

ft Ifm. 
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for values of n which exceed vi. A number v% can be found such 
that, when n > va, 

1 — 5 I < e 5 

so that if max (vi, as soon as n > v, 

_e 

s„ s ^26»’ 

1 

hence by Lemma 1, since ^ is a constant, the theorem follov(B, 

2*57. Theorems on upper and lower limits. 

Let {sn] and be two bounded sequences, and let their upper 
and lower limits be respectively denoted by A, X; A', X'. A set of 
general limit theorems applicable to upper and lower limits can 
be obtained, but the proofs of some of these are rather diflScult, 
and there is a great variety of results. 

The reader should observe that the relations which hold between 
upper and lower limits are not the same as the corresponding ones 
for unique limits. 

It is not proposed to deal exhaustively with the relations between 
upper and lower limits^; it will suffice, by -way of illustration, to 
prove two of the simpler results. Several others have been set as 
examples for solution at the end of this chapter. 

Theorem. To prove that 

(а) lim Sn -f lim tn ^ hm (sn + 

(б) lim Sn + liin tn < Um {Sn + tn)> 

Proof of {a). 

Since lim5n = A and lim tn — A\ then, in virtue of Theorem 2, 
§2*51, there is at most a finite number of values of n for which 


5n> A + ie (1), 

and at most a finite number of values of n for which 

tn> A + ( 2 ); 

hence it follows that 

d" ^tt > A -f A^ + € (3), 


* For fuller information the reader should oonsult Carath^odory, Vorltmagm 
Uber Reelle Funktionen (Berlin, 1918), §{ 86-96. Unfortunately the author ia unahla 
to refer the reader to any English text-book whioh deals fully with this topic. 
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for at most that finite number of values of n for which the in- 
equalities (1) and (2) hold. 

Since A -f Je is a superior number for {^n} we have 

«n^A + Je, 

for n > vi, and since A' + is a superior number for 

^n^A'-hie, 

for n^v%. Hence for n ^ max (j^, 

< A -f- A^ + 6 (4). 

. It follows that 

Um(sn + <«)^A -fA' + e; 

and since e is arhitrary, the inequality (a) is established. 

The proof of (h) follows the same lines, and is left as an exercise 
for the reader. 

If a unique limit exists for both {sn| and {^n}» the above theorem 
reduces to the fundamental theorem (1) of § 2*561. 

2*68. Monotonic sequences. 

A very important type of sequences will now be considered. Let 


he any given sequence, then if either 

( 1 ), 

or ^ ^ ^ ^ • 


{«n| is said to be monotonic {monotone). Sequences of type (1) are 
said to be monotonio increasing^ those of type (2) are said to be 
monotonic decreasing. 

A sequence is said to be strictly monotonio^ if the equality 
signs in (1) and (2) are not allowed. The sequence (1) may be 
said to be increasing in the wide sense, but if the equality signs 
are disallowed the sequence is said to be increasing in the strict 
sense. 

Theorem. A monotonic increasing sequence tends to its upper 
hound. 

Let the upper bound of the sequence {««} be M\ then either 
(i) M is finite or (ii) M is infinite. 
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In case (i) we have 

Sn^M for all values of n... (3), 


8n > if — € for at least one value of n; 
suppose that > if — c. 

Since the sequence increases, for n > i/ we have 

SO that Sn> M — € ^(4). 

By comparing (3) and (4) we have, for n^v, 

M— 6 < < i/-f €, 

which implies that, as , 

In case (ii) M is infinite. This means that, given any number Q 

8n > Gy 

for at least one value of n, say n = i/, so that 

8y,> 0. 

Since {«»} increases we must have, for 

8n>0, 

in other words . 

Similarly it may be proved that a monotonic decreasing sequence 
tends to its lower bound. 

The proof is left as an exercise for the reader. 


2*6. An important limit theorem. 

To prove that ifsn-^l^ then 

n 

Write Sn — l + tn, and we have to prove that if tn^O, then so 
does (fi + i /2 “1* • • • 4“ tnjfn. 

Divide the numbers ti,tzy»,tn into two groups: 

(1) tiytz, ••*}tjs, (2) » ^n* 

The number A; is a function of n which tends to infinity more 
slowly than n*, in other words we suppose that A-^oo but 
kjn-^0, 

* The number is a number which tends to infinitj more slowly than n, 
for 00 , but (^n)/n -^ 0 as n oo . 
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However small e may be we can find a number such that 
every term in group (2) is numerically less than e when 

hence |?w±«fc±*±.- + <»l 


n 


n — k 
< e. — <e, 
n 


I 

there being n — k terms on the left-hand side. 

Let T denote the greatest of [ <i ^ 1, . . . , then we have 


4 ^2 4 - . . . 4 " 


n 


kT 


and since kjn 0 as n-^cc this number kTjn can be made less 
^ than € forn > Thus 


4 ^2 4- . . . 4 

< 

4 f 2 *4 ... 4 f A? 

1 

fe-fl 4 ... 4 in 

n 

n 

4 

n 



< 2 € 


for w > I/, where v = max (z/i, v^). The theorem is therefore proved. 

Instead of making k a function of n, we can prove the theorem bj choosing 
a k such that | ^^ | < c for all p>k. Now ^ IkS a fixed number and we shew in 
a similar way that each of the terms on the right-hand side of (1) is less 
than €. The details of this alternative method of proof are left as an exercise 
for the reader. 


2*7. Complex sequences. 

For complex sequences inferior and superior numbers do not 
exist, nor do upper and lower limits. In fact there is no general 
theory of complex sequences, and they can only be treated by con- 
sidering their real and imaginary parts separately. A systematic 
theory of convergent complex sequences may however be developed, 
for which the following inequalities are fundamental: 

Since | a; + ty | = + y*)> the first inequality is obvious ; and since 

I i 1 = 1, the second depends on the theorem in § 1‘63. 

Definition. The sequence {s„}, where Sn = <r«-l-iTn, is said to 
converge to the limit ssa + ir if {<r„} converges to <r and {t»} 
converges to r. 

We write -I- -I- ir, which implies that both -*■ o' and 
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Theorem. The necessary and sufident condition that the sequence 
{«n}i where = <rn + should converge to a limit $, where « « o* -f ir, 
is that for w > f, | — s | < e. 

(1) It is necessary \ for, if Sn fi, we have 

\<Tn-(r\<€y forn>i/i, 

and I Tn — T I < 6, for n > 

so that, for n > max (i/j, 

|5n~«| = kn + iTn-(<T-ftT)| ^|<7n-0-| -|-|Tn-T| 

< 26 . 

(2) It is sufficient, for, if, when n'^v, 

I ^ 1 ^ 

it follows that, for n'^v, 

\(^n-<r\^\Sn-s\<€, 

and I Tn — T I ^ 1 « 1 < €. 

Hence and that is to say the sequence con- 

verges to a limit s* 

2*71. The general principle of convergence holds for complex 
sequences. 

When {sn] is complex the statement of the general principle 
assumes exactly the same form as in the enunciation of it for real 
sequences in § 2*53. 

The proof follows at once in virtue of the inequalities 

I O', < |s,_g^^^|^|o-,-ff,+p| + |T,-TH^)I. 

1 ~ I 

The details of a formal proof are left to the reader. 

The reader should observe that the criterion for convergence 
and the general principle of convergence for complex sequences 
are precisely the same as for real sequences. This is because in the 
statement of these theorems only the moduli of the terms appear, 
and the modulus of any complex number is real and positive. 

No inequality can hold between complex numbers, so that the 
preceding theorems exist only because they involve the moduli of 
the complex numbers concerned. 
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2'8. An important limit. 

It will now be proved, on the hypothesis that, when x is real and 
positive, the series 

« = 1 + + ( 1 ) 

is convergent, that the limit of the sequence 

*.- 0 - 9 ” 

is the sum-function s of the series (1). 

By the Binomial Theorem for a positive integral index, 


= ! + « + 


(- 9 ., ('- 90-9 




' ’ 2! ■ 3! 

the series terminating since n is a positive integer. 

We observe that (i) each term increases as n increases, and 
(ii) as n increases new positive terms are added. Hence { 5 ^} is 
monotonic increasing, and therefore tends to its upper bound. 
Thus if we shew that {^n} is bounded above, the limit sought must 
be finite. 

Clearly Sn< 1 +^+^^-1- 

and, since every term is positive, this is less than the sum of the 
infinite series* s. On the hypothesis that the series (1) converges, 
8 must be finite, so that 

Sn < s, 

from which we deduce that 

lim Sn^s (2). 

If p be fixed, and n >p, we have 


> 1 + -f 


0 - 9 ., .('- 9 - 0 -^) 


iB*+ ... + 


* Altboagh the proof is simple, the reader should realise that the aboVe statement 
requirei proof. For a series of positive terms the sum to n terms, s^, increa$es to 
the limit $; henoe « must exceed the sum of any number of terms, taken arbitrarily, 
in the series, for n ean be chosen large enough to ensure that includes aU these 
terms. See §| ^*58, 5*11, 5*12. 


4 
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SO that 


Urn «n> hm 

n -^00 




[OH. II 




The only restriction on jp is that it must be less than n, so that p 
can be as large as we please, hence 

5 /^ SC^ 

lira +®+^, + . •. + —.» \ 

however large p may be. It follows that 

lim Sn>s (3). 


By comparing (2) and (3) we have 

lim Sn=s. 


I^ote 1, The sequence is a function of n only, for throughout the pre- 
ceding proof X is regarded as having a fixed real and positive value. The 
reader may recognise that the series (1) above is the exponential series^ which 
converges absolutely for all real values of x, and the sum-function $ is usually 
denoted by e* (or exp x). Further reference to the exponential function will 
be found in §§ 4*33, 10*12. 

The discussion of the above limit when x is complex is given in § 5*91. 

H^ote 2. The number e may be defined to be the sura of the infinite series 

1 + 1+-^! + ^+ (4), 


which we assume to be convergent*; and from what we have just proved, 
e is also the value of 


Now 


« \ nj 




and, by summing the geometrical progression, 

Hence e is not greater than 3, and from the series (4) it is clear that oS. 
* The series is easily proved to be convergent by Test lu, 1 5'S. 



SXAHPUSU 


61 


EXAMPLES IL 


1 . Fw Che following sequenoes examine whether or not they are bounded 
and whether or not they are monotonic. Determine the boonda, the upper 
and lower limits or the unique limits, whichever exist. 


12 3 
2’ 3’ 4’ •••’ «+!’ ”• 


(6) 2, 1, If, IJ, If, If 

(c) 1, 2, i, 2i, i, 2i, i, 25, .... 

(d) ^2, ffS, i/A, ..., Z/n, .... 


(«) 7, -2, 2, 3, 15, 35, 15, 3|, 15, 35 

(/) i. -i. i, -i, h 


2. Shew that, if <t>0 and 0 <*| < b, the sequence 






is an always increasing bounded sequence, and find its limit as it oo . 


3. Ifa>Oand 


prove that {8^} is monotonic, and has the unique limit l/(a+ 1 ) as ao. 

4. Prove that, if a > 1 , the sequence defined by 

converges if 

6 . If #1 and «2 are positive and («n+*«-i)» prove that the sequences 

^ 1 , « 3 , « 6 , ... ; ^e> i^he one increasing and the other decreasing ; and 

shew that their common limit is J (tfi+ 262 ). Discuss similarly the sequence 

shewing that the common limit in this case is 

6 . If { 6 m} is any bounded sequence, and [7 m, are respectively the upper 
and lower bounds of the sequence 

^n> ^n + li ^n + 2> •••> 

shew that the sequences [7|, U^t ..., At At A> ••• sre each monotonic 
and bounded. 

Prove that the sequence {^m} is convergent, if, and only if, the unique limits 
U and L of the sequenoes {^m} and {L^ are equal, and in this case 

[7«lim«M*A 

Shew also that if [74>X the numbers U and L are respectively the upper 
and lower limits of {«»}. 

[This last result is sometimes taken as a dtfirUtiim of upper and lower 
limits for a bounded sequence 



62 BOUNDS AND LIMITS OF SXQUBNOB8 [OH. 11 

7. If {«.} and {«.'} are two bounded aequencee having lower and upper 
limits respectively X, A ; X', A' ; prove that 

(i) iim( -*,)=- liras,, 

(ii) 


8. With the notation of the last example, prove that, if the sequenipes {<|J 

and {«,*'} are of positive terms^ ' 

(i) XV<lim(«^0. 

(ii) lim(«nO^AA'. 

9. If 0 1)-^^ as 00 , prove that 


10. If denote the sum to n terms of the series 

1 


prove that 


lim 


sin d 4* i sin 2^ -f ^ sin 3^4* 
I n 


] _ 4 sin 0 
J 5 - 4 cos ^ * 


11. Prove that 


lim ^ lim ^^^*^^***^^** ^ lim 


12. If pi, p 2 > ••• ) Pm «*• are arbitrary positive numbers such that Sp„ oo 

asn-^oo, prove that, if a„-^a as n-^oo, the sequence {a„'} tends to the 
same limit a, where 

a +jP 2«2 4-...4-pnqn 

” Pl+P2-h...+Pn 

13. If a„ « and 6„ ^ as w oo , prove that both 

-f <352^2 + . .. + <X»^n 


and 

tend to ojS. 




14. (i) If {6^} is a positive monotonic decreasing sequence, and if 
0 as n 00 , prove that 

lira lim 

»-#.« On n-^ooO„-6„+l 

provided that the second limit ezista 

(ii) If and oo as n oo , prove that 


lim 


an. 


lira 


provided that the second limit exists. 



CHAPTER III 


LIMITS AND CONTINUITY 
3*1. The concept of a fonction. 

In §2*4 reference has already been made to the concept of a 
function with regard to the integral variable n. By recalling what 
was stated there, the reader will see that, if we take as our defini- 
tion the statement that a function is a relation between real numbers, 
the equation 

implies that, given any set of arguments «, to some or all of them 
there correspond values of y. The same value of y may correspond 
to more than one value of the argument when to each value of 
as there corresponds one, and only one, value of y the function is 
said to be single-valued or uniform. 

The reader must guard against the idea, which is so easily 
acquired after reading some elementary text-books, that the concept 
of a function applies only to those functions which are capable of 
graphical representation. The concept of a function is of very wide 
application, and is not restricted even to those functions for which 
the relation between as and y is expressible by means of an analytical 
formula. 

For example, let y denote the number of windows in house number x on 
the odd side of a certain given street in London. Then y is defined for a 
certain number of odd integral values of x, namely 1, 3, 5, ..., m, where m is 
the number of the last house on the odd side of this street. 

In order that later terminology shall not be misunderstood, we 
now mention briefly some of the commonest types of function to 
be met with in Analysis. 

(1) Polynomials. 

A polynomial in ® is of the form 

Oo a!" + Oi + . . . + On* 

where the coeflScients o, are constants. This polynomial is of 
degree n. 
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(2) Rational functions. 

A rational function is the ratio of two polynomials, so that if 
P{x) and Qifc) denote two polynomials, the general rational func- 
tion R (a) is given by 


Ql^)' 

P{x) and Q(x) having no common factor. 

(3) Algebraic functions. 

The function y^f{x) is an algebraic function of a?, if y ii^ the 
root of an equation of the wth degree in y whose coefficients are 
rational functions of x, 

y^ + ^ -l- • • • ”4* Rn “ 0* 

We shall assume that the above equation is irreducible^ that is 
to say it is incapable of resolution into factors whose coefficients 
are also rational functions of x. 

For example the equation y* — 0 

is reducible, since it implies that either or else and each 

of these equations is irreducible. 

(4) Transcendental functions. 

All functions which are not rational nor algebraic are called 
transcendental; this is a wide class of functions, and includes such 
well-known functions as sin x, cos x and log x, as well as many which 
are less familiar. 

It is not difficult to prove that sin z and cos x are transcendental ; in fact 
we can prove the more general results that no periodic function can be either 
a rational function or an algebraic function. 

A function f{z) is said to be periodic with period » if for 

all values of x for which the function is defined. The functions sms and 
oos 4? are periodic in 2n, as are also the other trigonometrical functions tan x^ 
cotXf sec cosec x, (See reference to these functions in § 4*33.) 

Theorem 1. j^o periodic function {unless it he a mere constant) can he a 
TcUionaX function. 

Suppose that (<?(0) + 0), 

where P and Q are polynomials, and that f{x) « /( 47 -f w) for all values of x. 
Let/(0)**a, then the equation of the nth degree 

P{x)-aQ{x)^0 

is satisfied by n 4*1 values of 4 ?, viz. 0, », ..., n». 

Hence, by the fiindamental theorem of algebra, f{x) must be identically 
equal to a for all values of x. 
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Thjcorbm 2. No poriodie fanction can he an algebraic function. 

For, let the algebraic function be defined by the equation 

( 1 ), 

where the iS’s denote rational functions of x. This equation can be written 

where the P’s denote polynomials in a?. Let /(0)«ssa, as above, then 
Poa"+Pia"~^+..-+Pa»0 

for all values of x: hence y^a satisfies equation (1) for all values of and 
one set of values of the algebraic function reduces to a constant. Now divide 
(1) by y -a and repeat the argument; divide again by y -Oj and so on until 
it has been repeated n times. We conclude that the algebraic function has, 
for any value of jt, the same n values a, a^, 02 , ..., ; in other words it is 

composed ot n constants. 

It is also of some interest to prove that log a? is a transcendental function. 
By assuming that the reader is already familiar with elementary differential 
calculus, it is possible to give a simple proof that logx is not a rational 
function. 

Theorem 3. The junction log x u not a rational function. 

It will be seen in § 4*33 that log x satisfies the equation 

£(log^)=i (^>0). 

Let X and T denote two polynomials having no common factor, so that if 
log X be rational, 

X 

logx^Y ( 1 ), 

whence, by differentiation*, 

— (2). 

Thus, T must be divisible by a certain number of times (say m), and con- 
sequently X cannot be divisible by x since X and T are prime to each other. 
Write where Zis a polynomial not divisible by x. 

Now F' «= ■" ^ + Z'sf^^ 

and, on substituting in (2), 

that is, mXZ--x{ZX' - XZ^) - Z^x^, 

which is impossible, for the right-hand side is divisible by x^ but the left-hand 
side is not. Hence equation (1) cannot hold, so that logo? is not a rational 
function of x. 

It is proved in Examples X, 10 that log x is not an algebraic function of x. 
When this has been proved, log x will have been shewn to be a transcendental 
fhnotion. ^ 

• We n«e the symbol X to denote ^ Z* 
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The reader should realise that besides the transcendental functions 
mentioned above there are others, perhaps less important, but 
nevertheless of frequent occurrence. An example will sufl5ce at 
this point. Consider the function defined as follows : 

y = 2 when x is rational, 
y = 0 when x is irrational. I 

The graph consists of two series of points arranged upon the^ines 
y = 2 and y = 0; and although these would not be visibly dis- 
tinguishable from two continuous straight lines, in reality an 
indefinite number of points is missing from each line*. 

311. Functions of more than one variable. 

So far only functions representable by the relation y = <^(^) have 
been considered, but the extension to the concept of a function of 
several variables is easily made. 

If y = ^ the argument x is called the independent variable 
and y is called the dependent variable, for if values of x are arbitrarily 
assigned the corresponding values of y are determined by the 
functional relation. 

If we consider a set of n independent variables x,y,z, < and 
one dependent variable u, the equation 

u^(l>(x,y,z, ...,t) (1) 

denotes the functional relation. In this case it xi,yi, Zi, ..., are 
the n arbitrarily assigned values of the independent variables, the 
corresponding value of the dependent variable u is determined by 
the functional relation. 

The function represented by equation (1) is an explicit function, 
but where several variables are concerned it is rarely possible to 
obtain an equation expressing one of the variables explicitly in 
terms of the others. Thus most of the functions of more than one 
variable are implicit functions, that is to say we are given a 
functional relation 

^(x,y,z, ...,t) = 0 (2), 

connecting the n variables x,y, z, ,..,t, and it is not in general 
possible to solve this equation to find an explicit function which 
expresses one of these variables, say x, in terms of the other n 1 

* Fonotions of this type will be ooniidered in more detail in |8*6. 
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variables. Even when only two variables are involved it may be 
impossible to find an explicit algebraical expression for one variable 
y in terms of the other variable x. A simple illustration of this is 
afforded by the equation 

y^-y-X-0. 

Although X can be found explicitly in terms of y by writing 

x^f-y, 

no algebraical expression for y in terms of x can be found. 

Further details about implicit functions will be considered later; 
and when we have to discuss differentiability of functions of several 
variables the reader will see the importance of distinguishing 
carefully between dependent and independent variablea 

3‘12. Function of a function. 

In the equation y — ^ (x), suppose that x, instead of being the 
independent variable subject to choice, is dependent upon some 
other independent variable t, for which the functional relation is 
If values of t, say ti, tm, are assigned arbitrarily 

we obtain values for x from the relation x=f(t): when these 
values of x are substituted in y = (x) we obtain values for y which 

are dependent on the arbitrary choice of values for t. 

If we write 

the symbolism denotes that y is a function of a fwncAim,. 

This kind of relation is easily extended to the case of several 
variables. 

3‘2. Limits of functions. 

For simplicil^ we confine our attention first of all to functions 
of a single real variable. 

The reader should have no difficulty in realising that there is a 
theory of limits for functions of a real variable similar to that for 
limits of sequences which was discussed in the preceding chapter. 

The sequence is a function of the positive integral variable n, 
where n assumes only the integral values 1, 2, 3, ..., p, ..., and we 
were concerned with the behaviour of as » is indefinitely 
increased. 
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If f{x) denotes any given function of x, where x denotes any real 
number for which / {x) is defined, we shall also discuss the behaviour 
of f{x) as X increases indefinitely, ranging through all real values* 

Clearly the approach to infinity in which the variable assumes 
the integral values 1, 2, 3, ... only is a particular case of the more 
general method of approach in which the variable assumes ill real 
values. Hence, if a definite limit exists when the variable ailwsumes 
all real values, the same limit must be obtained if a special.set of 
these values be selected (say the positive integral values) and the 
variable restricted to range through this special set only. It is 
important to realise that the converse is not necessarily true*. 

3'21. Definitions. 

For the sake of precision it is convenient here to consider the 
exact meaning of some of the statements which we shall frequently 
have occasion to use. 

A yoint is an ordered aggregate of real numbers. For example 
{xy y, z) represents, for different values of a?, y and Zy a set of points 
in three-dimensional space. 

A functiouy in the general mathematical sense, is a relation 
between numbers and points. For instance /(a?, y) expresses 
a relation between the point {x, y) and the number Zy which is 
called the value of f(Xy y). 

An interval is a collection of points. Thus, the points (a?, y, z) 
defined by the three inequalities 

a^x^by a'^y^Vy a^^z^V ( 1 ) 

all belong to the interval which these inequalities define. 

The interval defined by the inequalities (1) is called a closed 
interval, for the end-points are included among the points (x, y, z) 
which compose the interval. 

The interval defined by the three inequalities 
a<x< by a' <y<b\ a"< z< 6" 

is called an open interval, the end-points not being included among 
the points which compose the interval. 

A neighbourhood is a special kind of interval If (ui, ai, Uj) be 
any point, the interval + oi-A, ag + A; a«-A,at + Aj, 


* 8ze EuunplM 111, 20. 
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whether open or closed^ is described as a neighbourhood of the 
point (ai, 0*, a®). 

Boughly speaking, a neighbourhood is a " cubical" interval with 
its centre at the point. 

By the phrase “(a?, y, z) is at the point (ui, a^)" we mean 
that « = tti, y SK a2, = a^. 

By the phrase **{x, y, z) is near the point (oj, 02, os)" we mean 
that (x, y, z) lies within some neighbourhood of the point (oi, 02, 03). 
When we wish to imply that the number h which defines the 
extent of the neighbourhood may be as small as we please, the 
.point (a?, y, z) is said to be sufficiently near the point (oi, 02, as). 

Let f{x) be a function defined and bounded in the linear 
interval (a, 6), then, if M and m are the bounds of /(a?), the 
number Jtf — w is called the oscillation of the function f (a?) in the 
interval. 

Although all the above definitions have been formulated or illustrated in 
terms of three-dimensional space, they are applicable equally to space of any 
number n of dimensions. 

A point in n-dimensional space is the ordered aggregate of real numbers 
(a?i, arg, ..., ar^). Similarly the other definitions can be given in a form which 
is applicable to space of any finite number of dimensions. 

3*22. Finite limit at a finite point. 

In the preceding chapter the only kind of limit which was 
contemplated was the limit of a sequence s^ as n was indefinitely 
increased. A function may approach a definite limit when the 
variable tends to some finite value, as well as when the variable 
tends to infinity. 

The definition of the existence of a limit for a function of one 
variable f{x) as x approaches a finite value a will now be given. 

f{x) is said to have the limit b as x tends to a when^ given e, 
a positive number 17, depending on €, can be found such that whefnever 

|/(a;)-6j<e. 

If the above criterion is satisfied we write 
lim /(®) = 6, 

and /(«) may be said to converge to (or approach) the limit 6 as « 
tends to a. 
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In some cases the variable x may approach the value a from one 
side only. 

When through values of x greater than a, x approaches a 
from the right (or from above). Similarly when x^^a through 
values of x less than a, x approaches a from the left (or from below). 
If when either of these methods of approach is considered a d^^finite 
limit exists, the following notation is adopted* : \ 

If a right-hand limit exists as x approaches a from abov 4 ^, this 
limit is denoted by 

lira f{x) or f{a -h 0). 

a5-^o+0 

If a left-hand limit exists, the limit is denoted by 
lim f{x) or f{a — 0). 

a5-»‘a— 0 

The statement that lim f(x)^h involves the equations 

x-*^a 

lim f{x) — b= lim /(«). 

a5-**a+0 

When f{x) approaches a finite limit 6 as a? tends to a we write 
f(x)^bB, 8 x-^a, 

Similarly, if a right-hand limit 6i or a left-hand limit 6a exists 
as X approaches a from above or from below, we write 

f (x) sls X ^ a -h 0, 

or f(x) 62 S'® ic a — 0. 

The reader should observe that there is no reason why bi and 62 
should in all cases be equal, nor is it necessary that either 61 or 62 
should be equal to /(a). There are cases in which the three 

numbers 61, 62, f(<^) all exist and are equal, and any two of them 

may be equal while the third is different. Again, it may happen 
that some or all of these three numbers may not exist. The 
importance of these remarks will be seen later when continuity is 
considered ; and several illustrative examples are given in § 3^31 
below. 

If /(x) does not approach a definite limit as a; --►a, it may 
diverge to 00 or diverge to —00. This is expressed formally as 
follows, 

* The late Dr Leathern has suf^geated that the notation x\a^ a would prove 
useful in these cases. See The Mathematical Theory of Limitt (1925), 85. 

Another notation sometimes used is and x^a. 
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Ifvjhm mypomUve number G, however large, ie chosen, a positive 
number j) ((?) can be found such thaif{x) > Q when I » - a k », 
we swg that i 

lim/(a!)«oo oTf{x)-*~ao as x-*a 


Similarly the formal dehnition of divergence 
given. 


to — 00 can be 


If /(*) be a funrtion which possesses a graph, the curve yflx) 

an asymptote parallel to the axis ofy at the point x-o. possesses 


.3 23. General limit theorems. 

Analogy with the definition of the limit of a sequence {sJ as 
n-e-oo ‘here will be similar limit theorems to those 

proved in § 2-661. This is in fact the case, and the proofs of the 

first three of the following theorems will be left as exercises for 
the reader. 


Suppose that as X-* a. f(x) a and g {x) ^ then, 

(1) /(*)+ 5^ (*)-*■ a + /S, 

( 2 ) f(x)g(,x)-^aS, 

(3) -*• ^ provided that a =)= 0. 

(4) If f{u)-^f{S) as u-^S. then 

lim/{5r(x)} = /{lim5f(a;)}. 

z-^a 

Proof of (4). Since f(u)^f(/3) as given s. there 

corresponds a number ^(e), such that, when 

l/{5'(*)l-/(^)|<e (1). 

But g(x)-*S as x-*-a, so that corresponding to the above 
number fji, a number g (depending on iji, and therefore on e) can 
be found such that, when | » - o k i?. 

IS'(®)-^|<’7i (2). 

By combining (1) and (2) we have, when |»-aki7, 

\/{9 (<»)]-/ m<^- 

lim /{^r («)} =/ (^) «/{lim g («)). 

- V 


Hence 
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The reader will see later that the condition laid down above for the validity 
of (4) is equivalent to the statement that the function f{u) must be oontinwm^ 
at the point Thus it is only true to state that 
lim/(^)«/(limy) 

if / be a continuous function, 

3'24. Finite limit as ^ inoreases indefinitely, jj 

The function f{x) is said to approach the limit b as x tends \to 
infinity if given €, there exists a positive number X such thiit 
\f{x) — 6 1 < € whenever x^X, 

When the above condition is fulfilled, we write either 
lim f{x) = 6 or f(x) 6 as a? oo . 

SC~*-ao 

The reader may easily modify the above definition to include 
the case in which x tends to infinity through negative values, that 
is when a? — oo . 

If the function /(a?) possesses a graph, the above definition corresponds to 
the existence of an asymptote parallel to the axis of x ; the asymptote is the 
liney«6. 

All the different cases of tendency to a limit are included in a 
single general definition which can be stated as follows: 

Any endless progress of x generally determines a corresponding 
endless progress of f(x). If there is related to this progress a 
number b, such that if we select any positive number e as small as we 
please, there is always a corresponding definite stage in the progress 
of f{x) after which it is always the case that | f{x) — 6 ( < e, then 
f (x) in this progress tends to a limit 

As we have already seen, in the case of functions of the positive 
integral variable w, tendency to a finite limit or to infinity are not 
the only possibilities. In fact monotonic sequences are the only 
ones which possess this property. The reader should observe that 
finite or infinite oscillation is possible for functions of the real 
variable x, and it will be found to be a helpful exercise to formulate 
precise definitions corresponding to these cases. 

The general limit theorems of the preceding paragraph all apply 
to the case in which x tends to infinity. By contrasting the 
definitions of the existence of a limit as a and as oo , the 
reader will see that, with slight modifications, the proofe are almost 

* For the definition of a oontinaoue fonction see § S*S2 below. 
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identical. In fact, the proofs of these theorems in the case where 
X 00 differ only slightly from the proofs of the fundamental limit 
theorems for sequences given in § 2*561. 

3*3. Continuity. 

The notion of continuity is a direct consequence of the concept 
of a limit. The special class of functions known as continuotis 
functions possesses many important properties which will be 
investigated in this chapter. It is very important to separate the 
properties of continuous functions from those of functions in general. 
•In many elementary text-books, in which none but continuous 
functions are contemplated, the properties of continuous functions 
are assumed and applied freely to every function considered. This 
leads to no difficulty so long as continuous functions alone are 
considered, but it is easy to construct cases of failure by considering 
a discontinuous function for which the property in question fails 
to hold. Examples which are given later will illustrate this point 
clearly. 

For simplicity we confine ourselves mainly to functions of a single 
real variable, but the extensions to functions of more than one 
variable will be suggested in § 3*5. It may, however, be stated that 
the proofs of most of the theorems which follow can be adapted, 
usually with only slight changes in terminology, to the case of 
functions of more than one variable. 

3*31. Oontinuons functions. 

Roughly speaking, continuity means the identity of limits with 
values. Continuity is the property of a point, and the question for 
our consideration is as follows. Given any function f(x) defined 
in the range a < a? ^ 5, say, then at the point xq, where a<xo<b,is 
the function /(a?) continuous or not? 

We can extend the concept of continuity and say that a function 
f(x) is continuous in an interval if it is continuous at every point in 
the interval. Essentially, however, continuity is the property of a 
point, and the concept is only extended to an interval in the way 
just indicated. 

^Several examples will now be considered. 
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1. Congider the function defined as foUom: 

fU)= ^ ^ v>hen(^^x<a. 


f{x)^a when x'^a» 

DiecuBB the behaviour of thxB function at the point x^a. 
Now, except when 


x—a 


=a?+a, 


but as X approaches the value a from below, it is clear that the value of Ihe 
fraction {x^—a?)l{x-a) becomes more and more nearly equal to 2a, in fact 


lim ~ 2a 

0 x-^a 


.(I). 


It must be clearly realised that the value of the fraction {x^-^a^)l(x-a) 
when is indeterminate or meaningless, for the ratio 0/0 is undefined. 

The function f{x), however, has the value a when x»a^ for this value has 
been assigned to it definition^ hence, when x^a^ 

f(x)=^a ( 2 ). 



Examination of the graph of the function /(x) in Fig. 3 at once suggests a die* 
continuity* when x^a. As we shall see, this is ensured analytically by the 
inequality of the limit (1) and the value (2). 

Example 2. Cormder ike function 
x^ — a^ 

^(ar)t= when0^x<a^ 

X a 

(f> (x) K 2a when x'^a. 

The graph of ^ {x) is illustrated in Fig. 4, and it suggests no discontinuity 
when a?«a. 

* The primitive geometrical concept of continuity for a function which possesses 
a graph is that the function is continuous if its graph be an nnbrokmi curve* A 
point at which there is a sudden break in the curve is thus a point of discontinuity* 
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The limit (1) of Example 1 is again the same, but in this case wh&n 

( 3 ), 

so that the limit of <^{x)qa x-*-a\s the same as the value of ^{x) at 
both being equal to 2a. In this ease there is no sudden break in the graph. 


Example 3. 




ar-g 


^ ( JT) sa g 
(a?)=2g 


when 0^a?<g, 

when x^a^ 
when x>a. 



In this case lim (x) = 2a, ^ (a) = a, lira (^) =2a, 

aj~*-a+0 

and there is again a discontinuity when x=^a due to the isolated point F in 
Fig, 6. 


3‘32. Formal definitions of continuity. 

The reader who has carefully examined the preceding examples 
will have realised how easily discontinuities may be recognised in 
a graph. In fact for those functions which admit of simple graphical 
representation, this is certainly the easiest way of finding points of 
discontinuity. We now give the formal definitions of continuity, 
from which definite conclusions can be drawn for any function, 
whether it be capable of graphical representation or not. In any 
case the graphical method illustrated above only indicates points 
of discontinuity of functions which can be represented graphically; 
it does not prove anjrthing. 

Definition 1. The Jwiction /(a?) is said to be continuous when 
x^oGe, iff{oG) possesses a definite limit as x tends to the value xq 
FROM EITHER SIDE, and each of these limits is equal iof{x^: 

lim f{x) as/ (flb) s » lim / (a?). 
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Definition 2. The fwndion f(x) is continuotu when attmot, if 
given e, a number i/ (c) can be found, such that, whenever \x — a^\4,ri, 
!/(«) -/(«4) I < e. 

The eqaivalence of the two definitions is at once obvious if the 
second be compared with the definition of a limit in § 3'22. The 
remark in that section about the right-hand and left-hand liptits 
as X tends to a not necessarily being equal will now be understood. 
We have now seen that only in the case where f{x) is continuous 
when X — a will it be true that (j 

lim /(ir)*/(a)= lim /(«). 

For most simple functions the graph will suggest at what points 
in a given range of values of x discontinuity is to be expected. 
It must however be borne in mind that the analytical method of 
deciding whether or not a given function is continuous at a specified 
point xq (say) is to examine whether the three numbers 
lim f{x\ f(xo)s lim f(x) 

are or are not equal. Cases frequently arise in which one or more 
of these numbers do not exist. If /(x) assumes, when x = the 
indeterminate form 0/0 we must say that /(a^o) does not exist. In 
such a case there cannot be continuity at x^^Xq, even though 
/ (xo — 0) and f(xo 4- 0) both exist and are equal. 

The function (a^-a2)/(a? — a) is defined for all real values of x except x^a. 
Since its value when x—a is indeterminate, nothing more can be said about 
its continuity when x^a. However, a value for the function when x^a may 
be assigned ly definition. It will be seen that the function defined as follows; 

/(^r)«=A when««a, 

is a discontinuous function at the point x<=a for all values of A except A’^Sa. 

The function defined above when A’^Za is said to be continuous at the 
point x-^aby completing its definition,. 

Continuity in an interval. A function f(x) is said to be con- 
tinuous in the closed interval {a, h) if it is continuous for every 
value of a; in a < a; < 6, and if/(a + 0) exists and is equal to / (o), 
and f{b — 0) exists and is equal to fQ>). 

It is easily deduced from the theorems on limits that the sum, 
product, difference or quotient of two functions which are con- 
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tinuous at a certain point are themselves continuous at that point 
(except that, in the case of the quotient, the denominator must not 
vanish at the point in question). 

Further it is true that a continuous function of a continuous 
function is a continuous function (§ 3*23, 4). 

EmmpUi, The polynomial 

P {x) 3 ^0^* +...+«« 

is continuous for all values of x, 

P(x) 

The rational function It (a?) *= 77--: 

is continuous in any interval which does not include values of x which make 

The functions sin x and cos x are continuous for all values of x; log a? is 
continuous for 4r> 0; is continuous for all values of x; tan x is continuous 
in any range not including any of the points ^=(w+i)ir (n*sO, 1, 2, ...)• 

3*4. Properties of continuous functions. 

Theorem 1. The fundamental theorem on intervals. 

1/ Ii, I 2 , Im ••• linear intervals, each of which is con-^ 
tained in the preceding, and the lengths of which tend to zero as n 
tends to infinity, then there exists a unique point f such that every 
neighbourhood of f contains all hut a finite number of the given 
intervals. 

Let In be (a„, &«), then since contains /n+i, 

an Ki Un^lt bn ^ bn+i» 


Hence, 

Uj ^ 02 ^ ^ Un ^ • • • • (1). 

... ^ ^ 


The sequence (1) of left-hand end-points is monotonic increasing 
and every term is less than bi, hence, by § 2'58, 

Similarly the sequence (2) is monotonic decreasing, and 

If we shew that a * yS, we have proved the existence of the unique 
point 
We have 

la»-al<e for 
j6h-/3|<€ for n>i«i, 

«•* 
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and since the length of In tends to zero as n oo , 


Now 


|an- 6 n|< € for n'^v^. 

|a~^|==|a~a« + an--6n + 6n-/81 

<|a~an| + |a»-6«| + 16n-/8|<3€ 


for n^v, where p = max (vi, i/*, 1/3). i 

Since o and )8 are independent of n, it follows that a and^ 
coincide and a = /S = f. Clearly h can be so chosen that tie 
neighbourhood (| — A, f 4 * /t) strictly contains the interval arid 
hence /^i, Im+2^ •••! and however small h is chosen there will bfe 
a value of n such that the length of In is small enough for In to' 
be strictly contained in the neighbourhood (f - A, f 4- A). Hence 
every neighbourhood of | contains all but a finite number of the 
intervals I. 


3*41. Theorem 2. Borel’s theorem* 

Let (a, b) be a closed linear interval; suppose that we are given' 
a set J of closed intervals such that every point P of (a, b) is an 
interior point f of least one of these intervals J{P); then a 
FINITE nwmber of these closed intervals 

Ilf I%f •••> Jm 

can he chosen which possess the same property: — every point P of 
(a, b) is an interior point of at least one of them: in other words the 
interval (a, b) can be completely covered by a finite number of 
intervals of the set J, 

A set of intervals yV nan be associated with the intervals J as 
follows. Each f is an interval which contains at least one point 
(not an end-point) Pr of (a, 6), and no point of yV lies outside the 
interval J {Pr)- The intervals yV will be called suitable intervals, or 
briefijj intervals (S), 

If the whole interval (a, h) is suitable, the theorem is proved. 
If not, bisect (a, h ) ; if either or both of these intervals is not 

* Also called the theorem of Borel^Lebesgae or the Heine-Borel theorem. The 
proof given by Heine that every contmnons function is uniformly continuous con- 
tained the germ of this theorem (Journal f Ur Math, nxxiv (1871), 188). It appears 
to have been first explicitly stated and proved for a linear interval (a, h) by Borel, 
An%, de Vicole Norm, (8), xu (1895), 50. 

t Except when P coincides with a or b, when it is an end-point. 
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an (S), bisect it or them*. The process of bisectiag intervals 
which are unsuitable either will terminate or it will not. If it does 
terminate the theorem is proved, for (a, b) will have been divided 
into a finite number of suitable intervals ji, ja , .... jn, say, and the 
set of associated intervals Jt,Ja, ...,«/«» will be the finite set 
required. 

Suppose that the process of bisection does not terminate, and 
let an interval which can be divided into suitable intervals by the 
process of bisection be called an interval (B). 

By hypothesis (a, h) itself is not a (B), therefore one at least of 
the bisected portions of (a, b) is not a {B). Choose the one which 
is not (if neither is a (B) choose the left-hand one); bisect this and 
select again that bisected part which is not a (B), and so oa This 
process of bisection gives an unending sequence of intervals 

Isi •••» ^nt •••» 

such that 

(i) each is contained in the preceding, 

(ii) the length of /» tends to zero as n -*■ oo , 

(iii) the interval 7„ is not an (8). 

The same argument as was used in Theorem 1 shews that these 
intervals converge to a unique limit point which is certainly a 
point of (a, b). 

By hypothesis there is a number h such that every point within 
a distance h from f is a point of one of the intervals J. If n be 
chosen so large that the length of is less than h, then f is an 
interior or an end-point of J„ and the distance of every point of 
from ^ is less than h. 

Hence is an (8), which contradicts (iii). 

The hypothesis that the process of bisecting intervals does not 
terminate involves a contradiction : hence the process does terminate 
and the theorem is proved. 

3'411. Mote on the preceding theorems. 

Both the preceding theorems are of an abstract nature, and the 
reader may wonder what is their importance. The importance of 

* A miitable iateml ii not to b« Inaeoted, for one of the puts into «hi<^ it is 
divided inisht not be niitablA. ; 
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these theorems cannot be over^emphasised, for they are fundamental. 
Without appealing to one or other of these it is impossible to 
prove the theorem which follows concerning the oscillation of 
a continuous function, a theorem which will be seen to have 
fundamental importance in the theory of integration. 

It is essential that the reader should realise that a point jkos 
now been reached beyond which we cannot proceed unless the i|rst 
or second of the above theorems has been proved. This will^be 
clear when it is seen how all the theorems which follow depend 
upon those which have preceded them. Since the important 
theorems of the differential calculus, including Taylor’s theorem^ 
depend for their proof upon the properties of continuous functions, 
the preceding theorems are therefore also fundamental to the 
differential calculus. 

The reader will see that Theorem 1 jis suflBcient for our immediate 
requirements, and the properties of continuous functions which 
will now be proved can be demonstrated without appeal to Borers 
theorem. Theorem 1 is a theorem on intervals which is less general 
than Theorem 2, but Borel’s theorem has important applications 
in other branches of Pure Mathematics*, and it is one of the 
important theorems in Analysis. There are several other theorems 
of the same type which are outside the scope of this book; 
theorems of this kind are sometimes spoken of as ‘‘covering 
theorems.” 

8-42. Theorem 3. 1/ f{x) is continuous in the closed interval (a, 6), 
then, given e, the interval can always he divided up into a finite 
number of sub-intervals such that 

)-/(*")! < 6 , 

when of and a?" are any two points in the same suh-intervaL 

Suppose that the theorem is false. Then, however we sub-divide 
(a, b) there must be at least one of the sub-intervals for which the 
theorem is false. 

* It wai pointed out by Baker, Proe. London Math. 8oe. (1), xxxv, 459, and 
(2), X, 24, that Goareat’e proof of Cauohy^e fundamental theorem in the theory of 
fonotione of a eomplei variable {Tram. Amer. Math. 8oe. z (1900), 15) praotioally 
eontaine Borel’i theorem. 

Borel’e theorem is aleo of fundamental importance in the theory of eete of pointB ; 
in partioolar in the theory of measure of a linear set. Bee de la Valid# Poussin, 
JnUgralu di JAboism (1916), i 17* 
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Apply the process of repeated bisection; and at each stage 
choose a bisected part for which the theorem is false. In this way 
we obtain a set of intervals (o„, &«) satisfying the conditions of 
Theorem 1, and whose end-points therefore converge to a unique 
limit point Also each interval (a«, bn) is such that the theorem 
is false for it. Suppose, for definiteness, that ^ does not coincide 
with a or 5 . 

Since f(x) is continuous when » = f, there is a value of such 
that, when 1 « — f 1 

l/(^) -/(?)!<«. 

If n be chosen so large that bn — an is less than 17 , then the 
interval (a^, bn) is contained entirely within the interval 

(^-v>t+v). 

for ^ is such that 

Thus, if a?' and x" are any two points in (a^, bn), 

!/(«;') -/(f) l<e. |/(^")-/(f)l<e. 

Hence, l/(w') -f{w") | < \f{x') -/(f) | -I- |/(f) -/(«") ) 

< 26 . 

The supposition of falsity leads to a contradiction, hence the 
theorem must be true. 

The argument is easily modified if f coincides either with a or 
with h. 

3*421. Theorem 4?. A function which is continuous in an interval 
is hounded thm*ein. 

Suppose that the interval {a,h) is divided into sub-intervals which 
satisfy the conditions of Theorem 3. Let the dividing points be 

a’o =s u, Xx, x%, . . . , 1 , ~ 6* 

Now |/(®)l<|/(a)i + l/(«)-/(a)i 

<l/(a)l+e. 

when 0 < « — o < % — a, so that 

l/(®i)i<l/(«)l + e 

Similarly, when — 

l/(®)NI/(^i)l + l/(«)-/(®i)l 

<t/(^a)| + e 

<!/(«) l + 2e. 


,( 1 ). 
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T)y(l). Hence, |/(a;2)| < |/(o) | + 2 e. 

By proceeding in this way we get, when 0 < a; — a^n-i — ®n-i> 
(/(a:)|<l/(a) 1+716 (2). 


Thns, since inequality (2) is clearly satisfied in the whole interval 
(a, 6), the theorem is proved. 

3’43. Uzdform continuity. » 

We have seen that, if f{x) is continuous in (a, h)*, then, give^ e, 
we can find a number such that, whenever | a:' — a; | ^ t;, 

We know that t) depends upon the chosen value of e, but 97 is also 
a function of for 17 will in general be different at different points 
of the interval (a, h). 

This is at once clear from Fig* 6, for if AB is divided into equal 
parts each of length €, the corresponding sub-division of (a, h) is 
such that the value of 97 is not the same for all points x in (a, 6). 



* The interval (a, h) ia taken to mean the elottd interval nnlese the oontrav^ ie 
itated* 


UNIFORM CONTINUITY 


the number h being independent op w, then /(®) is said to be uni- 
formly ooniinvms in (o, 6). 

In general, the value of i) depends upon the particular pair of 
values X and of. The important point in the definition of uniform 
continuity is that the number h must be independent of at. When- 
ever such a number A can be found, 

l/(®)-/(®')l<e 

for every pair of values x and a! in (a, 6 ) whose distance apart does 
not exceed h. 

Theorem 5. A fmction which is continuous in an interval is uni- 
formly continuous in the interval^. 

Let the given interval (a, b) be divided up into sub-intervals 
(a, {xi, Xi), . . . , b), such that for any two points a?, a?' in the 

same sub-interval, 

Let hhea positive number not exceeding the least of the numbers 

xi-a, X2-X1, b-x^i. 

Now choose any two points x', x" in (a, b) such that | d — w" | does 
not exceed h. 

If these two points belong to the same snb-intervcd, then 
\nx')-f(x')\<^e. 

If they do not belong to the same sub-interval, they certainly lie 
one in each of two consecutive intervals ; suppose Xr is the dividing 
point such that 

Xf^'l ^ X ^ Xf ^ X ^ ^r-4-1 1 

then [fix') -fid') I ^ [fix') -fixr) I + \fixr) -fix") I 

<^e + i€ = e. 

Henee^j^n e, there exists a positive number h, such that 

•when d and x" are any two values of x in (a, b) such that 

ffote. 'let is essential to the above theorem that (a, b) should be a doted 
interval, so that /(«) is continuous at every point in a^x^b. For example 

caadda the function sin ^ in (0, 1). 

This theorem on nnUorm oontinuit; is due to Heine, lot. eit. 
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Now sin - ie oontinuoos in 0<«^1, but it is disoontinuous when 

■17 

The fiinction ain~ is not uniformly continuous in (0, 1); it is of course 
uniformly continuous in (d, 1) where d > 0. 


3*431. Note on the concept of imiformlty. 

The above theorem shews that it is unnecessary, for a function of real 
variable x, to draw any distinction between functions which are unifoirmly 
and those which are non-uniformly continuous in the continuous domain of 
a?, for all continuous functions are uniformly continuous. 

The concept of uniformity, however, is of fundamental importance ip 
Analysis, and should be clearly understood. 

Given €, suppose that /(j?, f) is a function of two variables a: and which, 
for eveiy point a of & given closed interval (a, 6), satisfies the inequality 

!/(*.«) I<* (1), 

when { is given any one of a certain set of values denoted by fjg, the particular 
set of values depending on the particular value of a? under consideration. If 
a set fo can be found, such that every member of the set fo is a member 
of all the sets then the function /(a?, $) is said to satisfy the inequality (1) 
uniformly for all points x in (a, h). If a given function <!> (x) possesses some 
property for every value of e in virtue of the inequality (1), the function <l> (x) 
is then said to possess the property VAiiformly, 

One of the most important ideas of Analysis is that of uniform convergerioe. 
Consider the sequence (a?), which is a function of n and of x. In this case 
the f of the preceding statement is the integral variable n. 

Suppose that Sn{x)-^s{x) as qo for all values of ^ in a given interval 
(a, 6). If given €, a number m can he found suck that 

for oil values of n'^m{e) where m is independent of x^ then {x) is said to 
converge uniformly to s {x) in the interval (a, h). 

In general, m depends on e and on x\ if m (e, x) denotes the least m for 
which the above holds, and if, for fixed c, and for all values of x in (a, 6), 

m (c, (c), 

then can be chosen instead of m, and the convergence of s^ (x) to ■ (x) is 
uniform in (a, b). 

Uniformity of convergence is a highly important concept, and it will be 
considered in detail in the last chapter. We have seen that continuity in an 
interval implies uniformity of continuity, hence the latter concept is not an 
important one. Convergence however does not imply uniformity of conver* 
genoe, and so uniformity of convergence is a highly important concept* 
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3'44. Theobbu 6. A conttmtotu /widion attains its hounds. 

If fix) is continuous in (a, b) and M and m are its upper and 
lower bounds, it will be proved that there are at least two points Xi 
and Xt in (a, b) such that 

f{xi) = M, f{x^=^m. 

Suppose that M is not attained; then M- /(x) does not vanish 
at any point of (a, b); hence {M— /(«))~* is a continuous function, 
and therefore bounded. If G > 0 be its upper bound, we have 

so that M—f{x)^^, 

that is, /(x) ^ if — ^ ; 

but this contradicts the fact that M is the upper bound of f{x) 
in (o, 6). 

Hence M must be attained. 

Similarly it may be proved that m is attained. 

CoROLLABT. In virtue of the above theorem we can now state 
Theorem 3 in the following useful form : 

If f{x) is continuous in the interval (a, b), then (a, b) can he «t6- 
divided into a finite number of partial intervals in each of which the 
oscillation of f{x) is less than any given e. 

345. Theorem 7. If f{x) is continuous in {a, b) and f{a) and fQi) 
differ in sign, thenf{x) vanishes at least once between a a/nd b. 

To fix the ideas, suppose that /(a) < 0 and f(h) > 0. Since /(«) 
is continuous, it will be negative in the neighbourhood of a and 
positive in the neighbourhood of b. The set of values of x between 
a and b which make f{x) positive is bounded below by a, and hence 
possesses an exact lower bound k: clearly a<k<b. 

From the definition of the lower bound, the values of f{x) must 
be negative or zero in a^x<k. Since f{x) is continuous when 

lim /(®) =/(*). 
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Hence f{k) is also negative or zero. We shall shew that f{k) can- 
not be negative; for if /(fc) = -c, where c is positive, then there 
exists a positive number 9y(c) such that 
|/(^)-/Wl<^ when 

since /(^) is continuous when The function f {x) would then 
be negative for those values of x in (a, h) which lie between k and 
which contradicts the fact that k is the lower bound olf the 
set of values of x between a and 6 which make f{x) positive. \ 

It follows that / {k) = 0, and the theorem is therefore provei^. 
CoROLLAEY. If /(a) and f(b) are unequal^ and f{x) is continuous 
in (a, b\f{x) assumes at least once every value between f(a) and 

m. 

Let G be any number between f(a) and /(6). The continuous 
function <f> (x) —/{so) — 0 has opposite signs when x^a and when 
a?« 6. Hence, by the theorem, ^ {x) vanishes at least once between 
a and 6, so that for this value of x,f{x) = 0, 

3*6. Continuity of functions of more than one variable. 

Consider, for definiteness, the case of three variables x, y, z. The 
extensions of the preceding theorems to functions of more than one 
variable are rendered more simple by the following method of 
reducing multiple limits to simple limits. 

lix-^ a, y-^6, expressed symbolically as 

{x, y, z)~»-{a, b, c) (1), 

and we define w by the equation 

o)-\x-a\-¥\y-h\-\-\z — c\, 

then the statement that a> tends to zero is equivalent to the three 
statements which are symbolically expressed by (1). 

If»j be defined by the equation 

= {(« - a)* + (y - 6)* + (x - c)*}* 
the statement that n tends to zero is also equivalent to (1), 

The geometrical interpretation of m and 17 is that « is the length of the 
shortest path from (a, 6, c) to {x, y, i) which is composed solely of segments 
parallel to the axes, while 17 is of course the distance between the points (a, 6, c) 
and (^, y , i ). 

Although the geometrical analogy does not extend to more than three 
dixnensiozui, the above notions can be extended to a function of n variables if 
y x^) denote the coordinates of a point in n-dimenrional hyper* 4 q[>aoA 
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3*51. Continuity for a fiinction of two varlablea 

For definiteness, the definitions of a limit and of continuity will 
now be given for a function of two variables x and y. The reader 
will see that they are the obvious extensions of the definitions 
already given for functions of one variable. 

Definition op a limit. The function f{x, y) is said to tend to 
the limit I as x tends to the value a and y tends to the value b if 
given e, a positive number fi (e) can be found such that 

\f(^,y)-i\<€, 

for all values of x and y such that 
\x-a\%yL and 

Thus for all points {x, y) within the square of centre (a, h) and 
whose sides are of length 2/i, the values of f{x, y) will difler from 
I by less than e. 

Clearly we could substitute for the square a circle of centre (a, h) 
and in this case the statement that 

replaces the statements ja; — 

Definition of continuity. The function f(x, y) is said U he 
continuous at the point (a, 6) if given e, we can find a positive 
number fi (e) such that 

I /(*.y) -/(«>&)!<« 

whenever |ar — a|</* and |y— 

The alternative definition of continuity is that f(x, y) is con- 
tinuous at the point (a, h) if f{x, y)-*-f{a, b) when a-*-a and 
y-*-b in any manner. 

The reader should observe that to assert the continuity of a 
function of two variables is to assert more than its continuity with 
respect to each variable separately. Clearly, if /(«, y) is continuous 
in l^th variables in accordance with the above definition, it will also 
be continuous with respect to x (or y) when any fixed value is given 
to y (or «). The following example will shew that the converse is 
not necessarily true. 



when X and y are not both zoo, 
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If the function is continuous for all values of 49*, including 

the value and similarly the function 2ay/(a*+y*) is continuous for all 
values of y, including the value y«0. 

Write cos d, y =»i; sin d, then the statements ^ 0, y Hfc- 0 are equivalent 
to the statement that But /(a\ y)=«8in 2d, which is independent of ff 

and may have any value between - 1 and 1. 

Since the value of the function at the point (0, 0) is zero, the limit and the 
value are not the same at the origin, so the function is not continuipus in 
both variables in any domain which includes the origin. ^ 

The explanation is as follows. When we assign a fixed value ^ to']^ the 
consideration of the continuity of the function involves only the 

behaviour of this function along the axis of x. A similar remark applies to 
the function of y obtained by giving s a fixed value a. Continuity in ^tfi 
variables involves that the function /(^, y) shall tend to the same limit when 
the pdint (a, b) is approached along awy radius of the circle whose centre is 
(a, b) and which passes through the point (x, y ) ; that is to say, the limit muet 
he independent of d. 

3*6. Some special fimctions. 

Ad illustration has already been given in § 3*1 of a type of 
function which has a good deal of importance in Analysis. The 
example given there was the function defined as follows: 
y = 2 when x is rational^ 
y ss: 0 when x is irrational. 

The reader who has only been accustomed to functions defined 
by analytical expressions may be inclined to regard such functions 
as the one given above as artificial and unimportant. This is not 
however the case, and functions of this type are frequently met 
with in Analysis. 

Also, functions which at first sight seem to have no possible 
analytical expression sometimes have quite simple ones. We shall 
consider a few examples. 

(1) Let y=3l when x>0y 

y*0 whenx = 0y'^ 
y — 1 when x<Q, 

The graph is illustrated in Fig. 7. 

Analytical expressions for this function are 

lim arctan«jr«- I — —at, 

irjo t 

This function is important in the Theory of Numbers; it is sometimes 
called ^ signum x ** and it is written 

y-sgn#. 
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(2) Lot 

An analytical expression 


ymtO when ar=0. 


for this function is 
nx 

ya. hm — . 

f»^ao l+WJ? 


(3) Even the function referred to at the beginning of this section may be 
represented by the somewhat complicated analytical formula 
y«2{l- lim sgn (sin^ w 1 


It is a special case of Dirichlet’s function, and, as will be seen later in 
§ 7*32, it is a function which cannot be integrated by Riemann*s method. 
The graph of this function cannot be represented in a diagram. 







Fig. 7 


o < 

Fig. 8 


3*61. Classification of fdnotions. 

The functions considered above may be described as “ functions defined as 
limits.” A classification of functions has been made by Baire*, in which 
continuous functions constitute class 0, discontinuous functions which are 
limits of continuous functions constitute class 1, the limits of functions of 
class 1 which are neither of class 1 nor of class 0 constitute class 2, and so on. 

The function given in example (2) above is a function of Baire’s class 1, 
The function nxl{l+nx) is, for all values of n, a continuous function of x 
and is therefore of class 0. The function ys= lim 7ix/{l +nx) is discontinuous 

when and is therefore of class 1. The graph is illustrated in Fig. 8. 


3*7. Classification of discontinuities. 

The points of discontinuity of a function may be classified as 
follows : 

(1) If a?=sa be the point under consideration, then if both the 
limits /(ft — O), /(a 4*0) exist and have different values, the point 
a is said to be a point of discontinuity of the first kind, or a point 
of ordinary discontinuity. 

^ See the Borel tract by de la VaU4e PousBin, InUgraUt d$ Lehague, gSS et $eq. 
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The difference between the greatest and least of the three 
numbers /(a -f 0), /(« — 0), /(a) is the salius, or measure of dis-* 
continuity of the function at the point a. 

If /(a) ==/(« — 0) while /(«)+/(« + OX the function is said to 
be ordinarily discontinuous at a on the right A similar definition 
can be given of an ordinary discontinuity on the left. 

If it happens that /(a + 0) and /(a — 0) have equal values Vhich 
differ from /(«), the discontinuity at a is said to be Wince 

by altering the functional value at the one point a the funwon 
can be made continuous at the point. 

(2) If neither of the limits /(a + 0), /(« - 0) exists, the dis- 
continuity at a is said to be of the second kind. 

(3) It may happen that one of the two limits /(« + 0),/(a — 0) 
exists, while the other does not. Such a point a is sometimes 
called a point of mixed discontinuity. 

If /(a) exists and is equal to that one of the two limits /(« -f 0), 
f{a — Qi) which exists, then the function is continuous at a on one 
side and has a discontinuity of the second kind on the other side. 

(4) If either of the limits /(a ± 0) is indefinitely great, the 
point a is a point of infinite discontinuity, 

(5) When f{x) oscillates at o on one side or the other, ot is said 
to be a point of oscillatory discontinuity. The oscillation is finite 
when f{x) is bounded in some neighbourhood of a ; it is infinite 
vrhen there is no neighbourhood of a in which / (x) is bounded. 

3*8. Semi-continuous functions^. 

The condition of continuity of a function f{x) at a point a?, namely that, 
given €, an open interval (a?- A, a? 4- A) exists such that for any point a/ in it, 
\f(x*) -/ (a?) I < can be divided into two separate conditions, 

(i) /(^)</(^)+^, 

and (ii) f{^)>f{x)-€. 

It is possible that at a point x one of these conditions may be satisfied and 
not the other. This fact gives rise to the concept of semi-continuity. 

lff{x) be a function defined in a given interval (a, b) and if, corresponding 
to every chosen value of €, an open neighbourhood (j? - A, a? -h A) of a particular 
point X can be determined such that, for every point sf in this open interval 

* The concept of semi-continuity is due to Baire, Annali dt Mat. (8 a), m (1899). 
For farther information the reader should consult Hobson, FtmtUm of a Beat 
Vanaht^, t (1921), 290. 
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the condition /(*')</(*)+« is satisfied; then the point a; is said to be a 
point of upper eemi-e(ynd%uity of the function /( jp). 

If an open neighbourhood of the point so can be determined for each f , such that 
/ (^) >f (^) point as is said to be a point of lower eemi-coTUinuUy* 

It is clearly necessary that both the above conditions shall be satisfied in 
order that as may bo a point of continuity oif{x). 

If every point of the interval (a, 6) in which f {as) is defined is a point of 
upper semi-continuity, then the function f{x) is said to be an upper semi* 
conHnume function in (a, 6). 

A similar definition applies to a lower semi-continuous function. 


3*9. Continuity in an infinite interval. 

Suppose that f{x) is continuous in the interval where a is some 

’definite positive number, and that lim / (x) exists. 

X « 

If we write ^ =«/.», the interval x'^a becomes 0<f ^1 ; with the values 
of f in 0<^^1 associate the values of f(x) at the corresponding points in 
a*^a, and assign as the value of the function when ^=0 the number lim/ ( jf). 

We thus obtain a function of $ which is continuous in the closed interval 
(0, 1). On this understanding we can speak of the continuity of a function 
/(a?) in the closed interval (a, co) and we denote by /(oo) the value of 
lim f{x), 

flO 

To a function /(a?) continuous in (a, oo ) we can extend some of the results 
already proved for functions which are continuous in a finite interval (a, 5). 
In particular, such a function f(x) is bounded, attains its bounds, and takes 
at least once every value between these bounds. 

x^ • 

The function ^^^2 continuous in (0, oo ) ; it does not attain its upper 
bound, unity, when a?^0, but /(ao)= lim {a;V(l+^^)}«*l, so that its upper 
bound is attained at the point a;»ao . 


EXAMPLES III. 

1. If f(x)<<f){x) for a-h<x<a+h while f{x)-»*li and as 

x^a^ shew that 

2. If lim f{,as)^l, shew that lim |/(^)|**K|. Prove that, unless 

to-^a 

the converse does not hold. 

3. Find the limits of the following functions* : 


... sin 2a? , X , 1 - 0 ? ^ 

(i) L ^ « — as o; 0, 

X sm2a?H-a7 

(ii) *’-*+2+— ^^+co8(*-l) as*—!, 


firfn X . 

* Asatime that Um «1, see p. 98. 


V A 


6 
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(iii) 


I+costt^p 


AS 


tan® nx 

(iv) sec a?- tan asar-^^tr, 


(v) 




as 


4 . Prove that the function /(jf)«a?8in- (^+0), 

/( 0)=0 

is continuous for every value of x\ and sketch its graph. 

Is f{x) uniformly continuous in the range (0, I/tt) ? 

6. Shew that the function f{x\ which is equal to 0 when ar«*0, to ^ in 
0<a7<^, to \ when to 5 — 4 : when i<j7<l and to 1 when 07*= 1, is 
discontinuous when x^O, x^^^ x=sh 
Illustrate by a sketch of the graph in the interval (0, 1). 

6. Shew that the function defined as follows : 

^(^) = (j7®/a)— a 0<x<a^ 

(fi{x)ss0 ar=a, 

0 (a?) « a - (a®/4?®) x> a 

is continuous at 4 ;— a. Sketch its graph. Is <f>' (x) continuous when x*»al 

7. Find the sum to n terms of the series 


«+i (*+1) (8*+!)"^ (2ar+l)(3» + l)‘*'”' ’ 

by making n ao , find the sum-function s (x) of the infinite series. Shew that 
i{x) is a discontinuous function in the neighbourhood of the origin. 

8. Construct an ezample to illustrate that if f{x) be continuous at every 
point of the infinite interval 4 ?^ a, f{x) is not necessarily uniformly con- 
tinuous. What happens if, in addition, / ( 47 ) tends to a limit as 4 ? -► 00 ? 

9. For the function ( 47) « 47 log sin® 47 when 47 > 0, 

0(O)=O, 

discuss the continuity on the right at the origin. 


10. (i) Discuss the continuity in the neighbourhood of the origin of the 
function 

247V® 

/(^» when 47 and y are not both zero 

/(0,0)«0. 

(ii) Consider the same problem for the function 

2xy 




11 . Deduce from BoreV$ ih^em that, if f(x) is continuous in (a, 6), the 
interval can be divided into a finite number of sub-intervals in each of which 
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the oscillation of f{x) is less tlian any assigned c. Shew also that, given t, 
we can find a number 17 such that if (a, h) be divided into sub-intervals of 
length less than 17, then the oscillation of f(x) in each of them will be less 
than c. 


12. Examine whether the conditions of BorePs theorem are satisfied for 
the interval (0, 1) in the following cases; (i) if the interval is divided into 
n equal parts; (ii) if with each point f of (0, 1) an interval (f-d, f+d) is 
associated, where 0 < 5 < 1 , and with the points 0 and 1 we associate the 
intervals (0, ft), (1 - ft, 1) respectively ; (iii) with each of the rational points 

piq we associate the interval ^ rejecting the parts 

of the intervals associated with 0 and 1 which lie outside (0, 1)). 


13 . Shew that the function 

^ n-*.oo l+wsin^ff^ 

is equal to f(x) when a? is an integer, but is equal to <l}(x) in every other 
case. Define the same function by another analytical expression. 


14 . Sketch the graph of the function y «/(;*?), where 

in the interval and explain why the function does not vanish 

anywhere in this interval, although /(O) and fdir) differ in sign. 


15 . Find the points of discontinuity of the function defined as follows in 
(0, 1) : /(j7)«(log when x=(2?i+ 1)/2”*, where n takes all integral values 
such that 2»+l <2"*, and m ranges from 1 to 00 ; otherwise/ (a?) —O. 


16 . Classify the points of discontinuity of the following functions ; 
(i) f{x)^mnxlx when a? 4=0, f{x)^A when «»0. 


(ii) fix) 


1 

cosec 

d?— a d?— 


(iii) /(^)«i/(i-6n 

(iv) f{x)^jmx^ where pnx denotes the positive or negative excess of x 
over the nearest integer; when x exceeds an integer by ^ letpid?««0. 

17 , Prove that, if /(d?) is an upper semi-continuous function in (a, 5 ), 
then f(x) has an upper l^und, and it attains that upper bound somewhere 
in (a, 6). 

18 . Th» upper limit of the function f{x) {hounded m0^df<l) as x^l 
( imf{x)) may he defined aa Urn g (y), where g ip) is the upper hound off (x) 

»ny<d?<l. 

Define similarly l^/(^) as d?-^ 1 . 

Prove that if y«» (!-•«*) sin 1/d?, limy«l asd?-4»»0L 

6 ^% 
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16. U jfK lim 

prove that, as 


.(a+sin^)+j+rin^ 

^+1 


lilimy*a+l, Zlimy«6-f 1, 
iJlimyea-1, Zlimy«6-1. 


20. Shew that the function 

/W- 


xt&nxf2x*--l 

;ir+l 


does not tend to a unique limit as ^-»>qo through all reed l^t if 

X ranges through the sequence of values (nsQ, 1, 2, ...}, then 

/W-3. 

21. Prove that lim fl4-“^ « lim 

[It must be proved that the function ^1 approaches the same limit 

when X tends to infinity ranging through aU real values^ as it does when 
X ranges through the particular sequence of values 1, 2, 3, ^ 

If 

and so on. See § 2*8. 

The second limit is equivalent to the first if «== l/a?.] 


22, Outline a proof of BoreFs theorem for a two-dimensional region. 

[In the notation of § 3*41, the interval (a, h) is replaced by a closed two- 
dimensional region, the interval J (P) by a circle of centre P, and the interval 
yV by a square with sides parallel to the axes.] 


23. If Oi, 02 , Op are all positive and if 

prove that the sequence steadily increases; and deduce that the 

same is true of 


24. For the function f(x) of Example 4, find an upper bound qf \f (4?)( in 
^ 1 and hence shew that, if the interval ( - 1, 1) be divided into n sub- 
intervals in each of which the oscillation otf{x) does not exceed f, then n need 
not exceed 4€’"*-i-2. 



CHAPTER IV 


DIFFERENTUL CALCULUS 
4*1. Introduction. 

Throughout this treatment prominence will be given to the 
concept of a “differential.” This important concept is either 
ignored or else badly and inadequately treated in almost every 
English text-book. The concept of a "differential,” which is a 
development of the work of Leibniz, has, with few exceptions, been 
fully treated only in Continental text-books*. Although for func- 
tions of one variable the concept of a differential is not so important 
as it becomes when dealing with functions of several variables, it 
is essential at the outset to distinguish carefully between deriva- 
tives and differentials, and between the processes of derivation and 
differentiation. In subsequent chapters the reader will see how 
the formal treatment of differentiability of functions of more than 
one variable can be rendered both more simple and more concise 
by the use of the differential notation. 

4*11. Derivatives. 

Let y=/(®) denote a single-valued function of a; in a given 
interval (a, b), and let as be any point in this interval. If « be 
given a positive or negative increment Aas = h, then the corre- 
sponding increment of y, which we denote by Ay, will be 

f{x + h)-f{x). 

The ratio of these increments is 

A« h 

If this ratio tends to a definite limit, as h tends to zero, this 
limit is called the derivative of /(sc) at the point a, and it is usually 

* See, for example, de la Vallde Ponsem’g Cours d’Analyae t (1921), 

Che. I and in, in vhioh the theory of differentials is given its dae importance in the 
development of the anbjeot. 

For a historical aoooant of the dispute between Newton and Leibnis and its 
ooneequenoes, see Bouse Ball's HUtory of Mathematiei (1912), 856-462. 
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denoted by /' (a?). Other accepted notations for the derivative* are 

Da-y. or Dy. 

If h be restricted to have only positive values, and if a definite 
limit exists when h approaches zero through positive values only, 
this limit may be called the right-hand derivative of f{x) at the 
point X and it will be denoted by Rf* {x). 

If h approaches zero through negative values only, the left-hand 
derivative Lf* (x) is similarly defined. ^ 

The function f(x) only possesses a unique derivative f'{x)if 

Rf(x)^Lf'(x). 

If the function / (x) possesses a unique derivative at every point 
of the open interval (a, b), and further, a right-hand derivative at a 
and a left-hand derivative at 6, then f(x) is said to be derivable f 
in the interval (a, h). 

We now prove three elementary but very important theorems. 

(1) Every function f(x) which possesses a finite derivative for 
a given value of x must he a continuous function of x at this point 

Since f{x) possesses a finite derivative at the point a?, say a, 
^-♦0 h 

hence |/(^ + -/(a’)! = 1^1 (l«l + «). 

where c 0 as A 0. Since o is finite we have 


|/(® + A)-/(a;)K0 as I^KO. 
Hence f{x) is continuous at the point x. 

(2) If f(x) be a constant, its derivative is zero. 

For = 0. 

(3) If f(x) — X, its derivative is unity. 

For 






* The reader who is aocnstomed also to use the notation ^ should note that in 

this treatment we oannot yet allow it to be used to denote the derivative of /(c). 

t The reader is warned not to use the term differenHahU as a synonym for the 
tem derivable. The definition of difierentiabilify it given in 1 4*X3. 
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4*12. DififerentlidB. 

A function /(®) is said to be differentiable at the point <e, if it 
is finite and determinate in the neighbourhood of this point, and 
if when a> is given the increment A®, which may be assigned 
arbitrarily, the increment Ay can be expressed in the form 

Ay = A Ax + eAx (1), 

where A is independent of Ax, and e -► 0 as A® -► 0. 

In this case the first term on the right-hand side of (1) is called 
the differential ofy, and it is denoted by dy (or by df), 

. Thus dy = AAx, 

so that Ay = dy.+ eAx. 

By making Ajc -<»- 0 we deduce firom equation (1) that 

lim ^ — A \ 

Ax ’ 

and hence that, if f{x) is differentiable, /"'(ar) exists and has a finite 
and definite value A. 

Also, by the definition of the derivative, if /' {x) has a definite 
value A, equation (1) holds. 

Thus, the necessary and sufficient condition that the function 
y'=‘f{x) should be differentiable at the point x is that it possesses 
a finite definite derivative at this point. 

When this is so, we have 

dy^f'(x)Ax (2), 

and so the differential of a function is the product of its derivative 
and an (arbitrary) increment Ax of the independent variable x. 

Now suppose that f{x) = « ; we have seen that f' (x) = 1 and 
equation (2) becomes 

dx ^ Ax; 

and so we define the differential of the independent variable to be 
the same as the (arbitrary) increment of that variable. 


Equation (2) now becomes 

dy=f{x)dx (3), 

or, dividing by do!, 
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We have thus proved that the derivative of a furuMon f (®), of one 
variaMe so, is the ratio of tiie differential of Use function and the 
differential of the variable. This now enables ns to employ the 
expression for the derivative which is most frequently used, and it 
is due to Leibniz. 

The reader will now see that, from the point of view of the difie^ential 
notation, the statement which is frequently made in elementary bool^ that 

^ is not a ratio, but a sjnmbol denoting the operation ^ (y ), is quite misleading. 

Of course it is allowable to define ^ to have whatever meaning is most 

suitable for our purpose, but it is not easy to give any justification for writing 
an equation such as dy — t\){x) dx unless dy and dx have been defined. When 

^ is defined as synonymous with /' (x), then no meaning can be given to dx 

and dy standing alone, unless dx and dy are subsequently defined. 

4121. Geometrical interpretation of a differentiaL 



Let P and Q be the points (.r, y), Ay) on the curve 

The derivative /' (a?) is the slope of the tangent to the curve at P, so that 


f {x)m,i&TxTPR 


Now equation (4) above, 


PR 


RT 


and (which for the independent variable is the same as dx\ so that 

dymsRT, while Ay^RQ. This illustrates the important fact that Ay and dy 
are not the samei for 

Ay^^dy^RQ'^RT^TQ* 
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This geometrical consideration suggests that the nearer § is to P, that is the 
smaller Ar (or dx) is taken^ the smaller does the difference between Ay and 
dy become. It assists us to understand that, as 4^ 0, we may expect that 

hx dx* 

4*2. Infinitesimals. 

In the older forms of the Infinitesimal Calculus the fallacious 
theory that numbers, called infinitesimals, existed, which, when- 
ever convenient, could be neglected, has led to a good deal of 
confusion of ideas in the presentation of the foundations of the 
differential and integral calculus. 

By assuming that every section of the aggregate of real numbers 
defines a single real number, it is implicitly assumed that if a and 
6 are any two positive real numbers such that a < 6, then a positive 
integer n can be found such that na > K This is the theorem of 
Eudoccus (usually called the principle of Archimedes). It is not 
difficult to prove that the aggregate of real numbers satisfies the 
theorem of Eudoxus*, and an important consequence of this fact 
is that so-called infinitesimal numbers do not exist within the 
aggregate. Every positive number e, being such that an integer n 
can be found so that ne > 1 is a ‘‘finite” number, in the sense in 
which finite numbers were distinguished from infinitesimals in the 
older forms of the Infinitesimal Calculus. 

A correct theory of infinitesimals can be based upon the follow- 
ing definition: 

An infinitesimal is a VARIABLE whose limit is zero. 

A variable a is said to be infinitesimal with respect to another 
variable j8 when the ratio a/jS tends to zero. Two infinitesimals 
a and jS are said to be of the same order if a positive constant #c 
exists such that | a | ^ /c | j8 1. The above definitions are frequently 
expressed concisely by writing 

a = o(/9), a^0(l3) 

respectively f. 

A particular infinitesimal a is chosen, called the principal 
infinitesimal, and by means of it all other infinitesimals may be 

* For a proof, see Hobson, Fumtiom of a Real Variable, i, 41. 

t The ** 0 *’ notation is only completely nnamblguous if we know the limit to 
which the variable tends. Thus the function 2« + is 0 («) when « 0, but 0 («*) 
whoia-e^QC* 
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dassifiecl. Thus, am infinitesimal which is such that /3» 0(a) is 
said to be of the first order. If )3 0 (a'), then |8 is an infinitesimal 
of order r. 

If a function be expressible as a sum of a number of infinitesimals 
of different orders, the one of lowest order is called the primpd 
part. f 

Example. Consider the function (*+y-a)*-6*, where x-*’a and^-»i. 
Then x-a and y-i are the principal infinitesimalB. It is clear th^t the 
given function is an infinitesimal since its limit, as £-»-a and Uzero. 
By writing 

( 4 :+y-o)*-i*= 26 {(*-o)+(y-i)}+{{ir-o)+(y- 6 )}* \ 

the first term on the right-hand side is the principal part, and the second 
term on the right is an infinitesimal of order 2. 


4*21. Theorems on infinitesimals. 


Theorem 1. The limit of the ratio of two infinitesimals a and /9 
is mattered when two other infinitesimals «! and ft are respecUvely 
svbstUviied for them so long as ajoi and ftft both tend to unity. 


For 


^ _ a Oi ^ 

ft "ft « 'ft’ 


and by the fundamental limit theorems, 

lim ^ = lim 3 lira - lim ^ 
ft P « ft 



Theorem 2. If the ratio of two infinitesimals a and Oi tends to 
unity, then their difference S is infinitesimal with respect to each of 
them; and conversely. 

For 8=o-Oi 

may be written 1 ss £ - 1 

^ «i «i 

but the right-hand side tends to zero, and hence S s o (si). 

Conversely since - il-l--, 

^ «i «x 

and j > 0 (oiX then a/oj L 
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Similarly it may be shewn that S-=o(a), and that if S -<>(«), 


a 


■ 1 . 


4-22. Application to differentials. 

For tAa fumstim y=‘f(x),if Ax be infinttesimal, and if the 
derivative f (x) is finite and different fr<m zero ai a given point x, 
then Ay and dy are equivalent infinitesimals. 

By the definition of the derivative 

^=/'(a;) + e. 

where e 0 as Ax 0. 

Hence, by using the formula dy = f(x) . Ax, we get 
Av , 6 

dy~ 

since, by hypothesis, _/'(«) does not vanish. 

Now € tends to zero as Ax tends to zero, and so 

dy 

Thus, when Ax m infinitesimal. Ay and dy are two infinitesimals 
which may be substituted for each other. 

4*3. Boles for derivation. 

Let u and v be two given functions of x, and suppose that — 

, dx 

j av . 

aiia ^ exist and are finite, then it is easily shewn that 
(i) ify.„±.then| = |i* 

<”+»)• 

To illustrate the method it will suffice to prove (iii). Let Ay, 
Au and Av be the increments of the functions y, u, v corresponding 
to the increment Ax of x. Then 


Ax 


u + Au u Au Av 
v + Av V Ax Ax 


Ax 


»(» + Ao) * 
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and by taking the limit when Ate -*-0 it follows that* 
dy / du dv\ / , 
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4*31. Notation for the derivative. 


There is much to be said for adopting a notation such ate Day 
for the derivative of a function y — / for when this is done it 
emphasises further the distinction between the derivativ^ of a 
function and the concept of differentials. ' 

In this book, however, we shall use the notation thereby con- 


forming with the usual custom of English writers. 

The reader should observe, however, that ^ has the meaning 

which has been assigned to it in §4*12, namely that it is the ratio 
of the differential dy of the dependent variable to the differential 
dx of the independent variable. We have proved in that section 
that if f\x) exists finitely it is equal to the ratio dy : dx, and that 
whenever /(^) is differentiable the ratio dy\dx is equal to the 
derivative /'(^) which then certainly exists finitely. 

It should be observed that the rules for derivation proved in 
the previous section become at once rules for differentiation by 
multiplying each of the equations in (i), (ii) and (iii) by the 
differential dx. 


4*32. Rules for derivation f- 
We now prove two theorems. 

1. Let y = f{x) and a? » ^ (0 he functions such that f {x) is finite 
at a certain point and <[>' (t) is finite at the corresponding pointy then 
y is a function of t having a finite derivative at that point given by 
the formula 

dy _ dy dx 
dt dxdt' 


* Note that when Ax is saffioientlj small, for the fanetion v is oon« 

tinoous and not ec^ual to zero at the point a;; thus division by v + Av is always 
permissible, and also Av*^ 0 as Aor-i^O. 

f The reader is expected to be familiar with the simple standard forms and the 
technique of derivation. See, for example, Gibson^s Elementary Treatiee <m the 
Cakuhts (1919), Oh. vx. 
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By hypothesis, to each value of t in the given interval (a, j3) for 
t there is a value of x in the corresponding interval (a, 6), and to 
this X there corresponds a value of y. Hence y may be regarded 


as a function of say 

( 1 ) 

and x^<l>(t\ x-\>Ax=:<j>(t-h/^t) (2). 


Now, however approaches zero, 4- Ai) ^ (t), since 4> (0 is 
continuous by § 411 (1). Hence, by (2), Ao? -► 0 as A^ -► 0. 

With the conditions stated above, from the identity 
Ay _ Ay Ax 
. At ~ Aa?’ At 

the result follows by a direct appeal to the fundamental limit 
theorems. 

Note on the above theorem. 

It (0 be a function such that A^ecO for some point in every neigh- 
bourhood of the point the case needs 
more careful examination. It will be best 
to consider two illustrative examples*. 

Example 1. Let 

4:=!^sin 2mirt, 

The function sin 2mirt is periodic in 1/w ; 
if w be very large and fixed, the value of x 
will oscillate a great many times in the 
neighbourhood of the origin. Where the 
graph cuts the axis of % that is when 
113 

-m’ •’ 

we have Aa7= 0. However large m be taken, 
a number h can be chosen such that there 
is an interval for 0<^<d, in which 
Air=i=0, for all that is necessary is to 
choose d<l/(2?w). 

Example 2. Consider the function 

{ « sin irjt when t =t= 0, 

«0 when «s=0. 

In this case we cannot determine an 
interval for t near the origin throughout 
which AdP4*0; for, however small d be taken, the value of x oscillates 
infinitely often in 0<t<b^ so that for an infinity of points in this interval 
The graph of the function is shewn in Fig. 10. 

* Bee Keipont, The Theory of Fmotiom of Beal VaHahUe (Gina, 1006), i, 280. 
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In most oases in whioh the rule is required in practice, the functions/ and 
^ will be found to satisfy the oonditions of the above theorem. 

2. Let y=«/(^p) he single-mluedy monotonic and continuous^ and 
letm^g{y)he the inverse function^ then, iff' {cc) be finite and not zero. 

Since /(«?) is monotonic, the identity 

Aa; 1 
Ay““^ 

Ax 

nowhere involves division by 0, and the theorem is proved bjjr pro- 
ceeding to the limit. { 

The fundamental existence theorem on implicit functions is 
proved in § 10*1. For the present we shall assume that the inverse 
function exists whenever the above theorem is used. 

4*33. The derivatives of the elementary transcendental 
functions. 

The so-called “elementary functions” logo?, s*, sin a?, and cos a? 
are usually introduced into elementary text-books by methods 
which involve an appeal to geometrical intuition. 

Since the only satisfactory definitions of these functions involve 
an appeal to the theory of integration and infinite series, it is 
impossible to introduce these functions by methods which are 
completely rigorous until the subject has been developed up to the 
stage at which these theories have been fully discussed. However, 
in order to enrich our applications, and to provide useful illustra- 
tive examples, it is convenient to be able to use these elementary 
transcendental functions as early in the book as possible. Accord- 
ingly we state here some of the most important properties of these 
functions, which we shall always assume to be known wherever 
necessary, but rigorous proofs of most of them must be postponed 
until the functions can be properly defined, and their properties 
deduced direct from the definitions. Care must of course be taken 
to avoid the use of any of these functions in the proofs of general 
theorems which are part of the fundamental structure of Analysis. 

(1) The function logx. 

It is assumed that the reader is familiar with the usual discussion 
of the function log x which is given in elementaiy treatises, and 
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that he knows the fonn of the graph of this function*. The func- 
tion log a? may be defined in more than one way, but the most 
satisfactory definition is by means of an integral, as follows. If «? > 0, 



The function is so defined f in § lOTl, and its elementary properties 
are there deduced from the definition. 

In Algebra the logarithm is defined in the following way: if a and 
h are two real nvmbers mch that a > 0 and b>l, then the number 
Xy mch that b^=^a,is called the logarithm of a to the base b and ia 
written 

fljarlogftd. 

For all theoretical considerations the particular real number s, 
of which one definition has already been given is chosen as 
the base, but for practical calculations the common or Briggian 
logarithms, of which the base is 10, are used. We shall assume 
that the reader is familiar with the rules for working with logarithms, 
and so he will already know such properties of logarithms as the 
following : 

logt (uiOa) = log6 ai + log^ Ua, 
logft 1 = 0, logft (1/a) = - log6 a, log6 6 = 1, 
loge,a’" = wlog^a. 

The problem of indefinite integration (which is the inverse 
problem of derivation), when applied to the power requires the 
solution of the difierential equation 



( 1 ). 


It is clear that, except when 1, the solution is 

y s + !) + (/, 


* See, for example, Gibson, loc. ciu § 29. 

t Although in this book definite integrals are not defined until Ch. vii, the 
reader ahonld obserre that since a definite integral only depends upon the concept 
of a bound, which was introduced in Oh. n, the definite integral, and consequently 
the definition of log «, might have appeared earlier in the book. 

t See § 2*8. Whenever log x is written the base s is Implied. It is only when we 
contemplate the use of any other base that the base will be definitely indicated (aa 
in the equation « slogan above). 
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where 0 is an arbitrary constant; but the solution of the equation 


dx X 


( 2 ) 


is an exception to the general rule. This indicates that the primi- 
tive of equation (2) is a function of a different type from that of 
equation (1). This function is called log a?. We have already seen 
in § 31 that the function log a; so defined cannot be a rational 
function; and it can also be shewn, as in Examples X, 10,|that it 
cannot be an algebraic function either. It must therefore be a 
transcendental function. » 

Many of the important properties of the function logo? are 
suggested intuitively to us from geometrical considerations, and 
so, until these properties are proved direct from the definition in 
1 1011, we shall assume the following results: 

(1) log a? is defined only for a: > 0, and it is a continuous function 
of X at every point in the interval a? > 0; 

(ii) log a; steadily increases from - oo to oo as a? ranges from 0 
to 00 , and log 1 = 0. 

(iii) The function satisfies the fundamental laws of operation 

log (ay) = log a; + logy, 
log (1/a?) = - log a;. 

(2) The fundion e*. 

It will be seen in § 1012 that when log x has been defined as 
indicated above, the obvious way to define the exponential function 
is as the inverse of the logarithmic function, so that if 
y = log a?, a? = 

The fundamental existence theorem on implicit functions is 
proved in § 101, and by an appeal to this theorem many properties 
of the exponential function can be deduced from those of the 
logarithmic function. 

In § 2‘8 the number e has been defined as 



and if y is real and positive we have proved that 

tM 
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is the sam-fuoction of the convergent power series 
i+y+|i+|]+-.. 

The identification of the value of the above limit with the function 
which is the inverse of the logarithmic function, must be post- 
poned until later*. 

If we assume the existence of this inverse function, that is to say 
that if 

y-logos, 

then since ~ , 

• ax X 


we have, by § 4*32, 2, ^ = ev 

Hence the derivative of the exponential function is the function 
itself. More generally, if where k is any constant, 

dy 

(3) The general power a*. 

The function a* where a is positive and x is rational, is a function 
which is defined in elementary Algebra. 

Let a? be a positive rational number, say pjq-. then the positive 
value y of the power is given by and it follows that 

qlogy = p log a, log y = (p/q) log a « a? log a, 
and so y = e*‘®** 

If a? is irrational the last equation may be taken as the definition f 
of a*. Thus 

A (a*) -s ^ =: log a . = a* log a. 

Since a* is alwa 5 ^s expressible in the form the properties of 
the function a* are similar to those of e*. 


(4) The circular functions. 

We have already made use of the functions sin x and cos a?, the 
two fundamental circular functions, and in doing so it has been 


♦See §1018. 

t Notice that both a and a* are positive. Another method of defining a* when x 
it irrational it given in g 6*3. 

r A 


7 
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tacitly assumed that the reader is familiar with the ustial method 
of defining these functions which is adopted in books on elementary 
trigonometry. It is not yet possible to define these functions with- 
out any reference to geometrical intuition as an element of proof. 
The definition which we shall give of the circular functions sin x 
and cos x, based solely on the concept of a real number, implies a 
knowledge of the theory of power series ; and this theory jis not 
discussed until the last chapter*. t 

There are difficulties in every elementary mode of introducing 
the circular functions, but these difficulties can be satisfactorily 
overcome by defining the functions sin x and cos x to be the (^um- 
functions of the absolutely convergent power series 





for all values of x, and then developing their properties from this 
definition. 

In order to be able to take full advantage of the use of the 
functions sin x and cos x for the purpose of illustration, it is con- 
venient to be able to use the results that the derivatives of sin x 
and cos x are respectively cos x and — sin x. 

These results cannot be rigorously proved unless we assume the 
validity of term-by-term derivation of a power series (see § 13’6). 
The usual elementary demonstration f based upon the inequalities 

sin ^ ^ < tan 0 and upon the result that lim = 1, cannot be 

entirely freed from geometrical intuition; and in any case it involves 
an appeal to the concept of the length of a curvej (length of an 
arc of a circle). 

The definitions of sin x and cos x by means of the above power 
series, and the deduction of their properties from the definition, are 
considered in Chapter xiii. 


* Another method of defining the circular functions begins hj defining the 

inverse tangent of x as the integral j . See Hardy’s Pure MaihenutUee (X9fi8), 

S217. ^ 

t See, for example, Gibson’s CaleuUu, pp. 77 and 129. 
f See f 8*5. 
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4'34 Notd on some special fonotlons. 

(1) An example similar to Example 2 in § 4*32 is worth closer 
examination, for it reveals points of considerable importance. 

Let / (a!) = as® sin 1/®, ® + 0# 

/( 0 ) = 0 . 

Since lim a^sin 1/®== 0, the function is certainly continuous at 

the origin. Let us consider the derivative of this function. 

If a; 4=0, by the ordinary rules we get 

f'(x)^ 2a? sin 1/a? ~ cos 1/a?. 

When a?=0, since sinl/a? and cos 1/a? have no meaning, the 
ordinary rules of derivation do not apply. We cannot, however, 
conclude from this that f (0) does not exist. In fact, 

h 4-»0 « 

We therefore see that, although the function /' {x) does not tend 
to any limit as (for cos Ijx oscillates infinitely often near the 
origin), yet /' (0) has a perfectly definite value 0. 

Thus /'(a) may have a definite value without being equal to 
lim/'(®). In fact, /'(a)* lim f(x) only if f’{x) is contirmous at 

the point a?* a. 

(2) A very curious function was discovered by Weierstrass which 
is continuous for every value of a?, while it has no derivative my- 
ivhere*. 

This function is defined by the sum of the infinite series 

OB 

2 o"cos6"w®, 

»=o 

where h is an odd integer, 0 < o< 1, and a6 > 1 + fw. 

We merely mention this as one among several other extraordinary 
functions which have been discovered more recently. It should help 


• Thia flmotioii appear* to have been first mentioned by Dn Boie-Beymond in 1874. 
OTje reader should consult a paper on “Infinite DeriyntiTes” by G. 0. Young, 
QtMTt. Jovm. of Hath, xvm (1916), 127. See also Hardy, Trans. Amtr. Math. See. 
xni (191^. 
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to convince the reader that even among ooniinuom functions there 
are many which cannot be represented by a graph. 


4*4. The theorems of the differential CALCULua 

The theorems which will now be proved are of great importance 
and are of frequent application in the subsequent development of 
the subject. The proofs of the theorems themselves are not difficult, 
but rigorous proofs can only be given by appealing to the j^roper- 
ties of continuous functions, and the proofs of these proj^rties 
depend upon the abstract theorem known as Borel's theorem (or 
something equivalent to it). The diflSculty of Borel's theorem ^s one 
of the main obstacles which prevents the giving of a rigorous 
elementary account of the subject of Analysis, 


4*41. Belle’s theorem. 

Let fix) he a function subject to the conditions^ 

(i) fix) is a continuous function in the interval a ^x^b, 

(ii) f' (a?) exists in the open interval a<x<b^ 

(iii) / (a) =/(&); 

then there is a point c, such that a< c< b, at which /' (c) ~ 0. 

By the theorems on continuous functions, / (a?) is bounded in 
(a, 6) and it attains its bounds. Hence, either f (a?) is constant 
throughout (a, 6), in which case the theorem is obvious, or else one 
or other of the bounds of / (a;) is different from / (a) and is attained 
at a: as c. In this case we shall shew that f (c) = 0. 


To fix the ideas, let the bound attained at c be the upper 
bound; then 


where h is positive. 

Hence 

/(c±A)</(c), 

/(c±A)-:/(c)^q^ 

h 


That is 

f(c + h)-f(c) 

h 

(1). 


— A 

.(2). 


Now make and (1) gives f (c) ^ 0, (2) gives (c) > 0 ; hence 

/'(c)-0. 
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4*42] BOLLB’s and the MEAN-VAIiUB THBOBBM 

4‘42. The mean-valne theorem*. 

, Let f («) he a function subject to the following conditions: 

(i) f («) is single-valued and continuous in a^x^b, 

(ii) f' (x) exists in ths open interval a<x<b; 
then there is a point c, swh that a<o< b,for which 

/(6)-/(a)-(6-a)/'(cX 
Except for the fact that f (b) is not equal to / (a), the conditions 
are the same as those in Bolle’s theorem. Define the function («) 
such that 

ylr(x)==f(x)-A.x (1), 

where .d is a constant to be so chosen that (6) = (a). 

Clearly the difference between the functions f(x) and 

A . X which both satisfy conditions (i) and (ii), now satisfies all the 


conditions of Eolle’s theorem; hence 

^'(c) = 0, 

for some value of c such that a<c<h. 

From (1) we get 0 = 'f‘'(p)—f'(c) — A (2). 

Now A is given by the equation 

f(b) — A.h= f(g) — A.a (3). 


By equating the values of A from (2) and (3) the theorem is 
proved. 

Ifote. The reader may observe that although /' (s) is not restricted to be 
necessarily jiniu at every point of (a, b), the point c must be one at which 
/' (c) is finite. 

4‘43. Geometrical interpretations. 

(1) Rolle’s theorem is almost obvious geometrically, for if f(x) 
be a continuous function which possesses a graph, and /(o) = / (b), 
the diagram in Fig. 11 indicates the existence of a point or points 
between a and b at which /' (a;) vanishes, that is at which the 
tangent to the curve y = f{x) is parallel to the axis of x. 

The conditions of the theorem involve that the graph of f^x) 
possesses a tangent at every point of the interval (a, b) (save 

* This theorem is yarioaslj called ** the law of the mean,” ** the formula of finite 
increments” (formuledesaccroi8$emenUjinii)&nd “the^raf mean-valne theorem,” 
to distinguish it from the so -called **ucond mean-yalue theorem.” See Examples lY, 
U. 
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possibly at the end*points A and JB), At some point 0 the tangent 
is parallel to the a?-axis. Since /' (a?) may be infinite, the graph 
may have points of inflexion with vertical tangents, as at P, 



The curve must not have a vertical cusp or angular point, for at 
such a point /' (x) does not exist, and condition (ii) is therefore 
not fulfilled. 

The reader should observe that although it is impossible to draw 
a curve with an infinite number of oscillations or which does not 
have a tangent at a? = a or at a? = 6, neither of these cases need be 
excluded in Rollers theorem. 

When f{x) is a polynomial, and /(a) = f(h) = 0, we deduce the 
useful result that between any two roots of the equation /(a?)«0, 
there is at least one root of /' {x) « 0. 

(2) The geometrical interpre- 
tation of the mean- value theorem 
is also simple. 

In the figure let ACB be the 
graph o{f(x) in (a, b) and let the 
chord AB make an angle a with 
the a;-axis, then 

b^a 

By the theorem we also have 

tan a =/' (c). 

Thus, at some point c within (a, h) the tangent to the cuire 
parallel to the chord AB. 
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4'44. Cauchy’s formula. 

Let ihe two functions f{x) and ^ {m) satisfy the conditions of the 
mean-value theorem, and also suppose that (x) 4= 0 anywhere in 
(a, b), then, there is a point c, such that a <o< h,for which 
fib)-f(a ) f'(e) 

^(6)-^ (a) <b'(cy 


Define the function (x) by the equation 


ir{x)=f{x)-A<f>ix) (1). 


where 4 is a constant, which is to be chosen so that (a). 


Thus 


4 .m-f(a) 


( 2 ), 


and since <^'(ir)4= 0 anywhere in (a, 6), <f>{b)^^ (a)*, so that A is 
always finite and determinate. 

The function yfr (a) satisfies all the conditions of Rollers theorem 
and so 

(c) = 0, a< c< b. 

Hence {c)--A<f> (c) (3), 

and Cauchy’s formula follows by equating the values of A from 
(2) and (3). 

Note on the theorem. 

The reader should observe that Cauchy’s formula cannot be deduced by 
applying the mean- value theorem to the functions f{x) and separately 
and dividing the results. For, with the same conditions on /(a?) and {x) as 
stated above, we obtain by the mean-value theorem 

^(6) -0(a) 0'(ca)’ 

where a <6, but Ci is not necessarily equal to C 2 . 

Cauchy’s formula is more general than the mean-value theorem, and reduce 
to the latter when 0 {x)^x. 


446, Taylor*® theorem. 

If /(a?) be a single- valued continuous function of co, the object 
of Taylor^s theorem is to obtain an expansion for + A) in 

* If 0(6)=s:0(a) the function 0(a?) would satisfy in (a, 6) afZ the conditions of 
Rolle’s theorem, and 0’ (x) would therefore vanish at some point in (a, h). 
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ascending powers of h, up to the term of any given order n, in 
the form 

/(o + A) ./(a) + A/'(«) + /" («) + - 

Various forms of the “remainder” (h) may be found, oflwhich 
the simplest is the expression due to Lagrange. In a subs^uent 
section one method of proof is given by which it is possible to 
determine several forms of the “remainder of order n in Tavlor’s 
theorem,” i2„ (h), Lagrange's form of the remainder can be obtgi,ined 
in a simple way by successive applications of Cauchy's formula. 


Lagrange's expression for the remainder. 

Let f(x) he a single-valued function of and suppose that 
(li) f{x) and all its derivatives up to the (n — l)th are continuous in 
+ and (ii) {x) exists in a<x< a + A, theUy if the 
expression 

be denoted by i2„ (h) or ■<fr (h), 


^ 0 < 0 < 1 . 

Let xW = ^’V”'’ then, as is easily verified, 

,|r (0) = ^' (0) = . . . = (0) = 0, 

x(0)=x'(0)=-=x'’‘-'’(0) = 0- 

XT _ -^(h) _‘ijr(h)-->fr{0) _ylr'(hi) 

X(h)~' X0')-X(0) X'(/‘X)’ 

where 0 < < ii, by Cauchy’s formula. 

Similarly, if 0 < ^ < Ai , 

^^'(M ^ ^ r(ht) 

X (^i) x' (^i) “ X i^) X (/'») ’ 

and continuing the process we get finally, if 0 < /i„ < A»_i, 

(^ Tt) 

x(/<) 

Clearly 0 < A« < A, so that we can write A* = Oh, where 0 < ^ < 1. 
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4-45] 
Hence 
and so 


%lr (h) _ (6h) / <"> (a + ffJi) 

x{h)-x^{eh)^ 1 

V" (^) “ ~j/ (® + ^^)- 


4*451. Other forms of the remainder in Taylor’s theorem. 

With the same conditions as above, write 
R„{h) = h>^.P{h), 

where P (Ii) is a function of A to be determined. 

Let a + h = b, and consider the function 


F(x)=f(x) + (b — a;)f'{x)+... 

The function F(a!t) satisfies all the conditions of Rollers theorem, 
for 

(i) F (x) is continuous ina^x^b, since it is the sum of w + 1 
continuous functions of x. 

(ii) F' (x) exists in a<x<b, for the highest order derivative 
of/(^) involved in it is (x). 

(iii) F(a)^F{b), for 

F(a)^f{a) + hf'{a) + ... (a) + ArP(A) 

=/(a + h), 

F(b)=f(b)=f{a + h). 

Hence there is a point c, such that a < c < 6, for which F' (c) = 0. 
Now F' (x) = -P(^- ^ 

and so P (h - P(h)- j ^yj / (®)- 

Hence, if 0 < ^ < 1, 

PCh) = /«-> (a + % 

p.(n-l)!-' p.(n-l)\ 

In the special cases 

(a) p = n,yie get Lagrange’s form of the remainder, 

iJ«(A)='^/‘"'(a + ^^) 
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(fe) j) ■= 1, we get Cauchy’s form, 

+ ( 0 ). 

4’46. Maclaurin’s theorem. 

This theorem is really a special case of Taylor’s theorem and is 
proved in the same way. If we put a = 0 we obtain Maclaurin’s 
theorem for the expansion of f(Ji) in ascending powers of 4 up to 
the term of order n as follows: ^ 

/ (.h) =/ (0) + A/' (0) + ... + (0) + i2» QC)\ 

where the forms of the remainder analogous to (a) and (6) abovip are 

(L), 

Th ! 


w- 

The infinite series known as Taylor’s and Maclaurin’s series are 
discussed in the next chapter, where the question of their conver- 
gence will be investigated. 


4*6. Indeterminate forms. 

The function f{x)l<j) (a?) for which / (a) = ^ (a) = 0 is a function 
whose value when a “is indeterminate of the form 0/0.” Fre- 
quently, however, it happens that lim {f{oo)l<i> (^)) is definite, and 

limits of this kind are most easily evaluated by an application of 
Cauchy’s formula. 

Many of the most important limits can be evaluated by the 
methods which will now be discussed. Before employing these 
methods the theory must be clearly understood, and so we shall 
consider several different cases in detail In each case suppose 
that f (a)- (f> 0. 

(1) Let /(a)=:^(a) = 0, but suppose that f* {a) and (a) both 
eadst and have a definite ratio*, 

lim 

<l> (^) i> (a) 

* For this case Oandiy’s formula is not reqoirsd* 


80 that 
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(2) Let f\w) arid exist near, but not necessarily at, a; ij 
f* (x)/ <f > ' («?) tends to a limit I as x-^a^ then tJte limit of f {x)l<f> (x) 
exists, a/nd is also equal to L 

By Cauchy's formula, if a< f < a?, 

4>(x) <f>{x)^<j>(a) 

Hence, assuming that the limits in question exist, 


»-*.a+o9W f-**a+0 9 (?) 

Since we have here assumed that x >a we have taken right- 
band limits only, the point a being approached from above. 

If a? < a, we have, if x< ^i< a, 

fix) _ f{a)^ fix ) 

<j> ix) ^ (a) - ^ ix) (fi) ' 

and taking left-hand limits 

/(f)- bn. 

t^a -0 <f> (®) >0 (?l) 

We have therefore proved that if /' ix)/(j>* ix) possesses a unique 
finite limit I when x approaches a, then the limit of fix)l(f> (a?) is 
also equal to I, 

If /' (a?)/ {x) possesses a limit on the right (or left) only, then 

the right- (or left-) hand limit of fix)l<j) ix) exists, and these limits 
must be equal. 

(3) Suppose that both fix)l^ix) and f'ix)/<f> {x) assume the 
indeterminate form 0/0 when x=^a. 

In this case we apply Cauchy's formula again to the function 
/' {x)l4> ix). By the same argument as in (2), 

provided that the right-hand side exista 

If/' (o) »== (a) <= 0 but/" (a)/<f>" (a) is determinate, then by 

(1) the right-hand side does exist and is equal to / " (o)/^" (o) : and 
by (2) we have also 

lim ii/\ ~ hm ^ 
whenever the right-hand side exists. 
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In general, if (o) and (a) both vanish for v< m, we have, 
by repeated applications of (2), 

•-►a ^ (^) »-►« ^ ^ (®) 

- Urn by (2) 




by(i) 


<#.<»' (a) ' 

whenever the right-hand side exists. 

The reader should note that unless at each stage 
assumes the form 0/0, the above process cannot be applied. 


4*61. The Indeterminate form oo/oo . 

Zet f{x) and <f> (x) he two functions each of which tends to in- 
finity as X tends to a definite value a: suppose that both f'{x) and 
(f)' (x) exist {except at the point x = a) and that in the neighbourhood 
of x^ a, f'{x) and <f)' (x) are finite and not simultaneously zero. 

Under these conditions the same rules can be applied to evaluate 
the limit of f{x)j^{x) when x tends to a as were used when the 
indeterminate form was 0/0. 

Let xi and x be two values sufficiently near a to ensure that 
f' {x) and <f>'{x) exist in the interval (xi, x) and have no values in 
that interval at which they simultaneously vanish. Then by Cauchy’s 
formula, if f 


and so 


<f>{x) l-<^(ari)/^(ar) f (f)’ 


that is 


<f> (W) “ f (f) ■ 1 -/(«!,)//(») 


( 1 ). 


Suppose that has a finite limit I as tc^-v-a; then if 

tti and X be taken sufficiently near to a, ^ can be made as near as 
we please to a and then will be as near as we please 

to the value 1. Further, without violating the above condition, if 
Wi be kept fixed and m be made to approach the value a the second 
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fraction on the right-hand side of (1) tends to the limit unity. It 
therefore follows, since f -*> o as ® -»■ a, that 


lim 


<l>{x) 


I 


ExampU. Let / (*) =log l/« and ^ (*) = 1/*, then when X’-O, f(x)l<b (*) is 
indeterminate of the form oo /oo . 


Hence 


lim m 


. 0 . 


4'^2. Other indeterminate forms. 

Indeterminate forms of other types occasionally arise, but in 
general they can always be reduced to the fundamental form 0/0. 
Consequently only a brief note on the commonest cases is given. 
In each case the limits are as as-^-o. 


(1) If and we have to consider the 

function /(*).(#> (a;); the product f<f> is here of the form O.oo, 
but by writing 




A 

i/4> 


the form becomes of the type 0/0. 


since 


(2) If / (a:) -*• 00 , (a;) 00 , and we have to consider the function 

/(a!)-<l>(x); 


this form again reduces to 0/0. 


(8) If f{x)-*-0 and <l>(x)-*-0 and we have to consider the 
function 

we proceed as follows. 

If / > 0, write y = /*, then 

Hs-'I’Hf-yitgj' 

which is of the form 0/0. 

If log y tends to a limit, say c, then since «• is a continuous 
function of x when « > 0, 


lim y = lim /♦ »= e*. 
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4*53. Oritioism. 


The reader should clearly understand that the use of 0 and oo which has 
been made in the preceding sections is purely symbolical. 

It is convenient, for brevity, to speak of “ the indeterminate form 0 . co ” 
for instance. Stated fully this indicates that two functions /(^) and ^ (s) are 
such that and (x)-*- cjo as although possibly lim /(iP).^(a?) 

may be finite and definite. 

Some writers describe the “ true value ” of the function f 





\ 


when /(«)*<#>(<*)*= 0, to be what is really lim g{iJo\ and this is not actually 
a vaLw of the function g {x) at all. 

Even when it is chosen to adopt the convention that whenever g (x) is 
indeterminate it shall be defined to have the value lim^ (r) as x approaches 
the value a, say, the term “ true value ” is still misleading, and it is better to 
dispense with it altogether. At best it is a survival from the time when the 
theory of indeterminate forms was not properly understood. 


4*6. Young’s form of Taylor’s theorem. 

If (a) exists finitely ^ then 

fifl + h) ^f{a) + hf (a) + ^/"(a) + . . . + {/(n) (a) + e,} , 

where en-^O as h-^0. 

Let = function 

f(a + h) -f{a) - A/' (a) - ... - '»* (a). 

As in § 4’45 we can shew that 

X(0) = V(0)«... = X'”'(0) = 0, 
and X (0) = X' (0) * • ” = X'”"'* («) = <> i X'’^ (0) = 1- 
By the theory of indeterminate forms we have 
XW x<«(0)_ 0- 

x"(i)) 1 ’ 

and, by the definition of \(A), X (h)lx(h) is the €h of the enuncia- 
tion. This proves the theorem. 

Mte. The above theorem is useful in practical applications such as the 
theory of contact of plane curves and dififerential geometry. It assumes less 
than the Lagrange form of the remainder. 
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4‘7. Thd niilqu6iiesB of tho Taylor expansion. 

If y w (a) ije finite, Taylor’s theorem states that f{a + K) can be 
expanded in the form 

Ao + Aih + Ath ^+ ... + An-ih*-^ + Mh”, 
where the coefficients Af are constant with respect to h and M is 
bounded when h-*-0. 

Such an expansion is possible in only one way, for if we suppose 
that another similar expansion is possible, then 
Ao + Aih+ ... + An~iA”~^ + M/i” = do + ih^+ ••• +0*1-1 + 

Since M and m are bounded it follows by making h-^0 that 

Ao = ao‘ 

Similarly, by dividing by h and again making h-^0, we get 
and so on. The expressions are therefore identical, and so 
the Taylor expansion of/ (a + h) in ascending powers of A is unique. 

By writing a + A = ® the Taylor expansion assumes the form 
/(a;) = Ao + Ai(x-a) + A 2 (a!-a)^+ ... + M(ai-a)\ 

This is the Taylor expansion of /(«) about tAe point x — a. By 
choosing another base point a, say, a different expansion for f{x) 
in powers of a: — « can be found. What has been proved is that 
there is only one Taylor expansion about a given point a as base. 


4’8. Leibniz’s theore'iu on the nth derivative of a product. 

Let y = Ml), where m and v are two given functions of x, then by 
using suffixes 1, 2, ..., n, ... to denote the first, second, ..., nth, ... 
derivatives respectively it is easily seen that 

yi = Mni + Mii), 

yt = mi)2 + 2hiI)i + Mai), 

ya = MVs + 3ttii)2 + SwiVi + Msi), 

which suggests that the law of the coefficients is the same as in 
the binomial theorem. Leibniz's tAeorem states that 


Vn = “nV + M»-2l'2 + . . . + nUiV^-i + Ml)„ . 

The theorem may be proved by induction either by assuming it 
for n » m and proving it for n = m + 1, or as follows. 

Iiet 

y„ =5 AoUnV + Am^Vi + AiU„-iVt + ... + ArfllV^ ...( 1 ), 


where the coefficients Af are to be determined. 
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Let tt 3s e**, » = e®, so that y then 

y„ = (l+p)»«ft+«“ 

= jp' eP* . e® =|)'' e®+P>*. 

On substituting in (1) we get 

(1 +jt))’* = ilo + .4ip + iljp*+ ... +il„|)*, 

and this proves that the coefficients Ar are the binomial coefficients. 

4'9. Extreme values of fonotions of one variable. 

In every elementary treatise on the Calculus the theory of 
maxima and minima (extreme values) of a function’ / (x) is con- 
sidered, if only from geometrical considerations, For a function /(x) 
such that /'(a;) and /"(m) both exist in the ii^terval a it 
is shewn that the values of a; at which /(«) is stationary are the 
solutions of /' (a:) = 0, and provided that /" (a?) 4= 0 at any of these 
points the stationaiy value is a maximum or a minimum according 
as /" (m) is less than or greater than zero at the point in question. 

This well-known elementary criterion is a particular case of the 
more general theorem which, together with several other theorems 
on maxima and minima, is considered here. 

All the points at which /' (x) = 0 give stationary values of / (x). 
Values of f{x) which are either maxima or minima will be termed 
extreme values (or extremes). 

4‘91. Definition. 

Let f(x) be defined in the interval a^x^b, and let c be any 
interior point of (a, b). If a sufficiently small positive number ij 
can be found such that 

preserves the same sign for all values of x such that |a!-c!<i 7, 
then/(a!) is said to have an extreme value at the point « = c. 

The extreme value is a maximum if A/ is negative and a 
minimum if A/ is positive. 

The use of the terms “maximum” and “minimum” in this connection 
not he oonftiM with the maximum (absolutely greatest) or the minimum 
(absolutely least) value assumed by the fimotion/(«) in the interval (a, b). 
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/(a?)=«a?(l+sin^l/4?) whena?>0, /(0)«0, 
the function oscillates between the two straight lines y = a? and y « 2a?. Clearly 
0 is the absolutely least value of /(a?), but in any interval (0, S), where 9 is 
positive and as small as we please, the function /(a?) has an infinite number 
of maxima and minima 

4*92. Criteria for extreme values. 

Let f (x) be defined in a^x^b and let c be an interior point 
of (a, b). 

Suppose that, 

(i) (c) exists and is not zero, 

(ii) f (0) »/" (c) = . . . (c) == 0, 

then f{x) has no extreme value at x — c if n be odd. If n be even 

f (x) has a maximwn at x = c if f^^^ (c) < 0, or a minimum 

iff^^Ho)>0. 

By § 4*6, under the conditions seated above, if / (c) is finite, 

A/=/(c + h) -f{c) = ^ {/«»> (c) + e,}, 

and since h may be positive or negative, when n is odd A f does 
not preserve the same sign in the neighbourhood of the point c, 
and so f(x) has no extreme at that point. 

If n is even, the sign of A/ is the same as the sign of f^^^ (c); 
hence 

if (c) < 0, there is a maximum at ic = o, 

if /<"> (c) > 0, there is a minimum at a? = a 

If +00 we write 

/(<!+ a )-/( c )=^^/«»-» ic+ek) 
and observe that /<»-*> (o+6h) has the same sign as A/<“> (c). 

The ordinary elementary criterion for an extreme corresponds to 
the above when » = 2. If /" (c) = 0, by the theorem we see that 
the discrimination may be made by considering derivatives of 
higher orders. Thus if /' (c) = /" (c ) = /'" (c) = 0, (c) + 0, the 

sign of/‘^(c) enables discrimination to be made. If f' (c)—0, 
f" (c) = 0, f" (c) + 0 the point a; = c is not a point at which /(«) 
has an extreme. In this case there is a point of inflexion at 

* See example (1), §4*94. 

VA 
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4'93. Theobem. If /'(«) exists in (a, b) the points at which f (x) 
has an extreme value are among solutions of Ike equation f'(x) =* 0. 

If /(») has a minimum at c, then, for A > 0, 

f(o + h)-f(c)>0. /(c-A)-/(c)>0 

and so 

fJp + K^ > 0 <0 .fl). 

By making h-^0 and taking the limit of each of the expressions 
in (1), we get \ 

/'(c)>0 and/'(c)^0, \ 

hence /' (c) = 0. 

Corollary. The reasoning of the theorem also shews thsfet if 
f(x) has an extreme atx — c^ then f* (c) « 0 provided that f* (c) exists. 
The reader should compare this result with Rollers theorem. 

4*94. Examples for illustration of two important points. 

(1) The function f{x) need not have an extreme at every point at 
which /'(ir) = 0. 

Let then clearly /'(^)«0 when ^=1. The point x^\ is not 

however one at which the function has an extreme, for 
/"(l)-0, /'"{l)«6+0. 



Fig. 13 


It is seen from the graph in Fig. 13 that there is a point of inflexion at 
Thispoint of inflexion is a sfo^tofta^ value of/(«), for/^(jr}«>0 at this 
pointy but it is not an extreme value of/(^). 
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(2) AU Ihe extreme values may not he given by Ute solvUona of 
the eguaMon f (®) =s O ; there may he extremes al points where /' (x) 
does not exist. 



Let then &om the graph we see that the origin is a point at which 

f{x) has a minimum, but the derivative of the function does not exist at the 
origin. In this case 

Rf (0)^co, X/'(0)=~ao. 

This case is an illustration of the theorem which follows. 

4*95. Theorem. If f (x) is continuous at and near the point o, and 
f* (co) is finite near c, then / (a?) has a minimum at c if 


E/'(c) = oo. X/'(c) = -oo (1); 

f{x) has a maximum at c if 

Rf(c) = -<X>, X/'(c) = oo (2), 

To fix the ideas let (1) hold, then, if A > 0, 


thus there exists a positive number B such that, for h<B, 
f{c±h)^f{c)>0. 

Hence f{x) has a minimum at a?==c. 

The case of a maximum is proved similarly. 

4*96. Thboreh. If fix) u continuous at and mar c, and fix) is finite 
or infinite near e hut mver zero throughout any suh-interval 0 / (c— ^ c-bd); 
then fix) hoe a minimum at c provided that 

f(x)^0on the right 0/ 0 and f ix)^0 an the left of e, (1); 

f(x) has a maximum at c if the inequality signs are interchanged* 

h be positive, then in the interval c we have, from conditions 

(1), /'( 4 ?)> 0 . We shew that in this interval fix) is an increasing function 
(in the strict sense). 


8*9 
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Suppose that then by the mean-value theorem 

/(^ a )«/(^ i ) + (^8 - ^ i )/' ( ft , 

where4?i<f <a?a; but X 2 -a?i >0 and/'(ft^0, hence 

so that /{x) is monotonic increasing in the interval (c, c-hA). 

It remains to shew that f{x) is a constantly increasing function in this 
interval. i 

Let (a,^) be any sub-interval of (c, c-fA), and suppose that /(«)4«'/0); 
then, since /(x) is a monotonic increasing function, /(^) =*/(«) for allboints 
in (a, 3), and this implies that f{x)=^0 throughout (o, /3) which is contrary 
to our hypothasia Hence f \x) is a constantly increasing function in 
e<x%c^L \ 

Similarly it may be proved that f{x) is a constantly decreasing functicsip in . 
c— A<4?<a 

Hence /(x) satisfies the conditions for a minimum at 

The case where f(x) has a maximum at c is proved similarly. 

EXAMPLES IV. 

1. Shew that, when ^ and sin*^a^ are infinitesimals of the same 

order when a has any constant value, zero excepted. 

2. Prove that, if (5-f 2 cos 1/^) and 3«sin a?, then a and are infini- 
tesimals of the same order when 

Shew that the same is true for the infinitesimals a and /3 if 

coseo 2mx - J coseo mx, fi^x, 

3. Prove that, when 

(i) sin 2inx - 2 sin mx is infinitesimal of the same order as x^ ; 

(ii) {x-x^)^+\(x+a^y is infinitesimal of the same order as unless 
- 1. What is the result when X » - 1 ? 

4. Calculate the right-hand and left-hand derivatives at the origin for the 
functions 

/•X j?/ X fj?arctan 1/xr (ar+0) 

W 0 (*=o)' 

(U) <t,{x)-^ Q 

6. Prove that the function f{x) ^x sin ljx{x^ 0) and which has the value 0 

when is continuous for all values of x, but has no derivative at the origin. 

6. Discuss the existence of f' (x) and /" (x) at the origin for the function 

sin l/x (x^O) and which has the value 0 at the origin. 

7, For the function /(x)>»x^ in /(1)«0, the derivative /'(x) 

does not vamsh anywhere in the interval (0, 1). Why does Bolle’s theorem 
fell forf(x) in this interval ? 

Give oases of fiiilure of Boiled theorem for other reasons; where possible 
iOastxate by diagrams. 
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8. Discuss the applicability of Eolle's theorem in (0, 2) to the function 
f (a?) 2 -h (a? — 1 )1 . Illustrate your answer by a rough sketch. 

9. Shew by the mean- value theorem that 

(i) A<log 1/(1-A) <A/(1 -A), whereO<A<l, 

where -l<d7<0. 


10. The function /(^) is diflPerentiable in a^x^b, and /(a)««/(5)s=0; 
shew, by dividing the range (a, b) into two equal parts and applying the 
mean-value theorem to each part, that there is at least one point f in (a, b) 
for which 

Verify the theorem for the function sin^ a: in (0, n). 

[For this example it is assumed that the reader is already acquainted with 
a definite integral. The integral calculus is discussed in Chapter vii.] 

11. If, in the interval a^x^b^f (^r), /' (x) are continuous, and /" (x) exists, 
prove that 

/W=/(®) + (^-«)/'(«)+i(^-")V"(^ 2 )» where a < < 6. 

Deduce that, if a? > 0, 

log (1+0?) 

Shew similarly that if h is small and positive 

tan(^+A)>l+2A+2A»+|A» 

12. Evaluate the limits, as a? 0, of the functions : 

r\ ^"'^**°* log (1 4-^+^) -flog (1 -x+x^) 

' ' X — sin a' * ' sec x — cos x * 


log (1 


log(l-i-6:r)’ 


13, Find the limits of the following functions : 

(i) («-►«). («) (oosx)"» (*—0), 

(iii) (iv) (cos «)“»’* (^-►O), 

(v) log^2-^^oot(jr— a) {x-^a\ 

(vi) (costf/m)"* («— ®), (vii) l/**-co8eo*4; (J?-^0), 

(viii) {(3!*+ei»®)i-(a^— (*-»-®)i 
(uc) {(o"+6*+c")/3}*/* {n-*-0). 

14. The functions f{x) and 4){x) axe such that /(0)«.#)(0)=0j by 
sidering the case where /(*)=*ar»8in 1/*, ^(x)=tan*, shew that jim^ 

may exist when lim \ does not exist. 

«.*o 9 W 

[The former limit is 0, the second does not exiahj 
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18. Eviiluate 


when n is an odd integer^ 

16* The functions <f}(x) and are both continuous in and 

^(a)s=0(5)«O. Prove that whatever number X may be, then for at least 
one value of ^ between a and b 

17. If « and /S lie between the least and greatest of a, 6, c, prove that 

/(a), f{h\ f{c) f(a), f(a\ /"(/3) 

<#>(«), <l>(c) 0(a), 0'(a), 0''O) 

0(a), 0(6), 0(c) 0(a), 0'(e), 0''(/3) 

where ^ (6 - c) (c - a) (a - 6). 

18. Prove that a steadily increasing function of a real variable 9 must 
tend to a finite limit or to oo as oo . 

Shew that, if 6 > 0, 

decreases steadily as x increases from 0 to 6, and find its limit as ^ 6. 

19. If 0 (^) =(s- [jr])2 (1 - a: -t- [.ir])2, where [.r] denotes the greatest integer 
contained in a;, prove that </>' (x) exists for all values of a? in -~l< 4 r<l and 
that, in particular, <f/ (i)4=0, and 0' (u-l-i)=0' (J) for all integral u. 

If f(x) ~ 0 for 0, 


^G) 


for ar4^0, 


prove that /(a?) is everywhere difierentiable but that /' (x) is not continuous 
on the right of 4?=0. 

20. A function /(^) possesses a derivative /' (a) a,ix=^a; prove that 

tends to zero as h and k tend to zero simultaneously in ^ny way by positive 
values. Prove also that we can remove the restriction that h and k are to be 
positive (A4*^4=0) if/(x) possesses a continuous derivative in the neighbour- 
hood oix^a. 

21. Find the maxima and minima of the function jr^(l-^)^, and sketch 
its graph from a?** ~ 1 to « 2, 

22. (i) Use the theorem of § 4*95 to shew that the function 

/(a;)«l+a’t . 

has a minimum at 4:=:=0. 

(ii) Consider whether the functions 0 {x) and 0 («) have extreme values 
at the origin, 

(*+ 0 ), 

I 0 (*-0); 

Sketch roughly the graphs of these functions in the neighbourhood of the 
origin. 

[0 (jr) is called Cauchy’s function. Use the theorem in § 4*96.] 


■r: 


(»4=0X 

(*- 0 ). 



CHAPTER Y 
INFINITE SERIES 


61. Introdnotion. 

The present chapter contains an elementary discussion of the 
theory of infinite series, and some of the ordinary simple criteria 
for convergence. Its main object is to meet the needs of such 
readers as may be entirely unacquainted with the elementary theory 
of. series. It is of course impossible in a single chapter to attempt 
to give any kind of complete account of a vast subject such as this 
upon which valuable books in English have already been written*; 
and since these exist there is no urgent necessity for dealing here 
with more than is necessary to make this book self-contained. 
This chapter includes all the elementary theorems and convergence 
tests which are needed to enable the reader to make an intelligent 
use of infinite series so far as they are required in the subsequent 
development of Analysis which is included within the scope of this 
book. 

The concept of uniformity of convergence is discussed in 
Chapter xiii. 

511. The snm of an infinite series. 

The discussion of the infinite series 

U1 + U2 + ... +Un+ ( 1 ) 

can be reduced to the study of the behaviour of the sequence {«„}. 
where 

“ ^1 + d" ••• ■)■ 

If {Sn} converges to a limit s, then s is defined to be the infinite 
sum (or more briefly the sum) of the series (1). 

If 00 the infinite series (1) is divergent, and its sum (in 

this sense) does not exist 

When {$»} does not possess a unique limit, the series (1) is said 
to oscillate. It oscillates finitely if the sequence has finite lower 

* Por example, Bromwioh’e Theory of Infinite Seriei (1926) and Enopp’s Theory 
and AfpHeation of Infinite Beriet (1928). The latter ie a translation from the 
Oetman. 
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and upper limits X and A ; it oscillates infinitely if x ts - oo , 
A«oo* 


Theorem. If a series converges, thm its nth term, tends to zero 
as n tends to infinity. 

This can be deduced at once from the general principle^ of con- 
vergence of a sequence {sn\, for if the series converges, then 
for a value of n large enough, and for all positive integral values ofp, 

\Sn-^p-Sn\<€, , 

In particular this relation holds when p = 1, and |s„+i — 
so that I Wn+i 1 < € ; in other words Un+i-^0 as (X> , 

Corollary. If Un does not tend to zero the series cannot 

converge. 

The above corollary gives a useful one-sided test which is fre- 
quently used to prove that a given series does not converge. 

The reader should observe that the condition that Un must tend 
to zero is a necessary condition for the convergence of but it 
is not sufficient. 

If then clearly but 21 In diverges t. 


B12. General theorem on series of positive terms. 

If all the terms of the series Swn are positive, it is evident that 
the sequence {sn} is monotonic increasing; and so {«„) must tend 
to a finite limit or tend to infinity. Hence a series of positive 
terms cannot oscillate. From this result we obtain the following 

Theorem. If {sn} is hounded^ the series of positive terms 
must converge. 

If Sn is less than a constant K then Sn tends to a limit s which 
cannot exceed K, For since [Sn] is monotonic increasing, it tends 
to its upper bound. If JST be a rough upper bound the (exact) 
upper bound s will be less than K ; and if iT is the upper bound, 
8 coincides with K. Hence we have 

Sn-^S^K. 


• Se«82*65. t See §6*41 (a). 

X Tbe theorem is still true if Sn : K tot n^y only, and not lor all values of it^ 
gee note on Test 1 in iS-2, 
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6*13. Absolute and conditional convergence. 

When we consider series whose terms are not all of the same 
sign, there is an important distinction to be made between series 
which do and which do not remain convergent when all the terms 
are replaced by their absolute values. First of all we have the 

Theorem. A series 2wn is certainly convergent if the series (of 
positive terms) 2 1 I is convergent. If 2i^» == s and 2 1 | 

l.|«s. 

Clearly, for a value of n large enough, and for all positive integral 
values of p, 

I I ^ I | 

Hence 2t^ converges. 

Also, I 5n I < I + h ^2 I + ... + I -Wn 1 < Sf, 

and so, by the preceding theorem, 

By this theorem all convergent series are divided into two classes, 
and 2Mn belongs to one or the other according as 2 | 1 is or is not 

also convergent. 

Definition. If a convergent series 2ien is such that 2 |t^n| s-iso 
converges, then the first series will be called absolutely convergentt 
and otherwise non-absolutely convergent. 

If 2 I Wn I diverges it may happen that 2'M„ still converges, 
although it does not converge absolutely. For example, it is easy 
to prove that the series 

1 — i + + 

is convergent*. It is certainly not absolutely convergent, because 
the series obtained when every term is replaced by its absolute 
value is the divergent *1“ harmonic series 

+ •••• 

The reader must refer to treatises on the theory of series for a 
detailed discussion of the validity of various operations on infinite 

senes. , . . 

Since the sum of an infinite series is defined as a limii,, it is 

essentially different from the sum of a finite number of terms, 

* It MitwfleB tlie alternating series test of g 6'6l. 
t BeeiS'41(a). 
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which is obtained by adding these terms together. It is thus 
essential to guard against the assumption that any operation which 
is justifiable when applied to finite series can also be applied to an 
infinite series without further investigation. 

The important property of an absolutely convergent series is that, 
roughly speaking, it may be treated as though it were a finite 
series : its terms may be deranged in any order, and groupep in 
various ways without affecting either its convergence or its fimm. 
Also, if 2<i« and Xbn are two absolutely convergent series, it nan 
be proved that \ 

(cti -f* ” 1 " 0&3 4 - . . .) (il 4 - 62 ^8 " 1 " •••) \ 

= Uibi 4 ( 0 , 2 ^ 1 4 0-162) 4 (0361 4 O163) 4 . . . . 

With series which are non-absolutely convergent, however, great 
care must be exercised. A convergent series whose behaviour as 
to convergence can be altered by rearrangement, and for which 
therefore the order of the terms must be taken into account, is 
called conditionally convergent 

The series --^4i — i4... (1) 

when rearranged so that each positive term is followed by two negative terms 
thus, 

jV4 (2) 

no longer has the same sum. For 

(1 - i) - i + (j- i) - j + - + (^“1 - 4^) - ^ 

Thus lim and since lim (rsn^i^^lim cr3n.|.2^11zn <r8n the sum of the 

series (2) is 

It can be shewn that a non-absolutely convergent series can, by 
suitable rearrangement of the order of its terms, be made to con- 
verge to any arbitrarily prescribed sum, or even to diverge. 

6 * 2 . Cbiteria for convergence of series of positive terms. 

We shall write ?7n = 4 ti 2 4 ... 4 Wn» 

and if the series Xun converges, we denote its sum by U so that 

lim Un. 
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Te^ I. The direct comparison test. 

(а) Let + + + he the series to he tested, amd suppose 

tiiat Ci + c* + C8 + ... is a series known to be convergent; then if 
Un < kcn for all n, where k is a positive constant, "tun is convergent. 

Since Scn converges, lim (7n = where C is finite, and 

On<C. 

Also Un^kGn<kG, 

hence Un tends to a limit U which cannot exceed kG; in other 
words Sun converges. 

(б) If di + dt + d3+.., is a known divergent series, and if Un>kdn, 
then Sun diverges. 

The proof is left to the reader. 

Note, It would be sufficient in the above tests if or Un'^kdn for aU 

vcUme of n greater than v, where v is fixed ; for in studying the convergence 
of series it is permissible to discard any finite number of terms at the beginning 
of the series and to consider the new series which results, for 

where a is a finite constant. Hence must tend to a finite limit or to 
infinity according ea does, and conversely. 

Test //• Comparison hy limits. 

If the ratio Un/vn tends to a finite {non-zero) limit as ^ then 
%Un will converge or diverge according as Xvn converges or diverges, 
u 

Suppose that — then, for n'^v, 

Vn 

I — e< — < I + e, 

Vn 

and BO, for n^v, 

(i) Un>Vn(l-e), 

and (ii) Mn<®n(^ + 6); 

hence by Test I, both results follow. 

Test III. D'Alemberts ratio test. 

If lim =s I, then the series converges ifl<\, and diverges 

«n 

if I > 1. 

(i) 2^ I he less Aon unity. Choose fi between I and 1, then, 
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ainoe the Talaes of Un+i/un when n is large enough differ from { by 
as little as we please, we have, when n >m, 


Mn+l 


</S; 


'•t 


do 


and since is positive, it follows that 

Thus, from and after the term the terms of the series 
not exceed those of the convergent geometric series 

+ + + ...); 

hence 2wn converges. 

(ii) Let I be greater than unity. In this case we have, for n % m, 

SO that Un does not tend to zero and Swn cannot converge ; and so, 
since it is a series of positive terms, it must diverge. 

Corollary 1. From part (i) of the preceding proof we deduce that con* 
verges if < ft where is a rilEl) constant which is less than 
It is mt sujOacient for the convergence of '1%^ that 

Wn 

merely ; for if we have, for all values of 


^n±l_ 




< 1 , 


but t ^ diverges. 

Corollary 2. If I there is no criterion^ save when Un^il'^n etpproachee the 
limit I from above. In this case Sitn is divergent. 


For when n>v, and d>0, 




= 1+^ 


and so when n'^v. Thus does not tend to zero, and so 

divei^es. 

Teet IV. Cauchy 8 testa. 

The series 2tt» converges or diverges according as Zim(un)^ 
less than or greater than unity. 

(i) Suppose that lim = a < 1. Choose between a and 1, 
then, from the definition of an upper limit, forn m ^8), 

that is 
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and so Sttn converges by comparison with the convergent geo- 
metric series 2/S", (/8 < 1). 

(ii) Suppose that iim « a > 1, then, by definition, 

> 1 

for an infinity of values of n i the same is therefore true of so 
that Un does not tend to zero, and 2wn accordingly diverges. 

If has a unique limit when n^co the preceding results hold if 
we replace ‘‘ lim ” by “ lim.” 

5*3. Theorem. If is positive and if u^^ijun tends to a limit Z, 
then tends to the same limit, 

frrom some particular value of n onwards all the ratios 

^n+1 '^n^p—1 * * 

lie between Z — e and Z + €, and so, for n > n© (say), 

w-n 

and since Un is positive, 

1 p 1 

(Z ~ €)"+P < (Z + . 

Keep n fixed and make p tend to infinity ; the extreme members 
tend respectively to Z — e and Z + €, and so, when m^mg, 

Z + 2e, 

hence Z. 

The oonTerse however is not true. Consider the series 

l+o+<*i+a*&+a®4’+...+a"6"”*+o"6*+..., 
where a and h are unequal positive numbers. It is easily seen that the ratio 
of any term to the preceding is alternately a or h, whereas x/(a6). 

It follows from the theorem that d’Alembert’s ratio tests are 
less general than Cauchy’s tests, for the latter may succeed when 
the former fail. 

64. Method of fonnation of convergent and divergent series. 

One of the simplest methods of testing series is by comparison 
with other series which are known to be either convergent or 
divergent. 

The following method of formation of convergent and divergent 
series provides, among its special cases, several useful auxiliary 
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series which may be advantageously employed for comparison 
tests. 

Theorem. Let he any number which tends steadily to mfinUy 
as n tends to infinity, then the two series of positive terms 

(Z)j— JDi) + (-D* — + ... + (-Dn+i — 2)„) + (1), 

ik ~ a) (i; “ :i) (a " a^) "* 

are respectively divergent and convergent \ 

Since D^-^oo the same is true of the sum to n terms of the 
series (1), 

* -^n+1 \ ^ » 

Hence the series (1) diverges. 

The sum to n terms of the series (2) is clearly 

1_ 

Di i)n~l 

and this tends to the finite limit 1/A as n-^oo , 

Special cases of ihs above theorem. 

(i) Let Dn =* where X is positive, then the series 

(n'^ (» + 1 )*j 

converges by (2). 

(ii) Let A = log», then the series 

2 {log (n + 1) - log n} = 2 log (l + 
diverges by (1). 

(iii) Let A = log log n, then the series 

2 (log log (n + 1 ) — log log 7i} * 2 l/(n + 0) log (n + 0), 
where 0 < ^ < 1 by the mean- value theorem, is a divergent series 
by (!)• 


5‘41. Usefhl auxiliary series. 

From the special cases of the preceding theorem we deduce the 
following useful results: 

(a) 2 1/n ts a divergent series; 

(b) 2 where X is positive, is a convergent series; 

(c) 2 1/» log n ts o divergent series. 

These may all be proved by employing the comparison Test II. 
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The proof of (a) is immediate by observing that 

1/n * 

and so X 1/n diverges by comparison with (ii). 

To prove (5) we consider the limit of the ratio 

l/ni+^ 

1 1 ~X/(7l + g)^+* 

(n + !)*■ 

by the mean-value theorem, where 0 < 0 < 1. 


Now 


1 

x’ 


which is finite*, and so series (6) converges by comparison with (i). 
To prove (c) we consider the limit of the ratio 

n logn. 


Since 


(n -f- 0) log (« -1- 0) ' 
log (n -f 6) _ log (1 -h 6jn) + log n 
log n ~ log w 


• 1 . 


and also it follows that 


n 


lim- 


nlogn 


= 1; 


(n + d)log(» + ^) 
and BO series (c) diverges by comparison with (iii). 


5*5. Kiixnmer’s criteria. 

We now prove a set of general criteria for convergence and 
divergence of series, from which quite a number of the most 
useful tests can be derived by considering simple special cases. 
Since the proofs in the general case are not difficult this method 
is a better one than proving each of the special cases indepen- 
dently. 

Theorem. Let D* denote any positive number, a/nd let 

then (1) the series of positive terms tan converges if 

^(n)>a>0 

* For X is positive so that X+O. 
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for values of n which eccceed a fixed number m, where a ie a constant, 
and (2), if Sl/Dn diverges, then San diverges if, for oUn>m, 

<f> (w) < 0. 

Proof of (1). Since an+i is positive, if the condition above is 
satisfied 

Pn^n Pn+l^n-hl ^ * an+i, 

for n>m; and so 


•Dfn+iani+i 

•®m+2ajn+2 Pm+Z^^m+Z > 


Dtn+p^Di'fp ^ 

hence, by addition, 

Pm+l^m-^l ““ am+i>+l ^ ^ (am4-2 “b • • • "h ai|n4j»4.i), 

SO that, since l^m+p+iam+p+i is positive, 

Pm^X^m-hlj a* 

Hence, it follows that, if JT is a constant, 

^m+p+l ^ > 

and so San converges. 

Proof of (2). If the condition be satisfied in this case we have, 
for n>m, 

Pn^n I^n+ian+1 ^ 0, 

and so P^an ^ JDn— lan— l ^ ^ Pm-\-l^m+l * c, 

where c is constant, and so 

an ^ c/DnJ 

hence Son diverges by comparison with Xl/P^. 

6*51. Alternative forms of Ktimmer’s criteria. 

In practice it is frequently easier to test a given series by 
criteria involving limits than by tests given in the above form. It 
is easy to give alternative forms of the preceding results which 
involve limits. In their most general form they involve upper and 
lower limits, but in almost all practical cases arising in elementary 
work the function ^ (n) will be found to have a unique limit as 
n-^oo . 

Theorem. To prove that 

(!') 2an is convergent ifljm^ {n) > 0, 

(2') Xon is divergent if Tm ^ (n) < 0. 
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The theorem is proved if we shew that (1) and (1') are exactly 
equivalent and that (2') is included in (2). 

If (1') is true, lim ^ (n) = /3 > 0, 

and from the definition of a lower limit, for n>m, 

that is, (n) > 

and so is the number which replaces a in (1). 

If (1) is true, <f}(n)>a for n > rn, 

and so lim <f>{n)^a>0, 

which is (!'). 

From (2') we have, if 13 is positive, 

lim<^(n)==-/9< 0: 
and BO, for n > <p{n)< — 0 

that is, for n >m, (n) < 0, 

which is (2). 


6*52. Special cases of Hummer’s tests. 

Let us assume that (l>(n) has a unique limit as n tends to in- 
finity, then the criteria of the preceding section become equivalent 
to the statement that Sun converges or diverges according as 
Km <l> (n) is greater than or less than zero. 

(1) Lot Dn 1 and we obtain d’Alembert's ratio tests. 

(2) Let Dn-n and we obtain the tests usually called Raabe's 
tests, that Sun converges or diverges according as the limit of 



is greater than or less than unity. 

(3) Gauss's test. If anlan^i is expanded in powers of 1/n so 
that* 

3L = l + ff + 0(^'), 

Un+l W \7r] 

then Son converges if fi>l and diverges if 


* The 0 notation has already been explained in § 4*2. Here, of course, . 
A more general form of the test may be given in which 0 where X>0, 

replaces O . In most elementary cases the form given above suffices, 

9 


tA 
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(i) Suppose that 




so that 



and by Raabe’s test San converges if /a > 1, and diverges if,/i < 1. 
(ii) If ^ 1, consider Kummer’s tests, when Dn = w log 

■V 


^ (n) « n log n — - (w + 1) log (w -h 1) 

as n log n + log n + 0 (~^) ^ 

hence lim <f>(n) = — l since and (n + 1) log ^1 + ^^ -*> 1. 

Thus by D« test (2'), it follows that lon diverges when /* = 1. 

Hote 1. An alternative form of the Gauss test reads as follows : 

= fiV the series converges /i>l, and diverges if 

a„ n \n^J 

Note 2. The Gauss test* is very useful in practice, and is usually found to 
be the best test to apply when d’Alembert’s ratio test fails because 


lim + 

It is more delicate than Kaabe’s test, and it will therefore certainly test 
every series for which the latter test is decisive ; and furthermore Gauss’s test 

gives a definite result when Raabe’s test fails because lim n 

The Gauss test is usually easy to apply, and in every case in which On/^^n+i 
is the ratio of two polynomials in n, the expansion in powers of 1/n is readily 


obtained. In spite of this the test is rarely given in elementary books on 


Algebra in which elementary convergence tests are proved, although the direct 
proof of it is almost as easy as the direct proof of Baabe’s test which is 


almost always given. 


6*6. Series in general, not necessarily of positive terms. 

Throughout the preceding sections all the series in question 
have been series ofjpositive terms^ and it is only to such series that 
the preceding tests are applicable. It is beyond the scope of this 

* Gauss established this oriterion in 1812, Werhe^ ux, 140. 
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book to give a detailed discussion of series of arbitrary terms, and 
for further information the reader must refer to treatises on the 
theory of series. In § 5*13 reference has been made to the import- 
ance of the concept of absolute convergence. If be a series 
of arbitrary terms and l.\un\ converges, lun is then said to be 
absolutely convergent. Thus, for absolutely convergent series all 
the simple criteria for convergence of series of positive terms are 
applicable. It is accordingly much easier to recognise the con- 
vergence of a series of arbitrary terms, if that series is absolutely 
convergent, than it is if the series is non-absolutely convergent. 
There are several tests which can be applied to non-absolutely 
convergent series, but the only case which we consider here is the 
important case of alternating seHes, that is, series whose terms are 
alternately positive and negative. 

An important class of series consists of the power series* 
in which a» is positive: when x takes a negative value these become 
series with alternately positive and negative terms. If the series 
2 I Un 1 . 1 1^ converges in a certain range of values for x, say in 

— 1 < ^ < 1, then in that range Xa^x"^ is absolutely convergent. 
When we consider | ^ | = 1, the reader will see that if — 1 the 
series becomes 2(-)” a„, which is an alternating series. Accord- 
ingly some simple criterion for the convergence of alternating 
series is needed to enable a full discussion for the convergence of 
a real power series to be given. 

Although the general theory of series of complex terms is not 
considered at all in this book, it may be well to mention that if 
StAn is an arbitrary series of complex termSy the series 2 | ttn | is 
still a series of positive terms. Thus an absolutely convergent series 
2ttn of complex terms is as simple to discuss as a series of positive 
terms. 


5*61. Alternating series test. 

Theorem. The series 

1/1 — — 'Wa + . .. 

in which (i) , and (ii) ^ /hr all values of 

m, is convergent 

* Power series are discussed in detail in Chapter xm. We are assuming here that 
Oil and X are real numbers. 
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Now 

Hn « (% - %) + (tts -- «*) + . .. + (W2n-.l - ti2n) «(1) 

« tti - (Wa ~ Us) - (m 4 - - . . . - - Wan-i) -- Usn (2), 

and by condition (ii) the content of each bracket in (1) and (2) is 
positive. Thus (1) shews that San is positive, and (2) shews that 

62 n<th> 

and so $ 2 n tends to a limit s which does not exceed ui . 

If we can prove that ^a^+i also tends to the same limi 
theorem is proved. Now 

= S2n *f U2n+1» 

and by condition (i) tean+i*^^ as w-^oo ; hence it follows that San+i 
tends to the same limit as $ 2 n- 

CoROLLAKY. //* =|= 0, but condition (ii) is still satisfied, the 

alternating series oscillates finitely. 

For if lim stn, == s, lim Ssn+i = s -f a, and the sum of the series 
oscillates between s and $ + a. 

5*62. ExamfiU, If x and s are real, test for convergence the series ^ 

I j W“ 1 

(1) Absolute convergence. Examine the series 2 - - — 

(o) *'»+' = ( 1*1, and BO lim 

«» \«+l/ ' ' V', 

Thus 2 I I converges if | jf | < 1 ; 2 converges absolutely if \x\< I, and 
2 1 1 diverges if | a: | > 1; 2 does not converge absolutely if | a? | > 1. 

In the latter case, since > 1 for w > w, w- does not tend to zero and 

ISO cannot converge; since the terms increase, 2 cannot oscillate finitely. 
Thus when | x | > 1, 2 diverges (or oscillates infinitely), 

(b) Now consider |x|~l. The series of moduli is then 21/w*, which 
converges if « > 1, diverges if* « < 1. 

jpn-l 

Hence 2 — p* converges absolutely when |x|*sl and s"^ I, 
w 

(2) Non-ahsolwte convergence. 

Clearly the only case where conditional convergence is possible is when 
| 4 r|el and when the series of moduli diverges. 

If the case reduces to (5) abova It remains therefore to consider 

♦ See §5*41 (a) and (6). 2 1/n* when •<! is a divergent series by oonaparisoa with 

Xljn, 
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only «»-!. The given aeries then is this ia an alternating 

aeries, and we appeal to the test given above. 

Now !/»•-► 0 provided that s>0. In this case also 

i> 

m* (m + 1)* ’ 

and so the conditions for convergence are satisfied if s>0, 

(3) Remaining cases. 

(а) Let = then when 

« 1, series isl + l-fl+l + ... which diverges, 

- 1, series isl-l-hl-l-j-... which oscillates finitely. 

(б) Let 1^1 = 1, 5 < 0. Write a= — so that jt? > 0, then when 

a? = 1, series is 2 wp which clearly diverges, 

— 1, series is 2 ( — tip which oscillates infinitely. 

6'7. The multiplication theorem. 

We now prove the fundamental theorem on the multiplication 
of two infinite series. There are two cases to be considered: (1) when 
the series are of positive terms, and (2) when the series are ab- 
solutely convergent. 

Theorem 1. Let Xtin %Vn he two series of positive terms which 

are known to be convergent to sums U and V respectively, then the 
series ItWn converges to the sum UV, where 

Wn ~ UiVn -f W2%~1 + * • - + Vi. 

The proof depends upon the two inequalities 


( 1 ), 

Wn^UnVn ( 2 ), 


and these are most easily recognised by arranging the terms in a 
double array as follows : 

UiVi, U2V1, •••,U2nVi 

U1V2, U2V2f •••fUnVg; Un+lVg, ...,U 2 nV 2 

UxVji, •••» •••> 

UiVgn. ^^n41^2n> •••> 

The product UnV„ clearly consists of all the terms in the top 
left-hand quarter square, while Wn consists only of those terms in 
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this quarter square which lie in the right diagonal and above it, 
for 

W„ = «!% + («l Vz + MzVl) + (UiVs + «2«2 + Ms til) + • • • + Wn* 

Hence (2) is established. 

Inequality (1) is almost obvious, for wjn contains all the terms 
in the right diagonal of the complete square, and of thesel terms 
only u„Vn can belong to hence Tfi„ certainly contains all 

the terms of U„V„ and more. 

Since Un<U, F„<F. 

it follows from (2) that \ 

Wn^UV, \ . 

and so 1F„ tends to a limit W which cannot exceed UV. 

Again, 

F= lim 1F*„ ^ lim U„ F„ = (Urn Un ) . (Um F„), 
and so > UV. 

Hence F = UV. 

Theohem 2. If lun and 1v„ are two absolutely convergent series, 
then (i) Xwn is absolutely convergent, and (ii) its sum is UV. 

Let ®n=|Mil|t'„l + ... + |w„|lril, 

and let = 


To prove (i), observe that 1 m»„ | ^ a>„ and that 2«i>„ is convergent 
by Theorem 1 ; hence 2 m;„ is absolutely convergent. 

To prove (ii) write 

Sn = 2(Mn| and Tn“2|Mn|» 

1 1 

then SnTn—^n is the sum of the moduli of the terms in Un F„— W„, 
and so 

|f^«F„-F„|^|S„T„-nj; 

and since by Theorem 1 Iln~*-ST, it follows that, for » > no, 

|tr„F„-F„i<e. 

and hence F« -*• IT F. 

6’71. Application to power series. 

'From the preceding theorems we deduce that if both the power 

CD CO 

series So*®", are absolutely convergent in the interval (— r,r), 
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then their product Scnas” is absolutely convergent in the same 
interval, where 

Co — Oifiot Cft =» 1+ ... + (tn—1^1 "I" ®n^0* 

If the region of convergence of the two given series is different, 
2c„as“ certainly converges absolutely in the smaller of the two 
intervals, and it may or may not converge outside this interval. 

The reader should observe that without discussing Abel’s theorem on power 
series this is the most that can be proved about the multiplication of two 
power series. 

6*8. The Taylor and Maclaurin series. 

The theorems discussed in §§ 4*45 and 4 46 provided a means of 
obtaining an expansion of /(a 4* h) or of / (h) in a series of ascending 
powers of h up to the term of any order n, and several forms of the 
remainder jB„ (A) were found. We are now in a position to consider 
the possibility of expanding /(a 4- A) (or /(A)) in an infinite series 
of ascending powers of A. 

If we assume that f{w) is a function admitting continuous 
derivatives of any order n, however large n may be taken, it is 
necessary and sufficient for the convergence of the Taylor or Maclaurin 
series that Rn (A) should tend to zero as n tends to infinity. 

If Sn{h) denote the sum to n terms of the Maclaurin series, it 
is a necessary and sufficient condition that 

Sn{h)-^f{h) as n-^oo, 

that, given €, there is a number v{€) such that, for 

\Sn(h)-f{h)\<e. 

Now / (A) = 8n (A) + Rn (A), 

so that the convergence condition is that 

I J2^(A)|< € for n^p, 
in other words Rn (A) 0 as n oo . 

In some cases this condition is found to hold for all values of A, 
but in general iJn(A) only tends to zerof when A is restricted to 
lie between certain limits, for example when — 1 < A < 1. 

* See § 18-6, Theorem 8. 

t The reader should observe that is a function of n, h and of an unknown 
variable $ which lies between 0 and 1. For Taylofi series also depends on a. 
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5^81. Eizamples. 

(1) Let f(x) =» e*, then /<"> (as) = c* and /•“> (0) =» 1 for all values 
of n. Hence Maclaurin’s theorem with the Lagrange form of the 
remainder gives 


= l +*4 


-4* . • . + ; - rr , + ““t 




\ 


where 0< 1. 

To obtain an infinite series for e® we must shew that 
as n~^ 00 , and this is true for all values of as. To prove thisj^ write 
n! = 1 .2.3 - l).n, 

7i! = n(w — l)(n - 2) ... 2 . 1, 
so that (n!)® is the product of n factors of the form p (n —p + 1), where 

1 <p^n. 

Now, whenp>l, 

p(n-p + l)=p(»-p)+p>(n-p)+p = n, 
and so (n!)*>w” 

that is, n!>(\/M)". 

It follows that 


/[x 

«! ^Wr 


^nl 


► 0 as n ->• 00 , 


and so, since c®* < 1 4 iZn (x) -► 0 as w -► X) for all values of x. 


The result also follows from the fact that | x \^jn ! is the general term of a 
convergent sei’ies, see Theorem, § 5*11. 

(2) Let f (as) = log (1 + x), 

thai = = 


By Maclaurin's theorem. 



log(l + a:) = a;-^ + |-- ... 


where 

^ ^ nG+'^J 

(L). 

and 

* 



(C). 


We assume throughout that a; > ~ 1, for otherwise the deriva- 
tives of/(») do not exist in the interval (x, 0). 
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(i) Suppose that a is positive and x < 1. 

Id this case remainder (L) shews that 

1 liji (®) I ~ » 

n 

and so Rn (ic)-^O as w qo . 

(ii) Suppose that x is negative and a? > — f > — 1. 

Here the remainder (C) must be used, and we see that 

1 Rn {^) 1 < YZTt * 

1 — ^ 

for — TT- is a positive fraction; and since 0 < ^ < 1 , it follows that 

1-\‘UX 

Rn (^)~^0 as W — >00 . 

We deduce that 

/r2 /*»S 

provided that* — 1 < a < 1. 

The use of the Taylor and Maclaurin theorems to find expansions 
of given functions in series of ascending powers of the variable is 
limited in its practicability by the difficulty of calculating the 
successive derivatives, and by the unwieldy form of the remainder 
Rn{^)- Iq f*ict it is only in a few cases that i2»(a;) assumes a 
manageable form. 

In the next section a method of expanding a given function in 
a series of ascending powers of the variable is considered which 
may be used in some cases where the direct application of Maclaurin’s 
theorem is impossible because the remainder cannot be easily 
obtained. 


6'82. Example. 


Find an expansion for {(arc sin xf in ascending powers ofx. 
Let/(«)<»i(arcsin«)*, then 




arc sin x 


arc sin a; 


1 arc 81 

and successive derivatives become increasingly more complicated, 
and J2» {x) would be difficult to obtain. 


• For a justiecation that the eum of the series when is log 2, see also § 18*5 
(Example). 
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Let ^s:^(arcsina;)*, then it is easy to see that y satisfies the 
differential equation 

(l-a!*).y,-«yi-l=0 (1). 

Differentiate n times by Leibniz’s theorem, and we get 

(1 - a?) yn^i - 2nxyn+i - n (n - 1) - xyn+i - = 0, 

or (l~a;®)y„+s-(2n + l)a;,y„+i-n®y„ = 0 1.(2). 

Ifive assume that a Maclaurin series eadsts for this functton, the 
coefficients are the values of y,yi,yt,...,yn, ••• when ol 
From the values already found, 

yo = 0. (yi)o = 0, (ys)o=l, 
and from equation (2), by putting a; = 0, 

(yn+2)o = »®(yn)o: 

and so (y*m+i)o = 0, (m = 0, 1 , 2, . . .), 

and (y4)o = 2 *(y 2 )o = 2®, 

(y.)o = 4*(y«)o = 2*.4.*. 


(y2m)o = 2®.4».6*...(2»t-2)* 

On the assumption that the Maclaurin series with these co- 
efficients has the sum \ (arc sin ar)®, we get 

i (arc sin a:)® = -f -I- -g— as* + . . . 


2®.4«....(2to- 2)® 
(2m) ! 




..(3). 


It can be shewn that this series converges if a^ < 1, and diverges 
if®*>l. 

Since we have not been able to find an expression for Rn (®), we 
have not proved that the series (3) is the Maclaurin expansion for 
I (arc sin a:)*. In general, however, when a convergent infinite series 
for /(®) is found by the preceding method, it may be expected to 
represent the function f(x) within its range of absolute convergence. 

What we have proved is that the series (3), which can be shewn 
to be convergent when a;* < 1, has a sum-function, say F(x), which 
is such that if /(a?) = ^ (arc sin a;)®, then 

F(0) -/(O), F' (0) -/' (0), ... , F<»> (0)-/'»» (0), (4). 

We have not shewn that there may not be several functions F{m), 



DOMINANT SERIES 


139 


6-82] 

which are not identical with f(x) for all values of x when a;* < 1, but 
which satisfy the equations (4)* 

The question will not be further investigated here; but in 
Chapter Xlll, where the validity of term-by-term derivation and 
integration of power series is discussed, the reader will find a more 
satisfactory method of dealing with power series. 

5‘9. Dominant seriesf . 

Aseries ao + ai® + a 2 ®*+... + a„a;’‘ + (1) 

is said to be dominated by a second series 

Ro + «a a? + Wa** +...+«««;" -I- , 

in which the coefficients «„ are all positive, if ) tt„ | < a„, for all values 
of n. If we take any part, for example 

®n+l -|- Un^-Z + . . . 

of the first series, its sum does not exceed in absolute value the 
sum of the corresponding part of the dominant series. 

If the series (1) is a series of complex terms 

Oo + ttjA -H Ozr* -f- a„«" -t- ... , 

in which z and the coefficients a„ may be, complex numbers, and 
the coefficients are not necessarily of the same sign, then the series 
lao| + |aik + |ffla|?-*-h..., 

in which r = |x|, is a dominant series, and it is a series of positive 

terma Hence the discussion of the absolute convergence of a series 

of complex terras reduces to the much simpler discussion of a series 

of positive terms. 

* 

Thus, the series ^ ^ ^ ^ ^ ^ 3l ^ * 

which is easily shewn to be convergent for all values of r by the ratio test, 
dominates the complex series 

1 +*+^ + ^+ ( 3 ), 

and the convergence of the series (2) implies the absolute convergence of (3) 
for all values of z. 

By means of dominant series the absolute convergence of any 
series of complex terms is usually easily determined, but the 

• If C («)«£“■ C(0)a0, then, i£J?’(a;)«/(*) + C(«), equations (4) are 

eatifihed. 8ee Examples Y, 17. 
t Franoh, ziriet majorantei. 
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extreme cases, in ifrhich the convergence is not absolute, but may 
be conditional, need separate discussion, and this is frequently ^ 
matter of more difficulty. 

It is not difficult to shew that the binomial series 


in which n and z may be complex numbers, converges absolutely in|«| <1. 
The cases in which that is, in which present a good\deal of 

difficulty and require the application of tests outside the scope of this\jx)ok*. 


5*91. Application of dominant series. 


The concept of dominant series may be used to extend the result 
of § 2*8 to the case when x is complex. 

With the notation of that section, 


5 = 1+5? + 


a? 


(I), 


and 


( , x\^ - X n(n- 

1+- =l+n-+ 

nj n 2 ! 


"^ * * * "^ • 


where n is a positive integer, but x is now a complex number, 
assumed to be fixed. 

Let us write 

5—^1+“^ = Co + Ci^T + C25?^+ 


then + + 

< |co I + Ici 1 Z + |ca I X^+ , 
where X *i®i , and is therefore real and positive. 

Hence f ) j ^ 

where exp X is written for the sum of the series 

I4.r 

+2! + gj + —. 


^ S'or the discussion of the general binomial series, see Bromwich, Inflniu Szriei 
(192$), 287-291; or Knopp, Infinite Seriee, 426. 
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We have shewn in § 2*8 that the right-hand side of (2) tends to 
sero as n-^oo , and so, when x is complex, 


lim(l+5V = s, 


8 being the sum of the series (1). 

We can now define exp^ or e® when x is complex as the sum- 
function of the series (1), which is absolutely convergent for all 
values of x. 

EXAMPLES V. 

1. Examine for convergence or divergence the series for which 
(from some index onwards) has the values 

n(n+l) 3(n-f l)(y^4-2) 1 . 3. (2w- 1) _1_ 

(w4*2)^ ’ n^y/n ’ wMogn 2.4.... 2» 

f l.6.9....(4n-^3 ))g , 1 1 

\ 4.8.12....4W 


%*logn ' 

(l-i)”’, (x>0). 

2 . If a* > 0 , 6,1 > 0 and 2 6„ diverges, shew that, if ajb^^ then 


4' flf'2 . . . + ^ 

61 + 62 4 "... + 6, 




Deduce that if a„ is bounded and 2 a» is divergent, then so is 2 1 — - -g . 

3. If 2a„ diverges, discuss the series 

4 If 2a» is a convergent series of positive terms, prove that 2 (Onan+i)^ 
is also convergent Shew by an example that the converse is not necessarily 
true, unless {a„} is monotonic. 

Prove also that 

2 s/ajn, 2 y/ajn^'^^ for every value of p > 0 

both converge. 

6. Test for convergence the series 

2 3^4 6 

IS** 23*^ 33"" 43'*’’*** 

2 3.1^1+ 

12 *"22 ”^35* 4 -* " 

6. (i) Shew that if ^>0, the series 

l+2x+3*^+4»f,+5‘f,+... 

converges if 4? < 1/a 
(ii) Test the series 

« 4 . I <»(«+c)(<»+ 2 c) 

S b{b+c) 6(6+c)(6+2«) 
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7. Test for ooavergenoe, for all real values of x, the series whose general 
terms are 

(i) («>0). (ii) -f—. 

(a-^ny ^ ' nlogn 

8. Prove that for the binomial series, when x and m are real, 

2 ! nl 

there is absolute convergence if |a?|<1. Shew also that if the series 
converges (conditionally) provided that m > - 1 : if a?** - 1 ther^ is con- 
vergence when m> 0. \ 

9. If a, bf c and x are all real, examine for convergence the hyperg^metric 
series 

^ — c(o+i ) ::; - (c:^i) 'nr 

Deduce the results of Question 8 from this, 

10. Find the limits, as w oo , of the functions 

(log (n 

[See § 6‘3; the answers are 1, 1, oo.] 

11. Prove that, when 1^1 < 1| 

log(l 


] -X 




12. Expand ^2 sin in Taylor series about the point x=^i^, and justify 
carefully the steps. 


13, Expand arc tan 

^ a+x 

its region of convergence. 

14, If 

prove that 


in a scries of ascending powers of x and determine 


^ y/l-x^ * 
(l-x^)^-xy^l 


Hence obtain an expression for y in ascending powers of x, 

15. Prove that the series 

{(i+i)*-(i+W+{(i+i)‘-(i+iW+...+((i+4)*-0+J+i)}+"^ 

converges, but that the series obtained by removing the brackets oscillates. 

[This example shews that we may not, without consideration, omit brackets 
occurring in a series. The series O-hO +04-.. . is certainly convergent to sum 0. 
By writing eveiywhere (1 - 1) for 0 we get 

(1-1)+(1~1)4-...h2(1-1)-0, 

which is correct, but by omitting the brackets we obtain the oscillating series 
the sum of which is 0 or 1 according as the number of terms is even or odd.] 
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16. Shewthat, if J-f 

the sum of the series, when rearranged as followsi 

1+i— 

isfa 

17, Prove that Cauchy’s function 

C {x) = when 474 = 0, C (0) eO 
has a Maclaurin expansion 

0+0.a;+0.4^-f ...+0.47»‘+.... 

Hence prove that the function /(4?)=(7(4?)+e* has a Maclaurin expansion 

l+*+fT + |-! + - 


which, although it is convergent for all values of 47 , does not converge to the 
sum f{x), 

[We have to shew that C* (0) = C" (0) = . . . = (7(”) (0) ==...== 0. 

(7'(®)=|C(;r)(x+0); g’ (0)-Iim ^ ^ A )~ ^(0) „0; 
and by proceeding in this way, if 474 = 0 , 

C^) (x) = C ( 47 ) -f terms of lower degree j- ; (0) « 0.] 

18. Prove that, if a > 1, 

^ ** n«0 (2w) I 1 + a-^'‘47 

is a series which converges for all values of 47 ^ 0 , and has derivatives of every 
order for these values of x. 

Shew also that the Maclaurin series for F{x) is 

OT=0 

and that it is divergent for all positive values of 47. 

[The validity of term-by-term derivation of the infinite series may be 
assumed. It can be shewn that 

^2nm 

whence the required result easily follows. 

This example shews that the Taylor series of a given function /(4?) need 
not converge, if /(jt?) and its derivatives of every order exist and are continuous 
in a given interval.] 


19. If {on} is a positive decreasing sequence and a„ 0 as n 00 , prove 
that the same is true of {6n} where 

in • (<»i 4* + . . . + )/». 

Henoe prove that the series 

®i ** 4 (^ 1 4 <*») 4* J (^*1 + ••• 

iaoobvBigent 
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INEQUALITIES 

61. Introdnotlon. 

Inequalities play an important part in mathematics, \and the 
well-known elementary ones may be found in most text-bpoks on 
Algebra. There are, however, several inequalities, which \nay be 
termed elementary*, of which it is not easy to find proofs\ except 
by reference to original memoirs. These inequalities have become 
especially important because of their frequent use in the theory of 
convergence. In this chapter a systematic account of the more 
important inequalities will be given, and, in addition, some of the 
simpler recent theorems on the theory of convergence of series of 
positive terms will be proved. 

For the sake of completeness the proofs of two elementary 
inequalities will now be givem 


611. The arithmetic, geometric and harmonic means. 

Let oi, Oj, ..., Un be n arbitrary real numbers; their arithmetic 
mean A (a) is defined to be 

Cli 4- 0^2 « 4- cy n 

n 

If the numbers are &\\ positive, the geometric and harmonic means 
are defined to be 


(?(o)*^(oia2...o„), H{a)^ - — - ” . 

“ — 

ai a2 an 


Theorem. 1/ the numbers ui, og, .. . , a„ ore positive and not aU 
equal, then H (a) <0 {a) < A (o). 

We prove first thatf G (a) < A (a), that is, that 




^ Cti-bUg-b ... -f 0„ 


d). 


^ In particular the inequalities of Hdider and Minkowski See 6'42. 

t The proof here given is due to Cauchy (1897). 
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611] TWO ELBMENTART INBQtJALraES f 

Clearly, unless 01= cr*. 

n n - + / qi-gg? ^ + aa\® . 


/Oi + aaV /aa + oA* ^ /' 

aia2«30'4“^( — 2 — j — 2 — ) i 


til 4- 02 + (Xs 4- O4 


4 


^•y 


with equality throughout only when 01 = 02 = 03 = 04; and by 
proceeding in this way we get, if n = 2*", 

... 


Oi O2 . 


.( 2 ). 


If now n is not a term of the set 2, 4, 8, , 2^, let n be less 

than 2”* and write 

^ ^ 014 02+ ... 4 On 


Suppose that in the left-hand side of (2) the last 2^^ — n factors 
are equal to then 

a^(H...k^-n< K + aa + ...+^^ + (2”» -n) _A;|«” 
or aiaa...is"’-»< t*”, 

hence aiaj!...o„< A;” = ^ 

By writing l/un for o» in the above we easily deduce that 
H {a) <G (a). 

6'12. Cauchy’s inequality. 

Let 01,02, bi,b2,...,h„betwosets o/arbitraryrealnumherg, 

then 

(2a6)*<2a».26* (1), 

the equality sign only holding if the numbers a,, bp are proportional 
to each other, that is when Xa, + yh, = 0 (v = 1, 2 n), k* + fi*> 0 . 

To prove this, suppose that X and p are variable, and consider 
the quadratic form 

2(Xa + M&)*HilX* + 2BX/t + GM* (2). , 

The left-hand side of (2) is clearly either positive or zero, and it 
can only be zero if Xa, + pb, = 0 (v-* 1, 2, 

The numbers 4 and C are essentially positive, for they are 
respectively the expressions on the right-hand. side of (1). Hence 
the expression 


4X* + 2BX/a + C/i» 
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can only have the same sign as A (or C) for all values of \ and /a, 
if 

the equality sign corresponding to the case when the quadratic 
expression vanishes. The inequality is therefore established. 


6*2. A fundamental inequality. 

Theorem* i/p > 1, a; > 1, then for all real values of p,\ 

— 1 >p(ic--l) ^(1). 

(i) Let s be a positive integer and let y be greater than l\ then 

sy‘>l+y + f+...+y‘-^ = ^^, 

and if we write a; = y* we get 

«(aV«-l)>(®-l)/a; (2). 

(ii) We have identically 

^ = sj^) - !)}• 

If the expression in the large bracket be divided by y - 1 there 
will bel + 2 + 3 + ...+s = i«(a + l) terms, every one of which is 
not less than 1 ; hence 

.(3). 

Next let r = « + 1, and by writing down the t inequalities of the 
same type as (3) and adding we get 

(4). 

Now replace y* by « and use (2); it follows that 

arJ'-l , ,T.. , 


r/« 


( 6 ). 

r • • # 

(iii) Now let - =pn be a rational approximation to pf ; it is 

clear that t/» tends to the positive limit p — 1 when n-^oo , so that 


* The theorem given here is part of the well-known inequality 
pi'"* ^ - 1) > a' - 1 > p (* - lb > I, I > lb 

ol whlob . proof, for rational valuer of f only, i. given in CSu^sttl'a Jlfitbftt, a 
(1006), 43. Tbo proof here given ie doe to Herdjr, Jauntal London Hath. Soe. n, 68, 
f belowo 
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the left-hand side of (5) is greater than a positive number which 
is independent of n. Hence, in the limit, (5) gives (1) and the strict 
sign of inequality is preserved. The theorem is therefore proved. 

Note. The reader should observe that in the above proof we have been able 
to make a passage to a limit and preserve the sign of inequality. In general a 
passage to a limit causes the sign < to degenerate into This fact is one 
of the chief difficulties which is met with in proving inequalities. The 
degeneration into ^ when a passage to a limit is made usually makes it 
impossible to specify the exact conditions under which the equality sign can 
hold. 

6'3. On the definition of when p is irrational and a? > 0. 

In Chapter l no definition was given of when p is irrational. 
By presupposing a knowledge of the exponential and logarithmic 
functions of a real variable, x^ may be defined as see § 4*33, (3). 

An alternative method is to appeal to Cantor's method of de- 
fining an irrational number as the limit of a suitable infinite 
aggregate of rational numbers. In the preceding section this 
method has been used; accordingly a brief account of Cantor's 
theory will now be given*. 

The essence of Cantor's theory lies in the postulation of the 
existence of the aggregate of real numbers ordered in a definite 
manner by prescribed rules. Any element of the aggregate is 
regarded as capable of symbolical representation by means of a 
convergent sequence whose elements are rational numbers. The 
aggregate of real numbers contains within itself an aggregate of 
objects which is similar to the ordered aggregate of rational 
numbers, already discussed in Chapter i, in the sense that to each 
rational number there corresponds a certain real number. The 
relative order of any two rational numbers in the ordered aggregate 
of rational numbers is the same as the relative order of the two 
corresponding real numbers in the new aggregate of real numbers. 
The rational numbers, although logically distinct from the real 
numbers to which they correspond, are usually denoted by the same^ 
symbolsf. 

♦ For further detaile the reader should consult Hobson, Functions of a Meal 
Variable, x (1921), 27 et seq. 

f This remark has already been made in § 1*5 in connection with the Dedekmd 
theory. Its importance lies in the fact that it obviates logical difficulties, especially 
in coordinating Cantor’s theory with that of Dedekind. For further details see 
Hobson, loc. 


10-9 
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The order of the real numbers in their aggregate is assigned by 
tbe following rules : 

(1) Any conveigent sequence {on}* in which the elements are 

rational numbers, is taken to represent a real number which we 
denote by a. i 

Two such aggregates {un}, (hn) are taken to represent t^ same 
real number if they satisfy the condition that, given e, a value of n 
can be found such that | — bn+m | < c for this value of n ^nd for 

all positive integral values of m (zero included). ^ 

(2) The real number represented by {a*} is regarded as yWoter 
tlion the real number represented by if a value of n can be 
found such that, for this value of n, and for all values 0, 1, 2, 3, ... 
of m, 

^+m *“ bn+m ^ 

where 8 is a fixed positive rational number. 

A similar interpretation is easily given for “less than.” 

Suppose that the number p is defined by a convergent sequence 
{p«} in which all the numbers p„ are rational. We now shew that 
the aggregate {«!’»} is convergent, and the number which it defines 
will be denoted by af 

Now - ajPn+m e: jl — x^n+m-Pn] (1). 

Since every member of the convergent sequence jp„} is less than 
some fixed number, | x^n ] < A, where A is constant. 

If « >1, 

I xPn — xP»+m I < A I xfPn~Pn+ml — 1 1 (2). 

Let n be chosen so that, for all values of m, 

lPn-Pn+ml<l/q. 
where g is a positive integer; then 

« — 1 


a!lPn~fn+mi — 1 < - 

It follows firom (2) that 


1< 


1 + 4 -... 


I xPn — icPn+m | < A . (« — l)/q. 

If g he chosen so that ^ ““y ^ ®® 

chosen that 

I XP» — xPn+m I < e 

for all values of m. Hence {xP»] is a convergent sequence. 
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If ®< 1, by what we have just proved, |^| is a convergent 

sequence, and therefore {«?»} is also convergent (§ 3’23, (3)). 

If ® =s 1, {®P»} * 1. 

Thus it has been proved that in every case {x^n} is a convergent 
sequence if {/Jn} is convergent. 

Since {®P»} X {® 2 »} = {®Pn+»nj, 

it follows that when p and q are irrational the relation 

is satisfied. 


6*4. DeductionB from the fundamental inequality. 

Theorem 1. IfO<p<l,x>l,then 

xP—l<p{x—l) (1). 

This follows at once from the fundamental inequality of § 6*2, for 

if we write - for p in equation (1) of that section, we get 

^ i 1 

®p-l>-(®-l), 

P 

and the desired inequality follows by writing xP for x. 

Theorem 2. If a and b are unequal, and a and /3 are any two 
positive numbers whose sum is unity, then 

a'^bP <aa + b^ (2). 

Suppose that a >b, and write a = x,b-l,a-p, and inequality 
(2) reads 

xP<px + (l—p), 
that is ®p-l<y)(®-l), 

and inequality (2) reduces to (IX 


6*41. Holder’s inequality. 

// 01,0,,... .On; bi,b bn are aU positive, and - + -^1. then 


the eqmlity dgn 
ia a Qonetard* 


2 






holding only if a/ = {v » 1, 2, 


’( 1 )> 


n), where \ 
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By Theorem 2, all the summations being from v = 1 to v = », we 
have* 




tta , fib\ 




that is unless a„ = TJ)^ (v = 1, 2, in which case the in^uality 
sign is replaced by equality. ' 

If ~ and ~ be written for a and /8, and a‘, ¥ are replaced bjr a and 

6, the inequality (1) is established, and the condition for eqvality 
is seen to be that 

a/ = (i/ = 1, 2, . . . , w). 

Corollary. If = 1, then 


w 

This is an immediate deduction from the theorem, for Hblder's 
inequality is homogeneous, not only in the tt„ and but also in 
the sign 2. For all such inequalities sums may always be replaced 
by means. This special form of Holder’s inequality is very im- 
portant in connection with the extension of these theorems to 
inequalities between integrals. 

642. Minkowski’s inequality. 

1 

If Mp{a) = (oi** + 0,1’ -I- ... -f o„i’)*’, where the a, are ail 'positive, 
and p > 1, then 

Mp(a + h)^M,(a) + M,{h) ( 1 ). 

the equality sign only holding ifa,=‘')J>, (v = l, 2, ..., n). 

The simplest proof is a deduction from Hdlder’s inequality t« 
We have identically 

S s 2 (a + 6)1’ s 2a (o + b)P-^ + 26 (o -h 6)i’-i (2). 

n 

* For convenience we eball write Xa for X ap, Unlees the contrary is stated, in 

n 

all the theorems on inequalities X will stand for X, 

1 

f The idea of this deduction is due to F. Bieea, J^quatiom LinSaires (Borel 
Tract), 45. 
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If we apply Holder’s inequality to each sum on the right-hand 
side, and observe that (p — 1) 9 we get 

i 1 I 

8 ^ {(ZaP)P + {tbpy} {2 (a + b)P}T 

i 21 

^{(ZaP)P +(^bP)p] 89 , 

111 
that is Sp ^ (XaP)p + ( 26 ^) 5 , 

which is the same as (1). 

The conditions for equality in each application of Holder’s in- 
equality to the summations in (2) are that 

a,P = \i (a„ + b,yp-^> 9 = Xj (a^ + 

and b^P = Xj (a„ -f 

from which we see that the equality sign in (1) only holds if is 
proportional to b^^ (i/= 1, 2, n). 

643. Methods of proving ineqnalitiea 

In the preceding sections the inequalities of Minkowski and of H5lder have 
been proved by a method which makes them depend upon the fundamental 
inequality of § 6’2. The proofs have been strictly elementary proofs, that is 
to say they have only appealed to Algebra, save where the limiting process 
was introduced to include the case of when p is irrational. Since sP is not 
an algebraic function when •p is irrational, it is clear that no etrictly algebraical 
proof could be given to include this case. The reader should observe however 
that the limiting process which was used to extend the inequalities to include 
the case when p is irrational is the only limiting process involved. 

The inequality of Hblder is a special case of a very general inequality 
proved by Jensen in his classical paper* in which he introduced the concept 
of ** convex functions.” In fact most of the elementary inequalities are only 
particular cases of this very general result. The deduction of inequalities 
from Jensen’s theorem is a simple and elegant method of proof, and this 
method is only inferior to the one given above in that Jensen’s result involves 
an appeal to the elementary theorems of the difiPerential calculus, and therefore 
to the theory of limits and continuity of functions of a single real variable. 

A third type of proof is one which appeals to the theory of maxima and 
minima of factions of several variables. Proofs of the inequalities of Holder 
and Minkowski have been given by F. Eieszt which depend upon the in- 
vestigation of the extreme values of 2 cm? subject to the condition that is 
constant* The proofs are elegant and easy to remember, but they suffer from 
the defect of dependence upon results which are among the later developments 
of the theory of functions of a real variabla 

* Acts Mathematica, xxx (1906), 176 et See § 6*6. 


t Loo. eit. anti. 
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6*6. Convex said eonoave ftinctiona. 


Let ^ (f) be a function defined for all values of t in the interval 
then the function ^(t) is said to be convex if for eveiy 
pair of unequal values ii and tt in (a, P) 




(^i) + ^ (^a) 
2 


.( 1 ). 


If the sign < is replaced by (t) is said to be strictly \onvex. 
When the sign < is replaced by >, the function <!> {t) is wncave 
or strictly concave, \ 


Theorem. l/fHt) be a function defined in (a, /8), and if (i^) 
escists and is not zero, then {f>(t) is strictly concave or convex 
according as <f>" (t) is less than or greater than zero. 

Let ti and ^a be two arbitrary points in (a, /8), then by Taylor's 
theorem with remainder when n = 2, {t^ > h), 

f' w. 

^ f (4^) + <».). 

where ti < n < ^ (<i + ^ 2 ) < tj < <|. 

By addition it follows that 

according as (t) ^ 0. This proves the theorem. 


Theobem. 1 / <f>(t) is strictly eonoave in (a, /8), and if if>" (t) 
exists, then (t) $ 0. 

If A > 0 and the points t ± A are in (a, fi), then, since <f> (t) is 
strictly concave, 

2 <f>it)>tf>it-h) + <l>{t + h) ( 1 ). 

Now, by Taylor’s theorem, §4*6, 

^ (t + h) ^ 4 , (t) + Af (<) + (r ft) + «x) (2), 

<^it-h) = 4it)- 14' it) + (f ' (<) + •,) (3), 

where cj and ei tend to zero as A-»-0. 
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By adding (2) and (3) and taking account of (1), it follows that 

2^' (<) + €l + €j < 0, 

and on making h-^0 that 

r(0<o. 

Similarly, if ^ (<) is strictly convex, 


6'51. Generalisation of the convex property. 

The property of a convex function can be generalised as in the 
following theorem. 

Theobem. Jf <1 , are n arlntrary values of t in the in- 

terval (a, i3), and if <f> (t) is cornea; in («, /3), then 

tj, ^ + + <l>(tn) 

The proof follows the same lines as the one given in § 611 for 
the theorem on arithmetic and geometric means. 

The reader is advised to write out the formal proof as an exercise. 


6*52. Jensen’s theorem. 

Let obx,at, ...,an be arbitrary positive numbers; then, if it" (f) 
exists, and i> (t) is convex in a ^ j5. 


Q'iti -f* 02^52 • 

. . 4- (InffA 

^aii>(ti) + aii>(ti) + 

. . . 4* an(f> (tn) 

^ fti •+■ tta H” • • 

. + On / 

^ «! + 0f<2 4* . • . 

4'ttn 


( 1 ). 


Since (t) exists and i> (t) is convex, i" {t) > 0. Write 


Qjfi + a jf^ 4~ ■ 
ai + a* + • 


. ^ Untn 

+ a» 


(2). 


then^ by Taylor’s theorem with remainder when n = 2, 

^ (t,) = ^ ()S) 4- {t, - fi) f (jS) + r (%) . . .(3), 


where t,<r,<fi. 

Let V « 1, 2, . . ., n, multiply each equation from (3) by ai, oj, . . .,o« 
rMpectively and add, and we get 

J.U\^ j. A,(i \ (t» — (t,,) 

Oiy (ti) 4- tt^y (fz) + • . . + ani>\tn) j 

oj + a*+... + o» 2^^ 




(*), 
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If ^ (t) is continaous and convex, then the sign of equality can 
only bold if either (i) all the t are equal or (ii) <f> (t) is linear in an 
interval containing all the t, in other words, if (<) =0. 

OoBOLLAET. If ^{t) 18 ooncave, the inequality sign in (1) is 
reversed. | 

Kate. The reader should observe that the above theorem is ex- 
tremely general. Besides the arbitrary nature of the a, , tqe class 
of functions ^ (t) for which (t) exists in (a, j3) is a verj^ wide 
one. Jensen himself claims that this theorem implicitly contains 
almost every known inequality. 

6‘63. Second proof of Minkowski’s inequality. 

The complete statement of Minkowski's inequality is as follows: 

Mp(a + b)4,Mp{a) + Mp{b) ifp^l (1), 

Mp{a + b)'^Mp{a) + Mp{b) ifp^l (2), 

tiw equality signs only holding if a, = \h,{v=>l,2,...,n),orifp = 1. 

Suppose that p + 0, and write 

+ (1 — (v = 1, 2, ..., n), 

1 

and let <f>(t)’= Mp{A) = (Air + + ... + (3). 

Since (<) exists we can use the simple criterion of § 6 5, by 
which the sign of (t) determines whether the function <f> (t) is 
convex or concave. Consider the interval and let ti = 0, 

ftsl, then 

iff'(t)>0, 4(0) + .^(l)>2<^a) (4), 

{Jiy 

By forming the second derivative of <fi (t) we get 

X [(A^ + ...+Anf){AiP-*{ai-biy+...+A^^ (a, - 6,)*} 
- {A^^ (ai-bi) + ...+ An^^ (a, - 6,))*]. 

It follows from Cauchy’s inequality, when suitable changes in 
the notation have been made, that the content of the square 
brackets is certainly positive so long as Hence we see 

that the sign of (t) is the same as that of p - 1. 
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JENSEN’S THBOBEM 


From (4) and (5) we deduce that 

The latter inequalities are equivalent to (1) and (2) above; the 
theorem is therefore proved. 


6‘54. Further deductions from Jensen’s theorem. 


To illustrate the generality of Jensen’s theorem (§ 6’52) two 
other inequalities will be deduced from it. 

(1) The generalisoMon of the theorem of the arithmetic, geometric 
ctnd harmonic means. 

Let = — logt; since ^"(<) = l/t*>0 if t>0, then ^(t) is 
strictly convex in any interval in which t remains positive. 

Hence from Jenson’s theorem it follows that if the numbers 
ai,ai,...,an; ti,ti,...,tn are all positive, and the numbers are not 
all equal, 

fli-fffis + •••+«» ^ / oilog<i+... + anlogt, \ 

^ ^ ai+... + a„ ) 

®ltl "h ^2^2 4" ... + Ontn 
Ul "h <l2 


The second half of this inequality is direct, and the first half 
easily follows by writing l/<„ for tp. 

(2) Jensen* 8 inequality. 

J/ Oi, ai, ,..,an are arbitrary positive numbers, 

1 1 

> (Sa*y, ifO<r<$. 

1 i 

Let >Jr (t) «s (ai^ -1- aa*+ ... a^/ = (Ai -f 42+ ... +4,1^ ...(1), 


where 

The inequality is proved if we shew that ^ (0 is a decreasing 
function of t\ since ylr(t) is positive, we must prove that 0. 


Take the logarithmic derivative of (1), and we get 

t* - .Ailog^i + .-. + ^nlogia _ log (.d, + . . . + An) 


ir(t) 


.4.1 + ... +.4n 


.( 2 ). 
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By the generalised theorem of the means proved above, we have 
Ai logAi+ ... -H log.d.n , /Ai^ ^...^ 

Ai+...+An ^ ^[Ai^... + aJ 

<log(Ai+..,^An) ...(3), 
for since all the numbers Ay are positive, 

-f . . . + < (^1 + . . . + An)^* 

From (2) and (3) it follows that 

and the inequality has been established. 

6*6. Some elementary convergence theorems. \ 

In the preceding sections all our summations have been finite, 
and the question of convergence could not arise. The reader will 
easily see that by making oo the inequalities of Holder and 
Minkowski at once give rise to some simple criteria for convergence 
of series of positive terms. These criteria are not of much practical 
utility, but as immediate extensions of the inequalities they are 
now stated. 

oo 00 

(1) 1/ = 1, and the series and both converge^ 

00 

then so does the series 

1 

00 00 

(2) If p > 1, and Xby^ both converge, then so does the series 

1 1 

2 (a,, + 6.,)^. 

1 

The deduction of (1) and (2) from the inequalities of Holder and 
Minkowski is left as an exercise for the reader. There are, of 
course, corresponding criteria for divergence. 

6*7. Hardy *8 theorem*. 

If K> \ and iln = ui+ u* + ... + a^ is the sum of the first n terms 
of a positive series, then, if the series 2a/ converges to the sum 8, 
the series 

and 

♦ This theorem was first proved by G. H. Hardy, Math, ZeiUchrift, vi 
814-.817. The proof given here Is on the lines of the proof by E. B. Elliott, Jawmal 
London Hath, 8oc, t (1920), 98. 
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will converge to sums 7 omd T, such that 


K—1 \k~1J 

Write tin = AJn, so that 


it being understood that any number with suffix 0 is zero. 

By the generalisation of the theorem of the means, § 6'64 (1), 

hence < (at - 1) «„* + (1). 

For any value of n, we have the identity 


«»* [nUn - (n - 1) Un-i] Un*-^ 

, riK \ n — 1 , 

« (l - ;^) + l<« - 1 ) “." + » Vil 

< {(« - 1) w-n-i - nwn*} (2), 

ty (!)• 

Now let Sn, V„, Tn denote the sum to n terms of the three 
series. From (2), by taking the values 1, 2, » in succession for 


n and adding, we get 

(3). 

Again, by Hblder’s inequality, 

< (|a/) 06/)*"' (4), 

and if we write u, for h, in (4), it becomes 

r„«<S„F„*-i (6). 

From (3) and (5) we deduce that 

w 
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By the data, the sequences {F„} and {T*] are positive mono- 
tonic increasing sequences, and the first is known to have a finite 
limit S as »-*-oo . Hence by making n-*-oo we get 




K 





S, 


which was to be proved. 


6‘8. Carleman’s theorem*. 

If the numbers Oi, Uj, ...» o„. 


are 


all positive, and 


i 


converges to the sum S, then^ if — the series ^gn 

converges to the sum V which cannot exceed e8. 


Lemma. Let 

aj + Soa+.-. + nOn 
n(n-M) ' 

then 26n converges to the sum S. 

In § 2*6 it was proved that when n--^ao the sequence 

gj 4- ^8 4* « « . 4- 
n 

n 

tends to the same limit as the sequence {^n}. Let 5^= 2 On, then 

1 


5^ 01. ai + 2aa %+ 2aa-f3a8 

24- 2.3 3.4 

noi , (n-l)a« . , 

n-l- 1 n-t-l ^n-l-1 


Oi -f- 2ct2 na,^ 

n(n + 1) 



gl4-82+ . . . +8n Si + Sf-f-... -hSn 1 

n-fi “ n 1 + i 


Therefore 



S ean 


00 . 


* The proof is on the linee of that given by E. Enopp, Journal London Math. 
8oe, m (1928), 205. Knopp also proves two other convergenoe theorems, one of whieh 
(see Examples VI, 10) is easily dedooed from Hardy’s theorem, { 6*7. 
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Proof of theorem. 

If is defined in the lemma, we have 

i 1 ? 

gn = (Oio* •••«»»)“ * i («1 • 2a2 na„)» 

(n!)» 

WjtJ A 

(n!)» 

by § 611. 

Ko, 

*J V 1 ^ 1 

80 that — , < e. 


Thus we have 




and by making n oo we deduce that converges, and that its 
sum U cannot exceed eS. 

6*81. The best possible constant. 

It is not difficult to prove that e is the best possible constant in 
the preceding theorem. The method which will be used here is 
one which can be employed in other cases where it is required to 
shew that a certain constant is the best possible. The proof in this 
case is suflBciently simple to be given here as an illustration of the 
general method of procedure. 


Write 


a«sas- for n = l, 2, ..., m, 
n 


a„ = 0 for w > 7W» 
we then have to prove that 

f 

lim \ ^ — 

00 I 

tt |-»00 ^ ^ 

z an 

) 


» m / 1 \ i 


So, 2 - 

i i» 
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1 . - . , 
and since S - diverges, by Examples Y, 2, if m/(m !)*” tends to a limit 

asm-*- CO, the right-hand side tends to the same limit. It remains 

therefore to prove that tn/(m\)” tends to the limit e as m oo . 

If «B» = »re™/n» ! we see that 


Urn \ m } ’ 


■which tends to e as m -*■ oo . Hence, by a theorem given ii^ § 5’3, 


(Mm)** tends to the same limit e. 

This proves that e is the best possible constant in Carleman’s 
theorem. 


6*9. Hilbert’s theorem. 

If dm >0 and converges, then the double series* 

«s«m + n 

also converges. 

From Hardy’s theorem when « = 2 we deduce that if con- 

a A 

verges to the sum S, then S converges to a sum T, and T ^ 25. 
Now 




Ot 


n-t-1 n + 2 


2n 


Ul + Uj + ... + An 


— ...( 1 ); 
n ' 


^ a 

but the left-hand side of (1) is 2 — — , and so 


Om 


II 

®n ^ TO . _ 
in«l Wl + 71 


OnAn 


hence 


2 


a 


m ^2 — y 


.( 2 ). 


m=l7U+7l „ 71 

Hence, since the left-hand side of (2) is the sum of a double series 
of poffltive terms 2 -2^ in a way which certainly- includes all 
the terms, this double series converges. 


♦ For the general theory of double eerles, eee Bromwich*8 Infinite Seriee (1020), 
Ch. ▼. The fundamental result about double seriee of positive term is that if aucii 
a series converges to a sum 8 in any way, it will have the same sum if summed in 
any other way so as to include all the terms. 
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It can be shewn that 

and that tt is the best constant possible. Since most of the simpler 
proofs of this result involve the integral calculus no further dis- 
cussion of the theorem will be given here. The reader is referred 
to Examples VIII, 16. 


EXAMPLES VI. 


1. Prove that if n positive numbers have a definite sum nc, their product 
cannot exceed and the sum of their squares lies between nc^ and 

If there be four positive numbers whose sum is 4c and the sum of whose 
squares is 8c^ prove that no one of them can exceed (^3+1) c. 


2. Examine whether the following functions are convex or concave, 

(i) r” (0 < wi< 1), (ii) log r, (iii) r^(m>l,orM< 0), (iv) t log 
in any positive interval for t; 

(v) log(l+cO, (vi) (c>0). (vii) 

in any interval for t. 

3. By writing = (^>1> ^>0), deduce Hfilder’s inequality from 

Jensen’s theorem. 


4. If = K>0,v = 1,2,...,«), 

prove that/(0 is monotonic increasing. Deduce that 

(u if 0 < r <«. 


Shew that the latter inequality is also deducible from Hdlder’a 
[Write calculate the logarithmic derivative of \ and shew that 

>0 by applying the generalised theorem of the means, see § 6*54.] 


5. Evaluate/( - 1), /(O) and /(I) from as defined in the last question; 
and hence deduce the theorem of § 611. 
f/(0) is taken to be lim 

Shew also that the theorem of § 6*11 may be deduced from the definition 
of a generalised convex function (§ 6*51), by writing (0«log t 


6. Prove that if 0 (^) be a bounded function which is convex (or concave) 
in o < < O, then <f> (t) is a continuous function of < in (o, /3). 


/A 


II 
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7. Prove (hat if ji>+g+r=l, and all the numbers involved are positive, 

(S6»)»(Sc,y. 

1 

8. From Jensetfs theorem, by writing 0(f)wdog^, shew that 

^ / fli log ai + log ag 4- . . . +an^n log <^\ 


9. Examine the convergence of the series 

+ (02), 


where a is any constant. 

10. Deduce from Hardy’s theorem (§ 6*7) that if 0 <;)<!, a»^0, and 
2 Qn converges, then 


on 

2 

n=l 




I 


11, If all the numbers are positive, prove that, unless ^/a»y/6, 

rlog^ +ylog| >(af+>/)log^^ . 

12. If (x) is positive and twice differentiable, shew that a necessary and 
sufficient condition that log (l> {x) should be convex is </> (^"-<^'*^0. 

18. If <l>{x) is }) 08 itive, twice differentiable nnd convex, prove that the 
same is true of 

(i) (#^1, x>0)f (ii) 

t 

14. The set of numbers Oj, a^, ... is such that 

a»-2a,+i+a,+j>0 (»=!, 2, 2«-l); 

prove that 

®l + ®3+ ••• +®*» + 1 + +<*ai 

TO +1 ’ 

the equality sign bolding if the numbers are in arithmetioai progression. 
Deduce that, if 0 < « < 1, 
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INTEGRAL CALCULUS 

71. Introduction. 

At the outset we shall distinguish carefully between definite and 
indefinite integration, which, although there is a connection between 
them, are processes which differ fundamentally from each other. 

Indefinite integration is the process which is the inverse of 
derivation, and the two problems can be stated as follows : given 
a function y = f{x) of a single real variable x, there is a definite 
process whereby we can find (if it exists) the function {x) such 
that 

w 

We have already seen that 

whenever the above limit exists. The inverse process is not so 
simple: given the differential equation (1), we have to find the 
function f{x). Thus the problem of indefinite integration is to find 
the function f{x) whose derivative is the given function <^(«). 
Although rules may be given which cover this operation with 
various types of simple functions, indefinite integration is a 
tentative process, and indefinite integrals are found by trial. 

It is also a problem which possesses no unique solution, for if 
fix) is any one solution of the differential equation (1), then so is 
fix) + c, where c is any arbitrary constant, since the derivative of 
a constant is zero*. 

The terminology “indefinite integration” is sanctioned by usage, 
but from the point of view of this treatment the process would be 
better described as the “calculus of primitives,” retaining the word 
“integration” for the process known as definite integratioa The 
use of the term “primitive” would help to emphasise that indefinite 

* Sinoe the solution is not unique only beoeuse of an arbitraiy additive eotwtant, 
the non-uniqueness is really trivial. It is, however, highly important to realise that 
there is an arbitrary constant in the solntion of the differential equation. 


Il-S 
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integration is really the process of solving a differential equation 
of the first order, such as (1), for in the theory of differential 
equations the solution y « f{x) -f c, where c is an arbitrary constant, 
is called the complete primitive^ 

A definite integral may be described as an analytical substitute 
for an area. In the usual elementary treatment of the d/efinite 
integral, defined as the limit of a sum, it is assumed th^t the 
function of x considered may be represented graphically, and the 
limit in question is the area between the curve, the axis of k and 
the two bounding ordinates, say at a? = a and = 5. \ 



0 a h 


Pig. 15 

If y = f{co) is the function considered, the geometrical notions 
point to the existence of an area A, and the analytical substitute 
for its value is the definite integral 

( f(,x)djc. 

J a 

The formal definition of this integral is given in § 7*2, on the 
lines of the treatment of Riemann*, who was the first to give a 
rigorous arithmeticalMreatment independent of all appeal to 
geometrical intuition as an element of proof. The reader should 
observe that even among continuous functions there are many 
which cannot be represented graphicallyf, and for this reason alone 
it is necessary to replace the traditional discussion by a method 
which is purely arithmetical and independent of ail geometrical 
intuition. 

* “liber die Darstellbarkeit einer Fanktion duroh eine trigonometrisohe Beihe,” 
Cnttingen Abk. Oet. Win. sm (1866). 

t Bee, for example, WeieretragB’i function mentioned in gd'St ;alBo Examples IV, 5. 
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711. Primitives and integrals. Notation. 

The class of functions which possess an integral is a wider class 
than that of the functions which possess a primitive. 

The function ^(3!)=0 when *+0, ^(0)=»1, is a function which in any 
given range of values of x (including or not including the point a’= 0) possesses 
a definite integral* whose value is (). This function has no primitive, for it is 
impossible to find a function f{x) such that/' {x)^<f) {x). 

The important point is that a definite integral can be defined, 
and all its properties can be deduced from the definition without 
any knowledge of the calculus of primitives at all. It is only when 
we require to evaluate an integral that we make use of primitives. 
To justify this we require the fundamental theorem of the integral 
calculus t which is not easy to prove. 

Notation for indefinite integrals. 

If we suppose that y = /(aj)-fc is the complete primitive of the 
differential equation 



then the generally accepted notationj is to write 

Example. Suppose that we wish to calculate the area between the curve 
y—x'^^ the axis of x and the ordinate at a-’=l. 

The area in question is 
1 

x^dx, 

0 

and the ordinary process of elementary integral 
calculus involves the use of the calculus of 
primitives. Since 

we conclude that 

* See § 7*S1, Theorem 8. The single point of discontinuity can be enclosed in an 
interval whose length is less than e, and the value of the integral is unaffected by it. 
t See i 7*6 below. 

$ The use of the sign j for an indefinite integral as well as for a definite integral 
does not help the beginner to keep the two ideas distinct from each other. From this 



Fig. 16 
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The reader has probably carried out this process a great many 
times without realising that it needs a good deal of justification. . 
It uses the result that if f{x) be the function which satisfies the 
differential equation 

then the definite integral 


\\(x)dx^f{h)-f(a). 
J a 


This result is called the fundamental theorem of the integral 
calculus, the proof and discussion of which are given in § 7*6; 


7*2. Definition of the Riemann integral. 

Let /(x) be a function which exists and is bounded in the 
interval and suppose that m and M are the lower and 

upper bounds of /(w) in (a, 6). Take a set of points 

0!'o^ df » • • • > » • • • » ~ ^ (IX 

and write 8,. = — ^r— 1* 

Let Mr, Dir be the bounds of /(x) in (Xf^i , Xr), and form the sums 

<8= i MrK. 

r«l 

n 

5=2 MrSf. 
r^l 

These are called respectively the upper and lower approximative 
sums corresponding to the mode of subdivision by the points (1). 

From the definition of S and 8 it is clear that 

8^8. 

If we vary the mode of subdivision of (a, 6) by choosing different 
points of subdivision, we get a set of different values for S, and a 
set of different values for 8. All possible upper sums 8 are bounded 
below, for since every > m, a rough lower bound of the set {/Sj 
is tn (6 — a) : the set {8} therefore possesses an (exact) lower bound 
which will be denoted by J. Similarly the set {«} possesses a 
definite (exact) upper bound which will be denoted by /. 


point of Tiew it in perhaps not the best notation to nse. The notation ysxB^^f{x) 
suggested by the theory of differential operators could be used, but it is not in 
accordance with custom. 
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The numbers J and I are of fundamental importance; they 
are called respectively the upper and lower integrals of fix) in 
(a, h), and written 

J-\ fiir)dx, 1= f fix)dx. 

J a Jft 

Jf I = J, f {x) is said to be Riemann integrable {or integrable-R) 
in (a, b), and the common value of I and J is the integral of fix) 
between the limits* a and b; and the integral is denoted by 

f fix)dx. 

J a 

If I the function f(w) is not integrable-JB in (a, h\ 

The only assumption which has been made about /(a?) is that 
it is hounded in (a, 6). It does not follow that every bounded 
function is integrable, for there are bounded functions for which 
We subsequently prove that every continuous function is 
integrable, but integrability-JB extends to a class of functions wider 
than the class of continuous functions. 


Oeometrical interpretation* 

If we suppose that f{x) possesses a graph, let the graph of y «/(ar) from 
a? a to ^==6 be as shewn in the figure. 

In the case illustrated, y^f{x) is 
taken to be a continuous function in 
(a, h)y but that is not essential. For the 
particular mode of subdivision shewn 
in the figui’e, the sum S is the sum of 
the areas of the larger rectangles such 
as and the sum s is the sum 

of the areas of the smaller rectangles 
such as AP^LxNi, The figure suggests 
easily that by varying the mode of 
subdivision of (a, 6) there will be different 
sums SbxA 3 and that the area required 
(geometrically suggested), namely, the area between the curve, the axis of x 
and the ordinates at and x^h^ must lie between any value of S and any 
value of a 

The above definition is not satisfactory until we have proved 
analytically that any value of 8 is not exceeded by my value of $, 

* The use of the word limits ” in this sense has the sanction of custom, but a 
more appropriate term would be “ extreme values ^ or termini,*^ as suggested by 
Lamb, Iiifinitesinal Calculus (1897), 209. 


|L, 


IN, 


Fig. 17 
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We have to give the analytical demonstration of the fact, so readily 
suggested by the above geometrical consideration, that the area 
required always lies between any two selected values of 8 and s. 
We now, therefore, prove the theorem that the number J is greater 
than or equal to the number I. 

I 

Theorem. The number I cannot exceed the number J, j 
Divide each of the intervals (a, x^^ f) into 

smaller sub-intervals so that the new set of points of subdivision is 

^9 Vli 3/2» Vh-^ly yA;+2> •••> y/-l» ^2»yi+l» •••> ^4^ 

Let 2 and a be the upper and lower sums for this new mAde .of 
subdivision. This new mode is said to be consecutive to the first 
mode of subdivision of (a, b). 

Let us compare the parts of the two sums S and 2 arising from 
the interval (a, If Mi, are the bounds of f {x) in 
yi)» •••! lihe bounds of f{x) in Xi\ then the part 

of 2 in question is 

Ml (?/i - a) + (yz - + . . . 4- Mk' {xi - yj,^{) . . .(1), 

and since Mi\ Mz\ Mjc' cannot exceed ilfj, the expression (1) 
clearly cannot exceed 

Mi(xi-ay 

Similarly the part of 2 arising from the interval (xi, x^) cannot 
exceed 

Mzixz-xil 


and so on. Hence by addition 

( 2 ). 

Similarly we can shew that a '^s (3). 


Now suppose that 8 and s, S' and s' are the upper and lower 
sums corresponding to any two given modes of subdivision of (a, b). 
If 2 and a refer to the mode of subdivision obtained by superposing 
these two, from (2) and (3) we deduce that 

2 < /S, X ^ 8' ] a^s' ] 

and since 2 > <r, it follows that 

s' ^8 and s%S'. 

Thus, since any upper sum is not exceeded by any lower sum, we 
must have 

J^L 
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Corollary. Adding new points oj subdivision cannot increase 8 
and cannot decrease s. 

This follows at once from the theorem, and is contained in the 
inequalities (2) and (3). 

We deduce at once from this corollary the important result that 
if by continued subdivision we obtain a sequence of upper sums 

^1,^2, (4), 

and a corresponding sequence of lower sums 

5i, ^2, 58, (5), 

it follows that 

Jf (6— ••• 

and — 

Thus the sequence (4) is monotonic decreasing and the sequence 
(5) is monotonic increasing; and, by the theorem, no s exceeds 
any 8. 

The sums 8 and s certainly depend upon the way in which the 
subdivision is carried out. In fact, for any given mode of subdivision, 
the sums 8 and s are both functions of Sr and of n (the number of 
points of subdivision in the particular mode selected). If we can 
find a definite limiting process, then the two monotonic sequences 
(4) and (5) will tend respectively to their lower and upper bounds. 
The limiting process chosen is that of making n tend to infinity in 
such a way that the length of the greatest of the sub-intervals Sr 
shall tend to zero. 

The reader should observe that the definition given above of a 
definite integral depends only upon the concept of a bound, and 
does not involve the concept of a limit at all. Bounds, though 
theoretically more simple, are not so convenient for formal work as 
limits ; we therefore give a definition which depends upon a limiting 
process of the kind to which we have just referred. 

7*21. Definition of an integral as a limit. 

Subdivide (a, 6) into n sub-intervals by the arbitrary set of points 

ay 5 ?! , X%y . . . , 

a subdivision of (a, h) which we denote by D. 

As before, write Sr and let the length of the greatest 
of the sub-intervals Sr be denoted by S. We speak of S as the norm 
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of the subdivision 2). In each sub-interval Sr choose any point fr 
(which may coincide with either of the end-points of Sr) and form 
tile sum 

r*l D 

Now make S-^-O. If Jt tends to a limit which is indepen(jlent of 
the choice of the points we write 

lim 

£-•>0 J a 

This definition of a definite integral is the one usually givfen in 
elementary treatises on the Calculus. It remains to shew that this 
definition is equivalent to the definition which has been given in 
§ 7*2 above. The equivalence of the two definitions is a consequence 
of the theorem which follows. 

7*22. Darboux’B theorem. 

Given e, there is a positive number 0 such that, for all ynod^ of 
subdivision whose norm does not emceed 6^ the sums 8 are greater 
than J by less than e, and the sums s are smaller than I by less than 
6. In other words the sums 8 and s tend respectively to J and I as 
n-^oo in such a way that the length of the greatest sub-interval tends 
to zero. 

T?o fix the ideas, consider the upper sums 8. Since the upper 
sums have a lower bound /, there must be at least one mode of 


subdivision with an upper sum 8% (say) such that 

8i<J^€ ( 1 ). 

Let this mode of subdivision, consisting of the points 

a, tti, Ozf ••• , ap^xy h (2), 


be Di. Let ^ be a positive number so chosen that the lengths of 
all the sub-intervals of Di are greater than 0, 

Let A be the mode of subdivision by the points 

Xn-=b (3); 

let 8jt be its upper sum, and suppose that the norm of Dz does not 
exceed 0. 

Let jDa be the mode of subdivision obtained by superposing Dt 
and Da. If the upper sum for this mode be Sz^ we have 

8i>8z. 
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and so from (1) it follows that 

Sa<J + e .....(4). 

The theorem is proved if we shew that & may be so chosen that 

8% iT" 4" 2 €j 

for St is the upper sum for any mode of subdivision Dt whose norm 
does not exceed 0. 

Since each sub-interval of Di has a length greater than 0, and 
the length of each sub-interval of Dj does not exceed 0, no two of 
the points ai, oj, , ap_i can lie in the same sub-interval of Dj 
whose points of subdivision are given by (3). 




Fig. 18 


The contribution of those sub-intervals of Dt which contain no 
point of the set ai, at, ... , ap_i is the same toSt&s to 8$, and so 

St ~~ St — X {ilf 1» ®r) ■” ^r— l) ~ (®r— 1> ^t) (fli ” ®r— l) 

-M{at,Xr)iXr-at)} (5), 

where the summation extends only to such intervals Xf) of 
Dt as contain a point at of Di, and M {x^, x^) denotes the upper 
bound of f{x) in («,, ic^). 

Now there are at most p — 1 terms in the summation (5), and if 
we rewrite (5) in the form 

jS* — St ** X (®r— 1> M (iCr— 1> ®i)) (Ut ~ ®r— l) 

+ {M{Xr.i, Xr) - M (at, Xr)] (Xr - Ot)], 

the differences M ,Xr)-M (xr-i , at) and M (av_i, Xr)-M (at.Xf) 

are both non-negative, and certainly cannot exceed 2H, where H 
denotes the upper bound of \f(x) | in (a, 6). 


Hence St~~8f%2H^(Xf — Xr^t), 

the summation having at most p - 1 terms, and av - «r-i < thus 
St- St 4,211 (p- 1)0 


and so, by (4) 


8t4J+e + ^H(p-l)0. 


If now 0 be chosen so that 


0 < 


2H(l-iy 


St < + 26, 


we get 
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A similar argument holds for s and J, and by taking the smaller 
of the two numbers 0 involved, the same 0 can be made to satisfy 
the conditions for both S and s, and Darboux’s theorem is 
established*. 

7*23. The importance of Darboiix’s theorem. 

It is now easy to shew that the definition of a definite integral 
as the limit of a certain sum, given in § 7*21 above, is equivalent 
to the first definition in terms of bounds, for the sum 

■^4 = 2 fi^r) (a;, - asr-l) \(1) 

. V . 

certainly lies between S and s for the particular mode of subdivision 
adopted, since 

By Darboux’s theorem we see that when the number of points 
of subdivision Xr increases indefinitely in such a way that the norm 
8 tends to zero, then 

and 

Thus when f{x) is integrable, so that J= J, the sums S and s have 
a common limit which must coincide with the limit of the sum- 
mation (1) as 8 -► 0, for S ^ 

Also, if tends to a limit as 8 -► 0, both & and 8 tend to the same 
limit: for given the points we can, by choice of f,., make as 
near as we please to B or as near as we please to Thus 

lim c/s = lim = J. 

In particular, in the definition of the integral as a limit, ir naay 
be taken to coincide either with Xf,^i or with Xr, 

7*3. A necessary and sufficient condition for integrability. 

Since it is clearly sufficient for the integrability of any 
bounded function f{x) in a^x^b, that 

J^I<€. 

Theorem. It is necessary and sufficient for the integrability of 
the bounded function f(x) in (a, b) that for at least one mode of 
subdivision the sums S and s shall differ by less than c. 

* Although in the enunciation the sums 8 are to be greater than J by less than e, 
we have proved that 82 <J + 2e, but by f 2*66, Lemma 1, this is trivial. If equation (1) 
had been written 5i<i7‘+ie, the fintj reenJt could have been 6fs<f7’+e. 
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(i) Suppose that S-s<e, 

then since « < 7 < S, 

it follows that J — I ^8 — s<e. 

The function is therefore integrable; and so the condition is 
sufficient. 

(ii) It is also necessary, for if / (x) is integrable in (a, 6), / = 7. 
Since 7 is the upper bound of the lower sums, there is at least one 
value of s such that 

s>I — \e. 

Similarly, there is at least one value S' of 8 such that S' < J + Je; 
hence, with the notation of p. 168, 

J + \e>'i'S:a>I-\e, 

and so 2 — o< J+|€-(7 — ^e) = 7'— 7+e, 

and since *7=7, 

2 — CT < €. 

Other necessary and suflScient conditions for integrability may 
be given*, but for the purpose of this book, the one given above 
suffices. 

7'31. Classes of bounded integrable functions. 

Theorkm 1. Every continuous function is integrable. 

Suppose that f(x) is a continuous function in then by 

§3’44 (Corollary) the interval (a, 6) can be divided into a finite 
number of sub-intervals in each of which the oscillation of /(«) is 
less than e. Suppose that 

Xq “ a, *^1, • • • I ^ 

is a set of dividing points satisfying this condition, then 
8 •*- 2 (.r,. “ ^,**. 1 ), 

s — 2 nif (a^f “ iCf— 1 ), 

so that 

S - S = 2 (ifr - TO,) (av - Xr-i) 

< %e{Xr — Xr-i)^el,{Xr-Xr^l)<=‘e(b — a), 

and so f{x) is integrable in (a, b). 


* See, lor exoiaple, Fierpost, Theory Ainetionx, i, § 498. 
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Thborem 2. Every hounded monotonio fundian is integroMe. 

Let /(«) be each a function .in (a,b). If /(«) ia constant the 
theorem is obvious. To fix the ideas suppose that f(x) is increasing. 
Divide (a, b) into n equal intervals of length B, where 

*</(6)-/(a)’ 

then 

S-s = S[{/(«^x)-/(a)} + {/(^*)-/(a;,)} + ... + {/(6)-/yar^0}] 

= B{fib)-f(a)} 

<«• _ _ \ 

Theorem 3. A bounded function whose discontinuities can he 

enclosed in a finite number of intervals whose total length is less than 
€ is integrahle in (a, b). 

In the sub-intervals which do not contain discontinuities of f(x\ 
this function is continuous. Denote those sub-intervals which con- 
tain discontinuities by “d” 

Now - 5 « 2 (Mr — Mr) (Xr — 

In any d-interval Mr — may be large, but since / (x) is bounded 
Mr — nir^M- m, where M and m are the bounds of f(x) in (a, 6). 
Thus 

S'-S^ (M — m) 2 (Xr — Xr^i) 4* € 2 — Xr^i) 

d (a,6)-d 

< (if — ?n) € + € (6 — a) = ICC, 

where /c is a constant. 
f (x) is therefore integrable in this case. 

It can be proved that if /(a:) is bounded in (a, b) and the points of dis- 
continuity are infinite in number, then f{x) is integrable in (a, h) provided 
that the points of discontinuity can be enclosed in an infinite number of 
intervals of total length less than c. 

The proof of this result requires a more profound method than the preceding 
theorem, and it is outside the scope of this book'^. 

The reader should have no diflBculty in establishing the following 
theorems, of which detailed proofs are not given here. 

Theorem i. If f (x) is integrable in (a, b) it is integrahle in (a, fi), 
where a<a<fi<b. 

* VoT % proof of this, and of other theorems on Biemann integrability, see 
Hobson, Functiom of a Real VariabUf x, 483-440. 
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Theorem 5. If ths function f (x) u integrable in (a, 6) then every 
other function g {x) obtained by altering the value off {x) at a finite 
number of points of (a, b) is integrable ^ and 

f f{x) dx^ f g (x) dx. 

J a J a 

Note on the proof. 

The points at which f{x)4‘g{x) can be enclosed in a finite number of 
intervals of total length less than and so the part of « arising from 
these intervals is less than <c€, where «c is a constant. From this the Integra* 
bility of g{x) follows. That the integrals of f{x) and g (x) are identical in 
(a, b) can be easily proved by employing the definition of an integral as a 
limit (§ 7*21). 

7*32. Examples. 

(1) Consider the function 

f(x)=0 token X is an integer^ 
f{x)^\ oihervdse^ 

in the interval (0, w), where m is a positive integer. This function is integrable, 
for its discontinuities are finite in number, being situated at the points 
1, 2, . , w. By Theorem 3, if each of these points be enclosed in an interval 
of length less than </m the total length of the “cf” intervals is less than f, 
and &of{x) is integrable. 

(2) A hounded function lohich is not mtegrahle is the following: 

/ (a?) — 0 when x is rational, 

/ (or) = 1 when X is irrational ; 
this function is not integrable in any finite interval (a, h\ 

For this function, clearly ifs=l, m=0; and suppose that 

= U-i, X2y •••> 

is any mode of subdivision of (a, h). In any interval 4v), however 

small, there will be values of f(x) which are unity and values which are zero, 
andsoifr=l, ^«=0(r«l, 2, Thus 

and 80 ^-s« 2 >~a, and the necessary and sufficient condition for integrability 
is not satisfied. 

The above example is interesting because, although it is not Riemann 
integrable, it is integrable in the sense of Lebesgue*, to whom a more general 
definition of an integral is due. The main object of Lebesgue’s work was to 
remove the limitations on the integrand required in Riemann’s treatment. 
The definition of a Lebesgue integral depends on the concept of the measure 
of a set of points, and so is outside the scope of this work. 

^ See Lebesgue, Legom mr VlnUgration (Paris, 1904), and de la 7all4e Pouesin, 
InUgraXes ds Lebesgue (Paris, 1916). 



176 


INTEGRAL CALCULUS 


[CH. vn 


7'4. Properties of a definite integraL 


Let /(«) be a bounded function which is integrable in a<z<6, 
then by definition 

I. 


Also we have 

II. 

III. 


^ fix) dx = - dx. 
tb 

dx — h — a, 

J a 

[ kf{x)dx-k \ f{x) dXf 
J a J a 


where i: is a constant. 

The proofs of Theorems II and III are simple, being direct 
deductions from the definition, and so they are left as exercises for 
the reader. 


IV. If c he a point in (a, 6), and if f {x) is integrable in (a, 6), 
then 

[ f{x)dx’\’ I f{x)dx^ f f{x)dx, 

J a J c J a 


Consider any mode of subdivision of (a, 6) of which c is not one 
of the points of subdivision: by introducing c as an additional 
point, S is certainly not increased. But the sums S for the intervals 
(a, c) and (c, b) given by this mode of subdivision are respectively 
not less than 



thus every mode of subdivision of (a, b) gives a sum S such that 

f f(x)dxi‘ I f (x) dx (1). 

i a J c 


Similarly every mode of subdivision of (a, b) gives a sum 8 such 
that 

/(x)dx+ j fix) dx (2). 

J a Jo 

Since f(x)dx exists, S and s are arbitrarily near, and so it 
J a 

follows from (1) and (2) that 

I fix)dx^j f(x)dx+j fix)dx. 
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V. If f {as) and g (w) are both integrable in (a, b) and /{ie)'^g (x) 
at every point of (a, 6), then 

f fif)dx-^ [ g{x)dx. 

Ja J a 

Let Mfy nfir be the bounds of f{x\ Mf\ mr those of g{x) in 
Xf). Since f{x)^g {x) in we have 

and so S'^S\ $^s\ 

From this it also follows that 

which proves the theorem. 


VI. If f (x) and g {x) are both integrable in (a, 6), then f(x) -f g (x) 
is integrable^ and 

rb fb * rb 

{/(®) + 9 (®)} = /(«'■) *^^+ 9 (^) 

J a J a J a 


Subdivide (a, b) as usual, and let the bounds of f{x) and g (a?) 
be as in V. Let M, and m, be the bounds of f(x) + S' (®) in 

Xr). 

From the definition of an upper bound we have, in Sf, 
f(x) + g (®) ^ ITr + h//, 
and so it follows that in Sr 


Mr ^ Mr + Mr'*. 

Similarly m, ^ m, + m/. 

Hence, with an obvious notation, 

• >« + «' j 


( 1 ). 


Observe that we have to prove that f{iv)+g (x) is integrable: 
this does not necessarily follow because /(®) and g(x) are 
separately integrable. 

From equations (1) we get 


!>/ + /' 


( 2 ); 


* If 0(3t}=l-x in (0, 1), then clearly af«l, «i*l, and ao 

„ P A 


14 
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but Jwi I and J' * I', hence it follows that 

J-I, 

and 80 (i) fix) + ^ («) is integrable and 

(ii) f {/(x)+ff(x)}da!= ( / (x) dx + Tg (x) dx. 

J a : a J a i 

Corollary. If the functions fiim), fi{x), ...,fp{x), where\p is a 
fixed integer, are all integrahle in {a, b), then so is their sutk, and 
also \ 

f {/i(^) + "*+/p(^)}^= f fi(x)dx + ...+ f fp(x)dx.\ 

J a J a J a \ 

The proof easily extends step by step from the result of VI, 

VII. If fix) is integrahle in (a, h), then so is \f (a.')(, and 

I f 

Define the functions fiix) and ft{x) as follows: 

fi (^) = / (^) when / (a) ^ 0, 

= 0 otherwise ; 

/a (u’) = -/ (x) w'hen / (x) ^ 0, 

= 0 otherwise. 

Then f{x)^fx{x)-f2(it) and \f{x)\-^fx{x)-^f2{x). 

Now the oscillation of fi {x) or of /a {x) in any interval cannot 
exceed that of f{x) in the same interval, hence since f{x) is in- 
tegrable, so are fi {x) and {x), and so, by VI, fx (x) /z (x) is 
integrable; in other words |/(^)1 is integrable* 

Now 

f f(x)dx^ ( /i(x)dx - [ fi{x)dx, 

J a J a J a 

and BO j J / («) da: j ^ j J /i (ar) da; j + j I /j (ic) fits 

=» f fi(x)dx+l ft(x)dx, 

J a J a 

since /i (a;) andj^(a:) are positive functions. 

* Observe that the converse of this statement is not necessarily true ; | / (ac) | may 
be integrable when f{x) is not. If /(a?) sal when x is rational, /(«)»-! when x is 
irrational, /(«) is not integrable in any finite interval However, |/(a;) (axl 

throughoot (a, 6), and is certainly integrable therein. 
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Hence 

I ff(^) j < (^) +/* (^)} ® \f(^) I 

which proves the theorem. 

All the preceding theorems about definite integrals have been 
proved either by a direct appeal to the definition or to a result 
previously proved. All the main general results about definite 
integrals are included in the above theorems, and any other such 
property can be proved by a similar method. Before we can proceed 
to the evaluation of a definite integral, we must prove the funda- 
mental theorem which is given in the next section. 


7-6. The fundamental theorem of the integral calculus. 

The object of this section is to discuss simply the conditions 
under which it may be true to assert that the operations of deri- 
vation and of integration are inverse operations. It is of the greatest 
possible importance in the theory, for by means of it we establish 
the validity of the process mentioned in the example of § 711, 
namely the employment of indefinite integration for the purpose of 
evaluating definite integrals. The argument will be easier to follow 
if the various results are proved as separate theorems. We first 
prove a lemma. 


Lemma If M and m are the bounds of an integrable function 
f(w) in (a, 6), then 

m (6 — a) < f f{x) dx^iMib — a) (1). 

J a 


The proof is immediate, for and s= both lie 

between if 28, and w28„ that is between if (6 - a) and «i (h — a). 
Since / (a:) is integrable, 8 and s have a common limit as the norm 
S ten^ to zero. This common limit therefore also lies between 

if (6 — a) and m (6 — a), and since this limit is f f(x) dx, the lemma 


is proved. 

From (1) it follows that if /{m) w 

■<iV(6-o) 


1 £/(«,) d* 


in (a, b) and if 
( 2 ), 


for N is max {| m |, 1 if j}. 

• This lemma is knowa as tht flr$t nimn-value theorem for integral*. Se« $ 7*8. 
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If /t be such that then (1) may be written 

f{x)dsii=fi{b — a) (3). 


Theorem 1. If f{x) is hounded and integrable in (a, 6) and 

i 

Ja 

then F{x) is a continuous function of x in (a, 6), 

, I 

r*+A \ 

We have F(x-i- h)~ F{x)= \ f(x)dx, \ 

Jx 

and if lf(x) | < J\r in (x, x + h) we have, by (2), 

If, given €, a number A© > 0 be chosen so that ho < e/Ny we have, 
for every h such that it? 4* A lies in (a, b) and | A | < A®, 

\F{x 4- A) — F(x) I < c; 

hence F(x) is continuous at the point x. 


Theorem 2. Iff{x) be continuous in (a, 6), then at every point 
in {a, b), F(x) possesses a derivative which is the function /(a?). 

Since f{x) is continuous, given c, an interval (a;-8, ar-fS) can 
be found such that \f{x ± 08) — f{x) | < c, where 0 < 0 < 1. Hence, 
for A>0, 

F {x ±h) — F {x)’= j f{x) dx 

lies between A{/(®) + c} and A{/(a:) — e), provided that A<8(e). 
Hence, since {x±h) — F(x)}fh lies between f{x) + e and f{x) — c 
for k <B{e),f(x) is the derivative of F{x). 


Thbobbh 3. I/^{x)is a function which at every point of (a, b) 
possesses a derivative which is a continuous function f{«), then 

F{x)=j f(x)dxmi<l>{x) — (f>(a). 
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The derivative of the function must be zero, so that 

— (x) is constant ; and by putting » = a, since J* (o) =» 0 the 
constant is — ^ (a), and so 

F (x) — ^ (x) — <f) (a). 

The importance of Theorem 2 lies in the fact that every continuous 
function has been shewn to be the derivative of a continuous 
function which is called its primitive (indefinite integral). 

By taking all the preceding theorems together we have estab- 
lished the validity of the following process for evaluating I /(x) dx, 
namely, to obtain, by any means we can, the function <f> (x) such that 

^J{x)=f{x), 

and then [ f{x) dx = (f>{b)-'<f> (a). 


7*51. Note on the fundamental theorem. 


By Theorem 1 of the preceding section we see that F(w) is 
always a continuous function, though f{x) may not be. In Theorem 2 
it is necessary to assume the continuity of f(x) in order to prove 
that /{x) is the derivative of the continuous function F{x), In 
Theorem 3 again the continuity of f{x) is assumed. We thus obtain 
the important result that whenever f{x) is a continuous function it 
possesses a primitive, and knowledge of the primitive is equivalent 

to ability to evaluate [ f{x) dx,for if <j> (x) is the pnmitive in ques- 

a 

Uon, the value of the integral is ^(b) — (f) (a). 

The question as to whether a primitive exists, and the question 
of the existence of an integral of the function f(x) in (a, 6) are 
entirely independent questions. The fundamental theorem however 
shews that when f{x) is a continuous function in the interval (a, x)> 
then the function 

a 


and the function <f> (x) which satisfies the differential equation 

dy 


dx 




are identical, save for an arbitrary additive constant. 
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Thus, whenever /(a?) possesses a primitive*, which it certainly 
does when it is continuous, the fundamental theorem enables us to 
evaluate ^ 

f((v)dx 

n it exists. 

The definite integral of f(x) may however exist, if / (a?) |)ossesses 
no primitive at all in the interval (a, b). 

76. Change of variable in an integral. 

For the purpose of evaluating definite integrals it ii often 
useful to change the variable, and by suitable choice of the trans- 
formation the new integral is rendered easier to evaluate than the 
original one. We now investigate a formula for change of variable. 

To change the variable in the integral f f {x)dx by the transform 

J a 

motion x=^<\>{t). 

We shall assume that ^{t) possesses a derivative at every, point 
of the interval a < f < ySf , where <f>{a)^a and ^ = b. Suppose 

also that in (a, /Q) the variable ^ is a monotonic function of t 
which is always increasing or always decreasing as t ranges from 
a to /S. 

Divide the range (a, 13) into a finite number of sub-intervals by 


the points 

tif t2j jtn^if tfi^ ( 1 )> 

and let the corresponding values of x be 

Oj Xi, x%y ..., Xfi^i, b (2), 


then by the mean- value theorem, if ^r~i < < tr, 

Xr - Xr^i == {tr ~ U^i) ( t ^). 

Suppose that (T‘r) is the corresponding value of x in (xr^i,Xr). 
Since /(x) is integrable in (a, 6), the sum 

/(^i)(xi-a)+/($,)(x,^xi)^... +/(fn)(6-^Pn^i)...(8) 

approaches the given integral as its limit as the norm of the sub- 
division (2) tends to zero. 

* tube fact that a given function (theoretically) posBeases a primitive does not 
mean that rules for obtaining its actual value are necessarily known* 
t ^ (t) need only possess a right-hand derivative at a and a left-hand derivative 
at fit since we are not concerned with points outside the interval. 
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The sum (8) may also be written 

f{4> (■’’i)] <l>' (ti) (<i - a) + . . . +/[<!> (t,)] <!>' (t,) (tr — «,_i) + (4), 

and by assuming that and (f) are integrable in («, yS)* 

(see Examples VII, 9), the sum (4) approaches as its limit 

(5), 

J a, 

as the norm of the subdivision (1) tends to zero. This gives the 
formula for change of variable required. 

Extension of the theorem. If as t varies from a to </> (^) is not always 
monotonic increasing nor always monotonic decreasing we can extend the 
theorem to cover this case so long as the range (a, can be divided up into 
a finite number of sub-intervals in each of which <|) {f) steadily increases or 
decreases as t increases. 


7*61. Note on change of variable. 

Not every substitution is suitable for changing the variable in an integral, 
and care must be taken to ensure that the above conditions hold. 


Example (i). 

By writing we get 


} ..il-fw- ^ 


The reason for the discrepancy here is that the function u*^llx does not 
possess an integrable derivative in ( - 1, 1) : in fact the function itself is 
undefined when 

Example (ii). Make the transformation in the integral J dx. If 
the theorem holds, then 

J dx=J ^(idt-Of 

which is clearly untrue. To apply the theorem correctly, divide the interval 
(-1, 1) into two sub-intervals ( — 1, 0) and (0, 1); in the former sub-interval 
we write -rf and make t vary from 1 to 0, and in the latter write 
and make t vary from 0 to 1, Then 

n 




2 . 


* The derivative of a differentiable function need not be integrable. Examples to 
illustrate this are not however very easy to construct ; see Lebesgue, Legom sur 
Vlnt^gration (Paris, 1904), 93-94. If we assume that (t) is continuous (the usual 
assumption), the integral (5) certainly exists, but this condition is unnecessarily 
restricting* 



184 


INTEGRAL CALCULUS 


[CH. vn 


7*7. Indefinite integration. 

It is assumed that the reader is already familiar with the simpler 
standard forms, and with the usual elementary methods of finding 
indefinite integrals One of the most useful processes of indefinite 
integration is the process known as “integration by parts/' 

Although the reader who is familiar with the elementally theory 
of indefinite integration will be conversant with this method, for 
completeness it is included here. 


Integration by parts. 

Integrate with respect to x the formula f 


d 

dx 


. . dv ^ du 


( 1 ). 


and the required relation follows at once. It is usually written in 
the form 



It is easily extended to operations with definite integrals. If 
u^f {x\ v—g{x) and f{x)g' {x\f' (x) g (x) are both integrable in 
(a, 6), then, from (1), 


d 


^ {/(«) 9 («)1 =/(«) 9 (®) +/' (®) 9 (®). 

and so we get 

I 9' (®) dx = fix) g (a;)] - [ /' (a:) g {x) dx. 

J a L Jo J a 


An elegant method of integrating rational functions, which is not 
usually given in elementary text-books, is the method due to 
Hermite which will now be described. 


7*71. Hermlte’s method of integrating rational fonctions. 

Eveiy rational function R (x) can be split up into an integral 
function E (x) and a sum of rational fractions of the form A/X" 
where X is prime to its derivative and to A, the degree of which 
is less than that of X“. When the roots of the equation obtained 
by equating to zero the denominator of R {x) are known, then X is 

* The reader should poseeBs a working knowledge of the oontente of OibBon’e 
Caltvhu, Oh. xni, or of Lamb’s Caleultu, Oh. v. 

t §4-3. 
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either a linear or quadratic function of x corresponding to the 
partial fractions arising from a real root or from a pair of conjugate 
complex roots. The decomposition of a rational function 
R(x)^P^{x)IP^(x) 

into partial fractions is dependent upon a knowledge of the roots 
of the equation P 2 (ir) = 0. The method which we shall now de- 
scribe enables us to calculate the rational part of the integral 
jR{x)dx even when the roots of P 2 (a?) = 0 are not known; and 
this rational part can be found by rational operations without any 
actual integrations being performed. 


Suppose that R{x)=^E {x) + 


F{xy 


then our object is to evaluate finding the rational 

part of the integral without performing any integrations at all. 

If F(x) = (a? — a)* (iT — 6)® ... (a; — 1)\ then in partial fractions 


-:4l + A”... 

v — a (a!-af (x — aY 




. . 

and so, in the integral there is a logarithmic part arising from the 
integration of the terms in the first column of (1), together with a 
rational party which is the sum of the integrals of the remaining 
terms. If we write 

P = (x- a){x-b) ...{x--l\ 

Qs(x- a)*“^ (x — ... (a? — 




or, by taking the derivative with respect to x, 


The polynomial Q is easily seen to be the highest common factor 
of F (x) and F' (x), and it can be obtained by the ordinary algebraic 
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method. The polynomial P is P(^)/Q, and this can be found by 
ordinary division. If now X and F are each chosen as polynomials 
with undetermined coefficients of degree one less than that of P 
and Q respectively, the identity (3) serves to determine the un- 
determined coefficients uniquely. 

After multiplying through by P(a?) = PQ, the identity (3) 
becomes \ 

/(®)=pr'-^^+QZ W 

The right-hand side of (4) is a polynomial of degree one less 
than that of F{x), and by equating coefficients of the same powers 
of X in (4), we have sufficient equations to determine the unknown 
coefficients in X and F. 


The important point of this method lies in the fact that 
the rational part of the integral, F/Q, can be found with- 
out solving the equation F (x) = 0. To complete the integration 
f X . 

it remains to evaluate j ^ dx, but since the roots of P = 0 are all 

simple roots this gives the transcendental (logarithmic) part of 
the integral. 

f 3 “I” ^7 — 2 

Example. Evaluate j 

Here f=^Zx^+x-2, F=-{x-l)^x*+l), 

and so i?’'=3 (x-l)2(a;»+l)+2«(^-l)^ 


and P=(x-l){x^+l). 

By writing Y^Ax+B, X^Cx^+Dx+E, we get from (4) 
^xHx-2s(x~l)(x^+l)A-(Ax+B)2(x‘+l)+ix-l)^Cx^+Dx+E), 
and by comparing coeflBcients, 

(7=0, B=2, E^-^-i; 


hence 
3x^+x- 


f 


2 






547-4 


647-4 

2 


547-4 

2 (47- 1)» 


-|log(a:-l)+i||^^ 




.547— 4 

Yp - 1 log (* - 1) + 1 log ( 4 :*+ 1) - arc tan * + (7. 
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In the above example the factors of F{x) are apparent, and it might 
reasonably be argued that it would have been just as easy to proceed by 
finding the partial fractions, and then evaluating the integral. The example 
however suffices to illustrate the method. If the factors of F{x) had not b^n 
obvious, the process of finding the h.c.p. of F{x) and F* (x) would have had 
to be carried out in the usual way. 

In every case the preceding method reduces the integration to that of a 
rational function XI P where all the roots of are simple roots. 

7*72. Integrals reducible to rational functions. 

A fairly complete account can be given of the integration of 
rational functions, but beyond this very little general theory can 
be given, and, since indefinite integration is a tentative process, 
it is frequently simpler to take a special method for a given 
case than to apply any general theorems, even when such exist. 
In a few cases there are integrals which can be reduced by 
simple substitutions to integrals of rational functions, although the 
original integrands are not themselves rational. Two types will be 
considered here. 



where R {u) is a rational function of u\ a, 6, c, d are constants, and 
«, j9, ... rational exponents. If m be the least common multiple of 
the denominators of the fractions a, y8, ...» the substitution 

aa? + 6 

r- -ri — r-.-r- 

caj + d 

reduces the integrand to a rational function of t, 

/ ds 

, — 1 . Write then 

X" "X" X* 

J xi+xi J J l + t 

which is easy to evaluate. 

Example (ii). j . Write x- 1 = « and the given integral becomes 

( 2 ) jaf«»(a + bx’ydai, 

where a end b ere constants, and m, n, p are rational exponenlat 
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The first simplification is made by writing so that the 

integral becomes 


, m+l 

i[,- 

nj 


-1 


(a + bt)f dt, 


and on writing q = - — 1 the integral becomes of the t]^pe 


^(p,q)^^{a + btyifldt. 

This type of integral is reducible to one with a rational integrand 
if (i) p is an integer, (ii) q is an integer, and (iii) p + g is an 
integer. 

(i) If p be an integer, <t>(p,q)^ Jb (t, t^) dt ; 

(ii) If 5 be an integer, ^ (p, ?) = [ -B {(« + ht)^, <} dt; 

(iii) If p + 3 be an integer, <#> (p, 9 ) = [ B ^ dt; 

and each of these integrals is of the type considered in ( 1 ). 


7*8. Definite integration. 

The mean-value theorems for integrals. 

The first mean-value theorem has already been given in § 7*5, 
We now prove a special case of this theorem. 

If f{x) is CONTINUOUS in (a, 6), then there is a number | such that 

[ f{x)dx^{b-a)f{^) ( 1 ), 

J a 

where a <^<b. 

Since /(«) is continuous in (a, b) there must be points a and /S 
of the interval a^x^b such that /(«) = m, /(j3) = Jl/, where tn and 
M are the bounds of f{x) in (a, b). Also, from results proved in 
§ S‘45, f(x) assumes every value between m and JIf as « ranges 
from a to Hence there is a point f between a and /3 such that 
/(O = where fi is the number occurring in equation ( 3 ) of p. 180. 
It follows that equation ( 1 ) holds for a value ^ of « such that 
a<i<b. 
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7'81. The geueraUsed first mean* value theorem. 

Let g(w) and h(so) be integrable in a^m^b, and suppose that 
A(«) >0 everywhere in (o, b). Then, if m and M are the bounds of 
g{x) in {a, b), 

m g(a!)h(a>)dv^M h(x)dx (2). 

J a J a J a 

The proof is simple, for since m ^ ^ (x) $ Jlf , and h (x) > 0, 

mh (x) ^g(x)h (x) < Mh (x), 

and BO (2) follows by integration* between the limits a and b. 
COBOLLABY. If g{x) is continuous in (a, 6), then 

[ g(x)h(x)dx=‘g(f) [ h(x)dx (3), 

J a J a 

where ^ lies between a and b. 

The proof is immediate, and follows from the same type of 
argument as equation (1) above. 


7'82. The second mean-value theorem-f 

If f(x) is monotonic and (^) and <l> (x) are all continuous 

in 6, then 

(*) dx =f(a) I* 4> (x) dx +f{b) ^ (x) dx. 

where i lies between a and b. 


Write 


4>(x)=f (/f(t)dt, 

then [ / (x) ^ (x) dx = [ /(x) d>' (x) dx 
J a J a 


= |/(x)4>(x)j‘ - $(x)/'(xdx) 

on integrating by parts. Since <I>(a) = 0, and 4>(x), being an 
integral, is a continuous function of x, we have, on using (3), 

4> (») dx ^fib) 0 (6) - 4> f ' (®> dx 

=/(6)<I>(6)-d>(0{/(6)-/(«)} 

^(x)dx-t-/(o) j ^(x)dxi 

« 6ee Examplea YU, 9. ' ^ 

t For proofs of this theorem under less stringent conditions, see d.g. Hobson, 
of a Meal Variable^ x, 564 eeq. 
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EXAMPLES VIL 

1. Distinguish carefully between an integral and a primitive. In particular 
shew that for the function defined in the interval (0, 1) as follows : 

f{x) when x is rational, 

« 1 — when X is irrational. 

and BO f{x) is not integrable in (0, 1). 

2. Prove that in the interval (- 1, 1) the function 

^(ip)=4?sin i cos ~ when a?=t=0, 

=0 when 

1 

possesses a primitive ^x^ sin -r , , but / <l>(x)dx does not exist. 

J -1 

3. Using the definition of an integral as the limit of a sum, by dividing the 
range (a, b) into n equal parts, calculate ab initio j x^dx, 

4. Prove that, as n ^ oo , 

n 2 ■ . 

p=on2+p* 4 

5. Shew that the function defined as follows : 

2sVi < («=<>. 1. 2, 3, ...X 

/( 0 )= 0 , 

is integrable in (0, 1) although it has an infinite number of points of dis- 
continuity. 

6. Prove that iif^{x) tends uniformly f{x) as n-^oo in the interval 
a^x^b (see § 3*431), then 

lim \ fn(i>o)dx^r f{x)dx, 

%^C0 J a Ja 

7. By using the identity 

1 - (x« - l)“nYl - 2x cos — +**'\ , 

r-l\ » / 

shev that j^log(l — 3xcoat+i^)dt^^logx 

-0 
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8. In the interval (0, 1) euppose that /(a?) « lira /n (a?) where 

(a) «= n when .r ^ l/w^ 

*=0 elsewhere. 


Explain fully why 

lim / fn (s) da: I f (x) dx. 
nHfc-ooyo Jo 


9. If f{x) and g{x) are bounded and integrable in (a, 6), prove that their 
product f{x) g {x) is also integrable in (a, h). 

[Suppose first that both f(x) and g {x) are positive in (a, 6). Let m,. ; 
i//, m/ ; Mri m*" be the bounds ot/, g aud/^ in 6,.: shew that 
Mr - nir ^ ^ {Mr - w./) + M' {M^ — mr\ 
and hence that S - s tends to zero. 

If the functions are not both positive, add constants Ci and C 2 to make 
them so.] 

10. Prove that if f{x) is never negative and is integrable in (a, h\ then, 
provided that/(.r) is continuous at c in (a, h) and /(c) > 0, 

J f{x) dx>Q. 


11. Evaluate the following indefinite integrals: 


f x^dx , 

f 1 

f j 

r xdx 

1 x*-j~x^-2^ J 

1-.^’ J 

'x(*»+l)»’ J 



12. Show how to reduce the integral 

J x(l’^x^)i dx 

to that of a rational function, and hence evaluate it. 


13. (i) By changing the variable by the relation a?«tan i), ox other- 
wise, prove that 

'‘Uog(l w. 


i) Shew that log am xdx=»iir log i; 

Jo ^ 

(x-- ^n) tan xdx. 


and evaluate 


14* Prove BonnePs form of the second mean-value theorem, that if /' {x) 
ia of constant sign and f{b) has the same sign as /(a)- /(6), then 

j /(^) <#> W dx-f{a) j <f} (x) dx^ where f lies between a and J, 


Shew that, if g >p >0, I f ^ ^ 

\ J p X 


dx 2 
< 

P 
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15. Let /(a?) be a bounded integrable function in (a, fi) and F(s) a single- 
valued function whose derivative is /(a?): prove that 

jy{x)dx=>F(P)-F{a), 

[Subdivide (a, P) into n intervals, apply the mean-value theorem (§ 4*42) 
for each sub-interval, and add the results.] 

16. In the second mean- value theorem (§ 7*82), shew that fix) must be 

monotonic, by proving that the theorem does not hold in (-wir, Jtr) if 
/(a?)*cosa?, | 

\ 

17. Prove that 

(iii) dt< arc taxi X {x>0\ 

[In (ii) put a7=l-f-tt, then 2-|-3w2<2-|-3w*-f w^<2-f 4w* (0 <w<l).] 

18. Shew that the remainder after n terms in Taylor’s theorem may be 
given in the form 

Deduce, from the above, the other forms of Rn given in § 4*461. 

19. Let <^(ar)^0, 0(O)«iJr (0)=0 and let y«^(a?), be 

strictly increasing, continuous and inverses of each other in y ^ 0. Shew 
that, if <l>* (x) is continuous, 

ab ^ (j) (x) dx+J^f {y) dy, 

20. Let f{x) and g (x) be positive functions each integrable in a^x ^ h and 
write 


f 

[Note that / x^ cos xdx > O.J 

J 


prove Minkowski'B inequality for integrals, that 

(f+ff) > (/) + (S') if 1- 

[See § 6'63.] 



CHAPTER VIII 


EXTENSIONS AND APPLICATIONS OF THE 
INTEGRAL CALCULUS 

81 . In&iite integrala 

The theory of infinite integrals may be said to belong properly 
to the domain of the theory of infinite series; and the theory of 
the convergence of infinite integrals may be developed as a parallel 
to -the theory of convergence of infinite series*. The reader should 
realise that an infinite integral is a double limit, and the discussion 
of double limit problems (except in simple cases) is not an easy 
matter. Simple cases of infinite integrals occur in elementary 
problems ; for example, the problem of finding the area between a 
plane curve and its asymptote. The various t3rpes of infinite integral 
are considered below. 


I. The interval increasing without limit. 

(a) Suppose that /{ai) is bounded and integrable in a range 
(a, X), then we define 

I f{!B)dx 

J a 

to be lim [ /(®) dx 

J a 

provided that this limit exists. 

When the limit exists, the infinite integral may be said to con- 
verge or to exist On the other hand if the above limit is infinite, 
the infinite integral diverges or does not eodst. 


Example (i). 
for 



#A 


* This is done by Hardy, Pure Mathematieif Cha]i. mu 


n 
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Example (ii). j logxdx does not exist, for 

j log«cte»j^*log*— -iZlogX-Z+ 1 ; 
end as 00 the right-hand side increases indefinitely. 

{b) Similar remarks apply to integrals having lower lit 
We define f f(x) da 

to be lim f f(x)dx 

whenever this limit exists. 

(c) If the infinite integrals f f{x) dx and f f(x) dx are both 

J —00 J a 

convergent we say that 


[ f{x)dx 

J —00 


Too ra feo 

exists, and I f(x)dx—j /(x)dx+ f(x)dx. 

It is easy to shew that the value of this infinite integral is in- 
dependent of the arbitrary point a used in the definition. 

Infinite integrals of the type discussed above are sometimes 
called infinite integrals of the first kind. A further extension of the 
definition of an integral is required to include the case in which 
the integrand may become infinite at one or more points in the 
range of integration, the points of infinite discontinuity of the 
integrand being finite in number. Such integrals are sometimes 
called improper integrals. 


* n. Integrand becoming infinite at certain points. 

(a) Suppose that the lower limit a is the only point of infinite 
discontinuity of the function f{x), which we shall suppose to be 
bounded and integrable in (a + e, b), where e > 0. 

If the integral [ f(x)dx 
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tends to a finite limit as e tends to zero, this limit is denoted by 

j f{x)dx. 

If the above integral does not possess a finite limit as c->»0 no 
meaning can be attached to 

/ f (^) dx, 

J a 

(6) Similarly when the upper limit h is the only point of infinite 
discontinuity of which is bounded and integrable in (a, 6 — c), 
we define 

rb 

I f(x)dx to be lim I f{x)dx 
Ja t^oJa 

whenever the limit exists finitely, 

(c) Suppose finally that c, where a < c < 6, is a point at which 
f{x) becomes infinite. The improper integral 

I /(^) dx = lim || f{x) da? + 1 /(a?) da?| (1) 

when and independently. 

It sometimes happens that no definite limit exists when e and 
€* tend to zero independently ^ but that a limit does exist when 
This leads us to introduce Cauchy's definition of the 
principal valm of an integral. 

When the limit on the right-hand side of (1) does not exist 
we may be able to define the principal value of the improper 
integral, 

pf / (a?) da? = lim • [ f(x)dx+f /(a?)da?l, 

the principal value existing provided that the limit in question 
exists. 


Example (i). 


sad w 


/:j-» 

/ »3(1 — €i)-^3 as 

n dx ^ 

j-.a *• 


13-9 
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Example (ii). P J* 

/ I ^ 

— is not definite, for 
—1 ^ 

f^dx . , 


and so 




as c and c' tend to zero independently ; but this limit is not definite, and 
depends upon the ratio # ; e' which may be anything we please, since « and e' 
are both arbitrary positive numbers. 

However, if we put we get 

jP f ~ sss lim log 1 sslim 0*= 0. 

J ^1 ^ 


The general discussion of conditions and criteria for the con- 
vergence of intinite integrals will not be given here. The reader 
will have seen by the preceding examples that whenever the inte- 
grand is one whose primitive is known, or which can be calculated 
by known rules, it is an easy matter to decide whether the limits 
in question exist or not. 

For infinite integrals of the first kind, when /(x) is a positive 
integrand for which j/(w)dx is not known, the question of con- 
vergence can be decided if we can find a function <f>{x) whose 
primitive is known, and which satisfies the inequality 

f{x)^k<f>{x) (1), 

for all values of x in the range of integration. 

From (1) we know that 

j /(x)dx4i^j (f>(x)dx, 


and the limit of the left-hand side, as X-^oo , exists provided that 
the limit of the right-hand side exists and is finite. 

In particular if a>0, a suitable function ^(x) is 1/af^, where 

«>L 
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8'2. The Gamma Amction. 

An infinite integral of importance in Analysis is that which 
defines the function r(a). If a >0, then 

rx 

lira af^^fT^dx 

X-*-® f 

.♦o 

exists, and it is a convenient definition for the function F (a). 

To prove the existence of the infinite integral in question, con- 
sider the two integrals 

J x“~^e~‘‘dx and J af^^er^dx. 

In the first integral, when x is small, the integrand behaves like 
af^\ and provided that 1 — a < 1, the integral exists at the lower 
limit. 

The second integral certainly exists if a > 0, for 

«*>—,> — r » 

n! n! 

so long as n > a + 1 ; and so 

af^'^e~‘<n\ja^. 

The integral therefore does not exceed a constant multiple of 

dx 

ii 

which converges as X oo . 

It is accordingly a valid definition for F (a), if a > 0, to write 

F(a) = | a^^e~“dx (1). 

If a > 1, we have, on integrating by parts, 

F(a)» - +(a~l)j^x“-‘e-*dx; 

F(a) = (a-l)F(a-l) (2); 

(3). 


hence 

and 


F(l)= 

J A 


If a is an integer it follows from (2) and (3) that 
F(a) = (o-l)!; 

if a is not an integer the equation (2) reduces the calculation of 
F (o) to that of F (p), where 0 < p < 1. 
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8*21. The Beta fonctioxL 

If > 0, ti > 0 we define 

B (m, n) to be f (1 — dx. 

Jo 

The verification that, under the given restrictions, the integral 
exists is left to the reader. 

By changing the variable by the substitution a? « 1 y ^t is seen 
that 

B (m, n) = B (n, m). 

In § 11*8, by means of a double integral, the relation betwi^en the 
Beta and the Gamma function is investigated. 

8*3. The Legendre polsrnomials. 

Partly on account of the interesting methods of proof, and partly 
on account of their importance in Applied Mathematics, a section 
will be devoted to the discussion of Legendre's polynomial {x). 
These polynomials first arose from a consideration of the ex- 
pansion of (1 — 2xh + h^) “ i in a series of ascending powers of h. If 
1 2xh--h^\< 1, this function can be expanded in ascending powers 
of 2xh — h^: if, in addition, | 2xh | + 1 A |*< 1, these powers can be 
multiplied out and the resulting series rearranged in any manner, 
since the expansion of 

{l-(|2xA| + |Al*)}-i 

in powers of 1 2xh | + 1 |® is then absolutely convergent. If it is 
arranged in powers of h we write 

(1 - 2xh + A*) - i = Po («) + h Pi {x) + h'Pi{x) + ...+ A" P, (®) + . . . 

( 1 ). 

If |2a!A — A®1<1, by the binomial theorem, the left-hand side 
gives 

l + ^h(2x-h) + ~^h*(2x-h']^ + ^~~h*(2x-hy + ... 

( 2 ). 

If « and h are such that 2 | ojA | + | A j® < 1, the terms of this series 
may be rearranged in any way without altering either the conver- 
gence or the sum of the series. For any value of JA] may be 
chosen so small that the inequality 

21<bA| + 1A1»<1 


is satisfied. 
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8-3] 

By equating the coefficients of A* in (1) and (2), commencing 
with the (n + l)th term of the series (2) and considering the terms 
of the series in their reverse order, we get 

^ 2.4.... 2n 




2w(2n-2) (n-2)(n-3) 


.(2n-l)!lf n(n-l ) 
\ 2(2n- 


nl 


(2n-l)(2n-3) 
a!^* 


1.2 


{2xy 


,*»-4 


-...} 


1) 


«(w — l)(n — 2) (» — 3) 
2.4 .(2n — 1)(2» — 3) 


IP 


.n~4 




(2n-l)!l , (2ft-3)!! 

n! ^ 2.(»-2)!‘ 


«n— 2. 


(2n-5)!! 

2.4.(n-4)l 




.(3). 


If n is even the series contains 4* 1 terms, while if n is odd it 
contains J (n4- 1) terms. 


Practical application, 

Legendre polynomials have a practical application to problems on potential 
theory where there is symmetry about 
an axia 

Let P be the point whose distance from 
the point C on the axis of z is R, From 
the figure it is seen that 

** c2 ~ 2cr cos B, 

By writing ;ps=»cos^, and h^cjr or 
hmtrjc according as r is greater than or 
less than c, we see that 1/72 is a multiple of (1 - 4- A®) “ i , and the potential 

function at P due to a charge at is a multiple of 1/72. 

The method of development of the properties of the polynomial 
Pn(«) adopted in the following sections has the great advantage of 
depending only on simple formulae for integration. It is therefore 
an interesting application of the integral calculus. 

This method involves neither the consideration of the conver- 
gence of, nor the use of operations on, infinite series. 



* The notation (2n« 1)!I is used to denote the product 

(2n-l) (2n-8) (2a-.5)...3 . l»(2n)l/2**nl 
It will be found to be very convenient for simplifying the formulae. 
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8‘Sl. Orthogonal ftmctlons. 

Consider the n equations 

f <}>(x).a^da!=0 (m = 0, 1,2, — 1) (1); 

J A 

these equations express the fact that <f> (x) is orthogonal In (a, h) 
to every power of x less than the nth, and therefore to every 
polynomial of degree less than n. Thus, if \fr (x) denotes anW poly- 
nomial, if the degree of ^|r (x) is less than n, \ 

f <f>(x)yfr(x)dx=:0. \ 

J a 

Since the equations (1) are n in number, must contain at 
least n independent constants, and so it must be at least of degree 
n. If ^(x) is taken of degree n, then the equations (1) suffice to 
determine it. 

The equations (1) admit of solution as follows. Let 

...» ... 

denote the functions obtained by integrating {x) 
once, twice, m times, 

then, by repeated integration by parts, equations (1) may be ex- 
pressed in the form 

(m=0). 


[ ■16 r ■16 
x^i(x) — =0 (m « 1), 

Ja L 


These equations can be solved by inspection; they are satisfied 
if <I>i(a?), (a?), ..., {x) all vanish both at a and at 6, that is if 

{x) contains a factor {x - a)" {x — h)^. 

Since <I>n(^) must be of degree 2n, we have 
<E>n {x) = C(aJ - ay {x - 6)^ 
wh^e G is constant; and so 
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8-81] 

This polynomial of degree n has the property of being orthogonal 
in (a, b) to every polynomial of lower degree. 


8*32. The Legendre polynomialB. 

Suppose now that o = — 1,6 = 1: if we adjust the constant 0 so 
that ^ (x) begins with the term 

Ml l)!l ^ 

2“(»!)? n! 

it is easily seen that </> (x) becomes Legendre’s pol 3 momial P* (x). 
By comparison with equation (3) of § 8-3 we see that 


0 = 


1 

2"n!’ 


and then P„ (x) = — ^ 

This is Rodrigues* formula for Pn {x)* To shew that this formula 
gives the same expression for Pn (x) as was obtained in § 8*3, we 
have, by the binomial theorem, 

(<r» - 1)» = a:*" - - . . . ; 

A ! 

hence 


(af - 1 )» = ^ X- - " af-* 


dx^ 


nl 


(n-2)\ 


Ti(n-l)(2n-4)! 

4* “-i — a TZ 


and so 


1.2 (»-4)! 

^ '”‘1 n \ ® 2 .(»- 2 )!® 

^2.4.(n-4)! ■”)’ 


(2n-3)!! 


r^(x) ^ 


■ (^n-5)U 

■ 2.4.(n-4)! 


We can readily obtain, from the preceding formula, the results 
P*(a!) = l, Pi(x)rsx, P*(a:)=|(3a:*— 1), P8(a:)=i(5a:*— 3ar), 
Pt i«!) = i (35a!* - SOa^* + 3), P, (a;) - i (63a!» - W + 15x); 
and BO on. 
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8'33. Special values. 

The values of Pn(l) and P*(— 1) may be found thus. By 
Leibniz’s theorem, 

^ K®*-!). = (0-- 1)^(^ - !)»-» 

1)“-* + n (n - 1) (x* - 

If fl? « ± 1 the right-hand side becomes 
±2" 

and on multiplying each side by l/2"w!, we get 

P»(± 1)= ± ~ 

= ±P»-i(±l), 

and so P«(l) = l. P,(-l) = (-l)’*. 

8*34. Two important properties. 

Theorem. Prove that, if m^n, 

(i) J P„{x)Pn{x)dx=‘0, 

cmd, — 

(ii) 

(i) is an immediate consequence of the orthogonal property, for 
one of the two functions Pn{°^)> Pm(®) is of degree less than the 
other. 

To prove the second result, we write 

and integrate by parts; the term between the limits vanishes, and 
there remains the terra 
n /7n+l 

Continue the process of integrating by parts until the second 
term in the integrand contains no differential operator; at each 
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stage of the process the term between the limits vanishes and we 
get finally 

By writing /r * cos 5 the last integral becomes 

2 (2n) ! j^*’sin*»+» 0 . 2*» (n I)» 

on evaluation. 

Hence 2nTi‘ 


8’35. The expression of an arbitrary polynomial as a linear 
combination of Legendre polsmomials. 

Let ‘^{x) be any polynomial of degree n ; we can find a constant 
Cn so that 

■fi(x) = f (x)-C„Fn (x) 

is of degree n — 1. Similarly we can find a constant Cn-i so that 
^»(x) = fi(x)- Cn-iPn-l (a>) 
is of degree n — 2, and so on. 

Finally (x) = Vr„_i (a:) - CiPi (x) = co; 

and so, by addition, 

■^(x)^Cn P„ (<r) + c„_iPn-i («) + ... + CjPi (a:) + co. 

The coefficients c, in the above expression admit of determination 
as follows. Multiply both sides by Pr(®) and integrate, then 

J '\lr(x)Pr(x)dx ^ Cr j P/(x)dx, 

since all the other terms on the right-hand side vanish by the 
preceding theorem ; and also by that theorem 

■*lr(x)Pr(x)dx. 

There are two important applications of this method; they are 
(i) the expression of Pn{x) as a linear oombinaiion of the Legendre 
polynomials and (ii) 0ie proof of the fundamental recurrence 
formula. 
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(i) By the above method, clearly, since P«'(«) is of degree 

P„' (x) - yn-l Pn-l («) + yn-i Pn-t («)+..., 
where (y, = — ^ j ^P„'(a:)P,(®)d®, 


and on integrating by parts, 

2 ^ = [P« {X) Pr - f_^Pn (ar)P; (a;)dx;\ 

but the second integral is zero, because the degree of P/ (a))[ is less 
than n. Hence 

2^1- 

and we deduce at once that 

-Pn' (^) *= (2n - 1) Pn~l (‘“K) + (2n - 5 ) Pn--s (a?) -f . . . . 

(ii) Now (joPn{ic) is a polynomial of degree n+1 and therefore 
assumes the form 

^n+lP n-{-l (^) 4* On Pn (^) 4* . . . , 

f xPn{x)Pr{x)dx. 

-1 


where 


Cr = 


If r is less than n — 1, then the degree of xPr{x) is less than n, 
and so Cr = 0. Thus, with the possible exception of the first three, 
the coefficients Cf are zero. 

Equate the coefficients of a?”***^, and we get 

(27i)! _ Cn+i(2n + 2)! 

2’‘(n!)*~2^+M(n+l)!j*' 
that is Cn+i * (n 4“ l)/(2n 4-1). 

Neither xPn(x) nor P„+i(a?) contains a term in a?” and so 

Cn*0. 

If we write a?* 1, we get 

Cn-l 4“ Cu-I-I » 1, 
hence Cn-i ** n/{2n 4- 1 ). 

These values give us the fundamental recurrence formula^ 

{2n 4- l)a?Pn {x) =* (n 4- 1) P»+i (a?) 4- nP^^i (a?). 
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By combining it with the formula for the derivative of P„ («), 
five other recurrence formulae can be established. They are 

( 1 ) nPn{x):^xP^{x)-P'^i(x), 

(2) (u4-l)P„(a;) = P'^,(®)-®P„'(4 

(3) (2n + 1) P„ {X) = P'„„ (x) - P'„_i (x), 

(4) - 1) P„' (X) = n {arPn (x) - P„_i (x)|. 

(5) (x» - 1) P„'(x) =(a+ 1) (P„+i(®) - xP„(«)}. 

The proofe of these formulae are left as exercises for the reader. 
8*4. The concept of a plane curve. 

•The concept of a curve is frequently thought to be a very simple 
one, and it is convenient in elementary treatises to assume that the 
reader understands what is meant by a “curve” from the geo- 
metrical concept which enables him to draw the graph of any 
given simple function y=f(x). We shall now investigate the 
question of giving a precise analytical definition of a curve, and of 
assigning a definite meaning to the “length” of a curve. As a 
preliminary, the following definition will be given. 

Let (j) (t) and ^jr (t) be continuous single-valued functions of t in 
the interval and let x = ^{t), y — '^{t): then as t ranges 

from a to the points P whose coordinates are (®, y) form an 
aggregate of points which is called a curve. 

The point (x, y) is described as the image of the point t. If, as t 
ranges from a to ^8, the same point (x, y) corresponds to two diSer- 
ent values ti and ti, the point is said to be a double point of the 
curve. In general, if the same point (x, y) corresponds to k differ- 
ent values of t, ii, < 2 , ... , t*, the point is a multiple point of order k. 
If the point Po corresponding to i = o coincides with the point P» 
corresponding to 1=^^, the curve is a closed curve. 

A curve without multiple points is a simple curve. 

Before discussing the question of assigning a meaning to the 
“ length ” of a curve, the concept of functions of bounded variation 
will be considered. 

8'5. Funotions of bounded variation. 

Let/(x) be a function which is defined in a^x^b, and suppose 
that (o, b) is subdivided into partial intervals by the set of diving 
points aio**a, Xi,xz,...,Xr,...,Xn=‘b (1). 
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Consider the sum 

t)(a, 6)= 2 |/(®,)-/(av-i)| (2); 

r=l 

if the function f{x) be such that the sum (2) never exceeds some 
fixed positive number for all possible modes of subdivision of (a, h), 
then the function f(x) is said to be a function of bounded variaiion 
in (a, b). From the definition of an upper bound, if theWunction 
f(x) is of bounded variation in (a, b) there exists a number V (a, b) 
such that for every mode of subdivision of (a, b) 

V (a, 6) = 2 lf(Xr) -f(Xr-i) K F(a, b), 

and such that for at least one mode of subdivision 
t; (a, b)>V (a, b) — e. 

Note, Functions of bounded variation are very important in Analysis : the 
condition of bounded variation is a sufficient condition for the existence of 
various types of expansion of a given function in a series. For example, 
Fourier series, series of harmonic functions and others, all converge when the 
generating function is of bounded variation. 

8'61. The positive and negative variations. 

Clearly /(6) -/(a) - 2 -/M} ; 

r»l 

suppose that this summation is divided into two parts 2i and 2., 
the first summation containing those terms for which /(afr) 
is positive, the second containing those for which it is negative. 
Thus 

A =/(6) -/(a) = 2l {f{Xr) -fM] + 2, {fiXr) -f{Xr.-^\. 

If fix) is of bounded variation in (a, 6) the value of the right- 
hand side cannot exceed V (a, 5); and so by writing 

A, =/(«,) -/(a:r-i). 

hence both the sums 2i Ar and — 2| Ar are bounded above, finr all 
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possible modes of subdivision of (o, b). Further, by choosing a mode 
of subdivision for which 

2lA,|>F(a,6)-e, 

2iA,>HF(a.6) + A-e}, 
-2*A,>i{F(a,6)-A-6}. 

It follows that the numbers* J ( F+ A), J ( F — A) are the upper 
bounds of the two summations 2i A, and — A, for all possible 
modes of subdivision of (a, b). 

If these bounds be denoted by P(o, b), N (a, b) respectively, we 
have 

Via,b) = Pia,b) + Nia.b), 

^ =fQ>) -/(«) = P («. 6) - N(a, b). 

The numbers P, — N, and F are called respectively the positive, 
negative and total variations of f(x). 

8'52. Fundamentalpropertiesoflimctionsof bounded variation. 

Theorem 1. Every function of hounded variation can be eapressed 
as the difference of two monotonic functions, either both increasing or 
both decreasing. 

To prove this theorem, observe that if x be any point of (o, b) 
a function f (x) which is of bounded variation in (a, h) is also of 
bounded variation in {a, x), and consequently the positive, negative 
and total variations P (a, x), — N (a, x) and F (a, x) are also 
bounded, and satisfy the relations 

F (a, x) = P (a, <r) + i\r (a, x), 

/(®) -/(«) = P («» - ■^(“> *)• 

Now if *' >x, 

P (a, x)^P (a, x), N (a, x)'^N {a, x), 
and so P (a, x) and N (a, x) are both monotonic increasing fttnctions 
of X in (a, h). 

Now /(«) = {P(a, «)+/(a)4-A;}-{N(o, «) + &} (1), 

and /(«)={«- N (a, »)} - {« - P (a, x) -/(a)} (2), 

where k and « are arbitrary constants. This proves the theorem. 

• F(a, 6) is written to indicate in what interval the function /{«) is of bounded 
variatioii. 'When no doubt as to the interval can exist, it is simpler to write 
V alone. 
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In virtue of this theorem, the properties of monotonic functionsare 
all extended to the wide class of functions of bounded variation. 

Theorem 2. If f{x) is continuoris and of bounded variation in 
(a, a?), then its total variation V (a, x) is continuous. 

We can find a mode of subdivision of the interval (a, t) with a 
point of subdivision a?' as near as we please to x such thap 
v{a,x)>V{a,x)-€ and \f{x)—f{x')\<€. 

Now V (a, a;') == v (a, x) — \f{x) — / (a?') | 

and so V (a, a') ^ v (a, a;') > F (a, x) — 2e. 

Since F (a, a?') is monotonic increasing it follows that as a;' sc — 0 
F (a, x') F (a, x). 

Similarly F (a, x') F (a, x) as x' x + 0. 

This proves the theorem. 

Corollary. A continuous function of hounded variation is the 
difference between two continuous monotonic increasing functions. 
For, if /(x) is continuous so are P (a, x) and N (a, x). 

8*6. Rectifiable curves. 

We are now in a position to consider some suitable definitions of 
the length of a curve. The reader will see that the importance of 
functions of bounded variation in this connection lies in the fact 
that, by Theorem 1 below, it is necessary and sufficient for the curve 
x=:(f>{t), y = to be rectifiable, that the functions defining the 
curve should be functions of bounded variation. 

Let t be a variable defined for all values of t in the interval 
and let <l>{t) and •yjr(t) be two single-valued bounded 
functions of t defined in (a, jS); then the equations 

define the arc of a plane curve. 

Subdivide the interval (a, ^8) by the points 

o: = <o» hf hi > I'fi •••» P (l)j 

then the points on the curve corresponding to these values of t may 
be denoted by p p p p p 

The length of the polygonal line PoPi...Pn. measured by 

2 P _1 Pr S 2 {(av - av-i)* + (y, - yr-i)*)* (2), 

r«*l 

clearly depends upon the particular mode of subdivision of fiy 
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The summation (2) will be called the length of an inscribed 
polygon. 

If the arc he such that the lengths of all ths inscribed polygons 
have a finite upper bound i, the curve is said to he rectifiable, and 
the length of the arc is defined to be L, Otherwise the length of the 
arc is regarded as infinite (or non-existent). 

If we denote the subdivision (1) of the interval (a, $) by D and 
write Aa; = - Xr^i , Ay ^yr- yr~i , 

then the summation (2) may be conveniently represented by 
2|AP| = 2VKAa:)* + (Ay)^j. 

1) D 

Theorem 1. The necessary and sufficient condition that the arc 
defined by x — <f> {t), y — '^ (t), for should he rectifiable is 

that the functions <f) (t) and yjr (t) are of hounded variation in (a, )8). 

We have the inequalities 

If <f> {t) and ^ {t) are of bounded variation then both 2 1 Aa: | and 
2 1 Ay I are bounded above : hence 2 1 AP | is bounded above for all 
modes of subdivision of (a, yS), 

Conversely, if 2 1 AP | is bounded above, the same must be true 
of 2 1 Ax I and 2 1 Ay | and so ^ {t) and (i) are of bounded variation. 

This proves the theorem. 

We have defined the length L of the curve above to be the 
upper bound of the lengths of all possible inscribed polygons. 
A second definition of the length of a curve (as a limit) is 
justified by the following theorem. 

Theorem 2. If the functions x — <f> (t), y=^y{r(t) are single-valued 
CONTINUOUS functions of tin a ^ ^ yS, and if D be a subdivision of 
(a, 0) of norm d, then X | AP j = L, 

I) 

where L is the length of the curve. 

There certainly exists a subdivision Di such that 

£-€<21AP|<X (1). 

-Di 

Suppose that the subdivision Di consists ofp sub-intervals, the least 
of which has length 1; and let I) be a subdivision of (a, yS) whose 
norm d satisfies the inequality d^do<l\ then no sub-interval of D 
cojltains more than one point of Pi. 
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Let Dt be the subdivision consecutive to D and Di, then 
. 2|AP1>2|AP1 and SlAPj^SjAPl (2). 

2)% D\ JDg 2) 

Suppose that the point tg of Di lies in the interval (fr-i, of JD, 
then I 

2|APh2|APh2{P.-iP. + P,P.-P^iP,}|...(3), 

the last summation containing at most p terms. \ 

Since j>(t) and *^(0 are continuous, we may choose do ao small 
that each term of the summation on the right-hand side o^ (3) is 
less than e/p for any value of d which does not exceed do; hence 
2|AP|-j2lAP|<€ (4). 

D < 

Thus from (1), (2) and (4) we get 

2|AP|>2|AP|>X-«, 

J)% JOi 

and hence it follows tW 

i-2|AP|<2e 

D 

for all values of d < c2o* In other words 

lim 2|APl = i. 

i-fOD 

From the preceding theorem the reader will see that if ^ (t) and 
^(t) are continuous functions of t, the length of the arc of the 
curve es = <f> (t), y = •^ (t), as t ranges from a to /3, may be defined 
to be the limit of the length of the inscribed polygon corresponding 
to a subdivision D of (a, /3) as the norm of D tends to zero. 

Theorem 3. I/the arc C of the curve corresponding to the interval 
is rectifiable and of length s, then if sj and are the lengths 
of the arcs C, and C% which correspond to the intervals (a, 7), (7, /3), 
a<7</8, 

s = «i + s* (1). 

Since <f> (t) and yfr (t) are of bounded variation in (a, 0) they have 
a fortiori bounded variation in («, 7), (7, 0), and so the arcs C, and 
Ot are rectifiable ; thus s, and s% exist. 

Let Di and D, be respectively subdivisions of (a, 7), (7, 0) of 
norm d, then, if we assume that ^ (t) and y}r (t) are continuous, 

«i=lim21APl and s, = lim2IAP|. 
lim 2.1 API 

$—ot> 


Since 


( 2 ). 
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vhen D is any mode of subdivision of (a, /8) of norm 8, the limit in 
(2) is the same as when D is composed of subdivisions of the type 
used for Di and Da, and so 

2|AP1=2|AP1 + 21AP1. 

J? Dx Dt 

and by taking the limit, equation (1) follows. 

Corollary. The length e of the rectifiable curve C corresponding 
to the interval is a monotonic increasing function of t 

This follows at once from the theorem. 

Theorem 4. If <j>{t) and ylr(t) are continuous single-valued 
functions of t in (a, /S), and the curve a} — <f> (t), y = (^) is rectifiable, 

then the length s is a continuous function $ (t) of t 

Since <f> (t) and yjr (t) are of bounded variation, we may write 

4 > (0 = (0 - 4>2 {t)y f (t) = yfri (t) - ^2 (0» 

where the functions on the right-hand sides are continuous 
monotonic increasing functions of t (see Corollary, § 8 * 52 ). 

Consider a division D of norm d of the interval (t, t + h), where 
A >0, then 

||AP|«2v'{(Aa;)H(Ay)^}^2|Aaj| + SlAy| 

^ S A^x -f" IE! A^a -h 2 A>|/'i -f* 2A'^2 
< S<f>i 4 - 8^2 + + 8>/r2, 

where S<f>i = (i -f h) — (^), and similarly for the other functiona 

Since <f>i (t) is continuous, 8^i 0 as A 0; similarly for the others, 

and so we can choose a number 17 > 0 so that 

2 1 AP I < € for values of h^y, 

j> 

But s(t-\^h) — 8 {t)==^ lim 2 1 AP | < € for values of A < ij, which proves 

that s (t) is a continuous function of t 
In virtue of the preceding theorems we see that, since ^ is a con- 
tinuous monotonic increasing function of t, the inverse function i 
is a continuous monotonic increasing function of s*, so that a? and 
y may be regarded as functions of s, say 

® =/(«). y-'S'W- 

The arc of the curve y^F(x) defined in is a particular 

case of the above when t is identical with ic. 

* This fcUQWS Irom Thsoxsu 2, §10*1. 
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8'61. Rectification. 


Theorem. If (t) and (t) are continmus fvmUone of t in 
curvea=‘<f){t), y — '^(t) is rectifiable andite length s is 

givm by 

To prove this, write 

Cr = ^/[(^Cr - + (^r - 2/r^l)*} ; 

then, by the mean-value theorem, \ 

where fr Vr between tr^i and 

We have to shew that the difference between the two expres- 
sions 

V[{f(f.)l*+{t'M*] (iT 

and V[lf(fr-l))**+{V^'(«r-l))®] (2) 

tends uniformly to zero as (^ — ^r-i) tends to zero. 

In virtue of the identity 

Jia^ + h^) - ^/(c* 4 ~ -d){h + d) 

V(a46) V(c4rf;- + + + 

since |a|4|c|) 


it follows that 


\h\ + \d\ 


<V(a* + 6*)4V(c*4d*). 


|V(o*+6*)-V(c* + d*)|<|a-cl4|6-dl (3). 

If the left-hand side of (3) represents the difference between the 
expressions (1) and (2), then since (t) and (t) are continuous, 
and therefore uniformly continuous*, it follows from (3) that, if 

a~cr=<f,'(ir)-<f,'(tr-i) and b-d = f'(i]r)-ir'{tr-i), 


(V •“ (tr ~ ^-l) a/[ [ 4 >' (^r— l)}* + {'^ (tr_i)}*J 4 (tr "" Ir—l) prt 
where p, tends uniformly to zero as (t, — t,_i) -*■ 0. 

It follows that the length 

8 s: lim Scr, 

as the norm d of the subdivision of (a, j3) tends to zero, is the 
integral 

• i 8'4S. 
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In almost every case of practical importance the functions 
and yjr'(t) are continuous functions. When and are dis- 
continuous at a finite number of points (corresponding to the 
existence of cusps in the arc of the curve), all that is necessary is 
to divide the arc in question into several arcs, for each of which 
the functions (t) and yjr' (t) are continuous, and then add the 
results of integrating over the intervals for t which correspond to 
each of these arcs. 

All the preceding analysis can be easily extended to the twisted 
curve 

For the sake of brevity the proofs have been given for plane curves 
only. 

87. Curvilinear integrals. 

As soon as the concept of a plane curve has been made precise, 
it is possible to define another type of integral which has a good 
deal of importance in certain branches of Applied Mathematics. 

These integrals are known as curvilinear integrals^ and we shall 
have occasion to employ such integrals again in Chapter xi. 

Let A 5 be the arc of a plane curve, and suppose that P {Xy y) 
is a continuous function of the two variables x and y at every point 
of the curve AB, where x and y are the coordinates of a point of 
AB referred to a set of rectangular axes in its plane. 

Subdivide the arc AB into smaller arcs by the set of points of 
subdivision {xr , 0, 1, 2, . . . , n), and choose any point (f,., 

in the arc which joins the points (£Pr-i» yr-i) aud {xr, yr)» 

Consider the sura * 

Vl) (^1 — + V 2 ) +•••+■?(?»! Vn) 

( 1 )> 

which is analogous to the sum used in the definition of the Riemann 
integral as the limit of a sum, with P{xy y) replacing /(a?). If the 
sum (1) approaches a definite limit when the number of points of 
subdivision increases indefinitely in such a way that the length of 
the greatest sub-interval tends to zero, this limit may be taken as 

* Ths notation uaed is an obvions one, thus tha points A and B hav€i absoisiaa 
a and h roapaotively, and 4> (o), 



214 


APPLICATIONS OP THK INTEGRAL CALCULUS [CH. VIIl 

the definition of the curvilinear integral of P (x, y) with respect to 
e over the arc AB, and the integral is denoted by 

f P{x,y)da. 

J jtJB 

We now shew that under certain conditions the limit iif. question 
certainly exists. 

Let the curve ABhe defined by the equations a? = (t)^ « >|r (t\ 
so that as t varies from a to /8 the point {x, y) describes e curve 
AB. 

If the functions {t) and yfr (t) are both monotonic in (a, /8), then 
to every value of x there corresponds one and only one value of t: 
similarly y is a single-valued function of t, and so, on AB, y is a 
single- valued function of x, say y = X {x). 

Since P{x, y) is a continuous function in both variables, the 
function P [x, X (ic)} is a continuous function of a? in a < a? ^6. Hence 

The summation (1) may therefore be written 

^ (fl) (^1 ““ O') + p (^ 2 ) (% %) 4* . . . “f P (fn) ““ ^n-l)> 

the limit of which, since P {x) is a continuous function of a?, is the 
ordinary definite integral 



The conditions laid down above are equivalent to the geometrical restriction 
that a line parallel to the axis of y cannot meet the arc AB in more than one 
point. 

The definition may be extended at once to the case where AB 
is a curve for which (i) and (0 are not monotonic throughout 
(ot, /8) so long as it is possible to divide up -diJ into a finite number 
of pieces on each of which the functions 0 {t) and yfr (t) are mono- 
tonic. Such a curve is said to be a regular curve. 

For the curve ACDB, illustrated below, we have 

!acj)b ^ ^ ** Jao^ ^ 

where in each of the three integrands on the right-hand side^ 
y must be replaced by a different function of the variable x. 
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Curvilinear integrals of the type 

j Q{oi.y)dy 

are defined in a similar way. 



8*71. Properties of curvilinear integrals. 

The following elementary properties are stated; the reader is 
advised to prove them in detail. They are all immediate deductions 
from the definition. 

(1) The value of y)dx, when G is a straight line parallel 

to the aads of is zero. 

Similarly J Q (x, y) dy, when C is a straight line parallel to the 
axis of X, is zero. 

To prove these results, observe that each of the above curvilinear 
integrals reduces to an ordinary Riemann integral in which the 
limits of integration coincide. 

(2) Curvilinear integrals are additive for arcs. 

f P{x,y)dx^\ F(x,y)dx+[ P(x,y)dx, 

J JO JjB - BO 

(3) [ P(», P{x,y)dx. 

lAS JBJ. 

Similar results of course hold for curvilinear integrals with 
respect to y. 
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872. Theorem. 

If <f> (t) and (t) are continuous in («, 0), then 

f P(a;,y)dx=r P{^(t),ylr(t)}il)'{t)dt ..^...( 1 ), 

J AJS J a 

f Q («. y) dy^l^Q {<#> it), f (<)} f (t)dt . . \ . .(2). 

JJB J» \ 

Consider equation (1), and let (a, Oi) be an arc on which <f>(t) 
and (<) are monotonic, so that in (a, ai), y = X(x) and \ 

[ P(a!,y)dx=l P{x,\(iv)}dsi; 


= I -P{,j>it),.lr(t)}4>'{t)dt, 

J a 

by the formula for change of variable in § 7*6. Similar results hold 
for the arcs as), . , (ofn~i> /S), and by adding the results formula 
(1) is proved. Formula (2) is similarly proved. 

Ifote, In the above theorems sufficient conditions for the existence of the 
integrals concerned have been stated, but the reader should observe that they 
may not all be necessary. For example, in equation (1 ) above, the integral on 
the right-hand side would exist if P (a*, y) were continuous and (0 were 
bounded and integrable without being necessarily continuous. 

The conditions given above are those which usually occur in practice, and 
are sufficient for all the applications of these theorems in Applied Mathe- 
matics and Physics. In general, also, the conditions stated above suffice for 
all the applications of curvilinear integrals which are needed in this book, 

8*73. Curvilinear integrals with respect to the arc. 

If 8 denote, as usual, the length of arc, we have seen that s is an 
increasing function of and Hs a single-valued function of a, so 
that 8 may be taken as the parameter, and x and y may be expressed 
as functions of a: these functions will be monotonic functions of $ 
if ^{t) and are monotonic functions of t Thus, if the length 
of the arc AB is <r, and the origin of s is chosen when 
then clearly 

[ P(<r, y)cis=f [ 4>(«)(fe. 

JAB Jo JQ 
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EXAMPLES VIII. 

I. If « > 0, disoum whether or not the following integmle exist : 


Shew also that 


rdx 

rdx 

r xdx f 

}a xi' 

}• 

}• 6*+**’ J- 


(l+x) 


2. Shew that converges if y<p+l; and prove that 

/ — dx converges if 0 < a < 1. 

Jo 1 "tX 

3. Evaluate J* ^(1 - x») P,'* («) ote and J* (l-x*)P„» (*)(&. 


4. Shew that 

and that 


r(a)«2 ^log iy~' d«, 

B(m,n)‘=2f^ co8*"“‘d8in**“*drfdi« / ^ 

Jo Jt (l+i)™*' 


5. Shew that n ! {ar*"-* (a^- 1)»). 

6. Prove that 

(i) u^P^(x) is a solution of the differential equation 

(ii) xP^' (x) = nPn W + (2n - 3) Pn -2 (^) + (2n - 7) W + — 

7. Prove that, if m and n are integers such that m ^n, both being oven or 
both odd, 

8. (i) In the interval (0, 6), where 6> 1, whenever x has any one of the 
set of values 

1 ^ ^ 1 
2’ 3’ •••’ •••» 

let ; and whenever x takes any one of the values 

6 , di^ ci%.f ..., a^nny ..., 

such that l/(m+l)<«m<lM 2, 3, ...), 

let ^nO. Join up the sets of points by straight lines starting with x^h^ and 

joining up succeeding points in the order 

X , 1 I 1 

Oy 1, «!, Q, «2» 5> 

Prove that the function /(;r), whose graph is as described, is not a function 
of bounded variation in (0, 5). 

(ii) If whenever x has any one of the set of values 

1 1 1 
2» 3’ •••’ »• 
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we put instead of prove that the function whose graph is formed 

in a similar way to the preceding, is a function of bounded variation in (0, 6). 

9. Prove that a function of bounded variation in a given interval is 
integrable in that interval. 

10. Prove that, for a circle, the length of any inscribed polygon is less than 

that of the circumscribed square, and deduce that the circle is a r^tifiable 
curve, I 

11. (i) Find the length of the arc of the catenary ys=c cosh between 

the points (0, c) and (c, ccoah 1). \ 

(ii) Prove that the total length of the curve r«=aoos*^, y-sflisin®^ is 
So, and sketch the curve. \ 

12. Prove that the cardioid r=«a (1 -fcos 0) is divided by the line 4r = ia sec 0 
into two parts such that the lengths of the arcs on either side of this line are 
equal 

13. (i) If a? y = 2a^, evaluate 

and 

where 0 is that part of the parabola lying on the left of the latus rectum. 

(ii) Evaluate f 

where U is the curve 

14. If A is the point (0, 1), B is (0, y) and D is {Xy y), evaluate 




where Uis the path which consists of the straight lines AB and BI)» 

Is the value of the integral independent of the path ? 

16. A chord AB of & circle which subtends an angle 2a at the centre is 
taken as the axis of or, and 

f ds 

Joy 

where € is an arc PQ of the circle lying entirely on the positive side of AB, 
If is the length of the chord P§, and yi and ya are the ordinates of P and 
Qy prove that 

V(yi ya) sinh ( J w sin a) = i sin a. 

16. Prove that Hilbert’s double series 
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CHAPTER IX 


FUNCTIONS OF MOKE THAN ONE VARIABLE 
91. Introduction. 

So far attention has been mainly directed to functions of a single 
real variable, and the application of the differential and integral 
calculus to such functions has been considered. 

Functions of more than one variable were mentioned in § 311, and 
the distinction between explicit and implicit functions was made 
there. In this chapter we shall be mainly concerned with the applica- 
tion of the differential calculus to explicit functions of more than 
one variable. Implicit functions are considered in the next chapter. 

Mainly for the sake of brevity we shall usually restrict ourselves 
to two or three variables only. In general, most of the theorems 
are easily extended to more than three variables. 

9*2. Differentiability. 

Consider a variable u connected with the three independent 
variables x, y and z by the functional relation* 

u = u{x,y,z). 

If arbitrary increments A«, Ay, Ax are given to the independent 
variables, the corresponding increment Au of the dependent variable 
of course depends upon the three increments assigned to x,y and z. 

By extending the definition of differentiability for functions of 
one variable given in § 412, we say that the function « = «(«, y, z) 
is differentiable at the point {x, y, z) if it possesses a determinate 
value in the neighbourhood of this point, and if 

■ Aw = AA» + KAy+(7Ax + 6p (1), 

where p!*|A®| + |Ay| + l Ax|, e-*-0 as p->-0, and A, B, C axe in- 
dependent of Ax, Ay and Ax. 

In the above definition p may always be replaced by ij, where 

t) = 

' ^ Th6 use of ti for the fanotional eyinboi as well as for the dependent variable has 
many advantages, and is not likely to cause any ambiguity. Especially is it advan* 
tageotts in the theory of differentiability, for if we write «=/(«» y, s), then du and 

are two different tymbola for one and the same thing* This oompUcation is 
avoided by replacing / by u as the functional symbol 
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9*21. Partial derivatives. 


By changing w to and allowing y and z to remain 

invariable, the increment of u is 

w (a? + Aa;, y,z)-u {x, y, z). 

By analogy with the definition of the derivative of a.fupction of 
one variable, if the incrementary ratio 


u(x + Ax, y, z)--u(x, y, z) 

Ax 

tends to a unique limit as Ax tends to zero, this limit isWfined 
to be the partial derivative of u with respect to x and it is Written 


du 


Similar definitions hold for ^ 

dy 



The calculation of the partial derivatives of any given explicit function is a 
simple matter. If 

u « bx^y -f 3^2 * + xyz + 

02 ^ 

then ^ is found by finding the derivative of u with respect to x and trsating 
the variables y and s as constants. Thus 

Similarly ^=6«*+3*’+x*+3y*, ^=.6y*+ay. 


9‘22. The differential coefBcients. 

In equation (1) of § 9'2, suppose that Ay => A* = 0, then, on the 
assumption that u is differentiable at the point {a;, y, e), 

AM = u(a: + A®, y, e) — u{x, y, «)=* ,4Aa! + e] A®|, 
and dividing by Lx, 

u{x + liix,y,z)-u{x,y,z) 

and by taking the limit as Aa: 0, since e 0 as A0 0, 

du . 
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Hence when the fiinction u^u{x, y, z) is differentiable the 
partial denvatives are respectively the differential 

coefficients* A, B,C, and so 

+ + + ( 2 ). 

The differential of the dependent variable du is defined to be 
the principal part of Aw, so that (2) may be written 

^ du sp 

^ seen when considering functions of one 

variable, the differentials of the independent variables are identical 
with the arbitrary increments of these variables. If we write w = ® 
u^y.u^z respectively, it follows that 

dx = Ax, dy^Ay, dz = Az ( 4 ^j 

and from (4) the expression for du is seen to be 

= + (5). 

This is a fundamental formula in the theoiy of differentiability. 

9‘23. The distinction between derivatives and rfisfaf ftTitlal 
coefficients. 


In § 4-12 we saw that the necessary and suflScient condition 
that the function y =/(ir) should be differentiable at the point « 
IS that It possesses a finite definite derivative at that point Thus, 
for functions of one variable, the existence of the derivative /'(a) 
implies the differentiability of f (x) at any given point. 

For functions of more than one variable this is not true. If the 
function u=u(x, y, z) is differentiable at the point (x, y, z) the 
partial derivatives of w with respect to a, y and x certainly exist 
and are finite at this point, for then they are identical with the 
differential coefficients A, B and C respectively. The partial 


• Historically, the original use of “differential coefficient” was in this sense 
namely to express that a number such as is the coefficient of a differential. Thus) 

in equation (5), which is the same thing as A, is the coefficient of the differen* 
tialds. 
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derivatives, however, may exist at a point when the function is not 
differentiable at that point. In other words the partial derivatives 
need not always be differential coefficients. This is best illustrated 
by means of an example. 


Example. Let 

/(^> v>hen x amd y art not timiUianed^ly zero, 

/(O, 0)«0. 

If this function is dififerentiable at the origin, then, by definitioi^ 


tio\, 


/(A, 0) = AA+ JSA+ci? y. .(1), 

where + and f-*-0 as 

If we write A = >7 cos d, A==i; 8 ind, then the condition that 1 ; should tend to 
zero implies nothing as to the ratio A : which depends only on 6, and may 
be anything we please. We shew that for the given function, equation ( 1 ) does 
not hold. On substituting in equation (1) for A and k and dividing through 
by we get 

cos^d— sin® ^*=.4 cos sin e. 


Since e 0 as 17 0 , we get, by taking the limit as 17 0 , 


cos® 0 — sin® 0=^A cos 6 +£ sin B, 


which is plainly impossible, since B is arbitrary. 

The function is therefore not differentiable at ( 0 , 0 ). 
The partial derivatives exist however, for 


/.(O, 0 )= lim 
/„( 0 , 0 )a lim 


/(A, 0)-/(0, 0) 
A 

/(O, k)^f{0, 0) 
k 



The above example illustrates a point of considerable importance. 
The explanation lies in the fact that the information given by the 
existence of the two first partial derivatives is limited. The values 
of fx (a?, y) and of fy (x, y) depend only on the values of f{x, y) 
along two lines through the point (a?, y) respectively parallel to the 
axes of X and y: this information is incomplete, and tells us 
nothing at all about the behaviour of the function f (x, y) as the 
point (x, y) is approached along a line which is inclined to the axis 
of X at any given angle 0 which is not equal to 0 or -Jw. 

A later example illustrates the fact that certain partial deriva- 
tives of a function may exist at a point at which the function is 
not even continuous. 
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9'24. Notation for partial derivativeB of higher orders. 

We have already defined the first partial derivatives of the 
function «=«(», y, z), and we have denoted them by m,, Uy, u,. 
Since these partial derivatives are in general also functions of x, y 
and z which may possess partial derivatives with respect to each 
of the three independent variables, we have the definitions: 

(i) I- (r)* lira + 

dx \dxl Aa-*o Ax ’ 

(ii) lino Mg y + Ay, z) - (x, y, z) 

^ ' dy\dxj Ay— 0 Ay ' 

(iii) i = lim ^z{x,y,z + M-u^(x,y,z) 

Bz \02// AgiH^O 

provided that each of these limits exists. 

Notations for these three second-order partial derivatives diflFer 
with various writers: in this book the following symbolism is 
adopted: we write for the second-order partial derivatives 

0^'M 0^1^ 0^li 

(i)^oruy„, (ii)gpjor«^, (iii) g-^oru^. 

By operating similarly on ^ and ^ we get six other second- 

order partial derivatives, making nine in all. 

The following example illustrates the fact that certain second 
partial derivatives of a function may exist at a point at which the 
function is not continuous. 

Example. Let ^ whenx^y^ 

x-^y 

0 (^, y) = 0 when X =y. 

This function is discontinuous at the origin. To shew this it suffices to prove 
that if the origin is approached along difi'erent paths, </> {x^ y) does not tend 
to the same definite limit. For, if ^ (x, y) were continuous at (0, 0), (x, y) 

would tend to zero (the value of the function at the origin) by whatever path 
the origin were approached. 

Let the origin be approached along the three curves 
(i) y^x-^a^, (ii) y^x-x^, (iii) 

then we have (i) ^ (x, -^0 as ar-^0, 

(ii) <^(a!,y)= — asx-^O, 

(iu) — CO MX^d. 
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Certain partial derivatives, however, exist at (0, 0), for if tf>„ denote ^ 

W6 have, for azample, 

^.(0, 0)- lim lim ?=0, 

^«.(0, 0)= lim 0) Jim 

^-•-0 n h-^0 ri ’ ' 

since ^(o?, 0 )s»:p*, 0, (a?, 0 )w2j; when arN 

9*3. Change in the order of partial derivation. 

In almost all cases that occur in practice, the partial dOTivative 
has the same value in whatever order the different operations are 
performed. Thus, if w = w {x, y, z)y it is usually found that 

Uyx =® , 'Uzx ~ ~ 

To fix the ideas, consider a function of two independent variables 

u=^u(Xy y). 

Since it is so often the case with functions which occur in practice, 
one is tempted to assume that always 


The following example illustrates the important fact that is 
not necessarily always equal to 

Example, Let 

f{Xy y)«= when x and y are mi simultaneoudy zerOy 

/( 0 , 0 )* 0 ; 

01 / 03 / 

ihew ihaty at the origin^ d^x* 

When the point (a?, y) is not the origin, 



il 

+ 

(1), 



43p8y2 \ 

l»*+y* (3?’+y*)*J 

(2); 

while at the origin, 

Mo,o)^] 

li„ ti).„ 

(3); 

and similarly 


/.(0.0)-0. 



From (1) and (2) we see that 

/*(o,y)»-y (y^O) 

/y(a?,0)- X (X^O) 


(4), 

.( 6 ). 



CHANGE IN THE OBDEB OF PABTIAL DEBIVATION 


Kow we h&Te 

(0, 0)- lim 

h'^0 " n 

U ( 0 . 0 )- - 1 = - 1 , 

end so /*,(0, 0)4=/„(0, 0). 

In the direct calculation of ^ or of /y* a double limit is involved, 
and the value of a double limit may depend upon the order in which 
the limiting operations are made. For example 

lim lim = lim ( — = - 1, 
lim lim lim 

Now 

/„(„,6).limA(5j±«zA(5LB 

*-►0 A? 

„ lim i(iim 

h-^0 « J 

and so, if we write 

Ay (A, A) * /(a + A, 6 + A) - /(a, 6 + A) - /(a + A, 6) + /(a, 6) 

(IX 

then /ya,(a, 6)* lim lim ^ ■ 

and fxy{<^y ^ 

There is therefore no a prion! reason why fyx and /«y should 
aUnvays be equal, in spite of the fact that in most practical cases it 
is found to be so. We now prove two theorems, the object of which 
is to set out precisely under what conditions it is allowable to 
assume that /*y(a, 6) = fyxis^t 

Theorem 1. If (i) /» and fy exist in the neighbourhood of the 
point (a, b) and (ii) and fy are differentiable at (a, b); then 

/»y **/ya»* 


*5 
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We shall prove this by taking equal increments h both for » and y, 
and calculating A*/ in two different ways, where 

A*y‘= y (o + A, b + h) — y(a + h, b) —fip,, 6 + A) +y(o, A). 

(o) A®/ is the increment of the function 

H{m)^f{x,b + h)-f(x,b) 

when X changes from a to a + A. If we apply the m^an value 
theorem to H (x) we get, if 0 < ^ < 1, 

H(a + h) — H (a)=hH'(a + 6h), 
and so A®/ = A [/* (a + dh,b + h} — /„ (o + 6h, A)] . , .(1). 

By hypothesis (ii) /«(«, y) is differentiable at (a, b), so that 
/* (a + ^A, A + A) - /* (a. A) = dA/** (a. A) + A/^, (a. A) + e'A, 
and fx (a + dA, A) - /« (a, A) = dA/j» (a. A) + e"A, 

where e' and e" tend to zero with A. 

On subtraction and substitution of the difference in (1) we get 

+ •'•( 2 ), 

where cj «= e' — e", so that 6i tends to zero with A. 

(A) A®/ is also the increment of the function 

^ (y) = /(« + A. y) - /(a. y) 

as y increases from 6 to 6 -h A ; and by a similar argument 

Ay = + 62/^2 (8). 

If we divide equations (2) and (3) by A* and take the limit as h 
tends to zero, it follows that 

A*/ 

lim = y;,* (a, 6) = (a, b). 

By assuming hypothesis (ii) in the above theorem we postulate the 
existence of all the second order partial derivatives of / (at, y) at the point 
(a, 6), but not necessarily their continuity. 

An alternative set of hypotheses involves only the existence of one of the 
second order partial derivatives of /(j?, y) at (a, b) provided that we assume 
also its continuity. These hypotheses are made in the following theorem. 

Theorem 2. 1/ (i) /*, / y , fyx cdl exist in ike neighbourhood of 
the point (a. A) and (ii) is continuous at (a, A), then (a) fay oiso 
msie at (a, A), and (A)/q, 
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Consider the function 

H{x)^f{x,h + k)-f{x.h). 

and apply the mean value theorem to if (a;) in the interval (a, a + h), 
then 

H^a + K) — H (a) ^^hH' (o + 6K) 

= A [/* (a + 0A, 6 + jfc) - /, (o + eh, 6)]. 

Now, since /y* {x, y) exists in the neighbourhood of (a, h) we can 
apply the mean value theorem again to the right-hand side of this 
equation : this gives, if 0 < d' < 1, 

H(a + h) — H(a) = hkfyx (a + 6h,b-{- d'k). 

By hypothesis (ii) /y* is continuous at (a, h) and so the above 
equation may be written 

H{a + h)-H(a) = hk [/y* (a, t) -I- e] (1), 

where e tends to zero as h and k tend to zero. 

Now H{a + h) — H (a) is the function A®/ (h, k) defined above, 
and so, if we divide equation (1) by hk and take the double limit 
we get 

/«y (a, 6) = lim lim -/v*(o, 6) 

k-*-0 

from (1) above. 

Thus /ya, exists and is also equal to /gy. 


will see that t/ and are both continuous functions of x and y, thm 


Note. By examining the hypotheses in Theorems 1 and 2 above, the reader 
02/ 
tybx ' 

iheee two derivatives are certainly equals for the assumption of the continuity 
of both these derivatives is a wider assumption than those required for proving 
either Theorem 1 or Theorem 2. 


9*4. Differentials of higher orders. 

Let u be a differentiable function of the independent variables x 
and y. The first differential of u, 

.(1), 


. Buj, Buj 

du^^dx+^dy 
Bx By ^ 


Bu 


is difierentiahle (dx and dy being regarded as constants), if ^ and 


du 


^ are determinate in the neighbourhood of the point considered 
and are hotii differentiable at this point. In this case the differential 
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of du, which is called the second differential of u exists, and it is 
denoted by a!*M. 

The second differential is calculated in the same way as the 
first; thus 


<Pu = d (du) =! d da + d dy (2). 

To evaluate d we have only to replace, in the nght-hand 

\ 

side of (1), the function u by the function ^ : a similar remark 

applies to Since du is diflTerentiable, we can \ use the 

theorems of the preceding section to justify our assumption that 


hence 


dhi _ dhi 
dxdj/“^ dydx^ 


dhi- 




dhi 

ibxdy' 


0y* 


J-* . o j j I j i 


•(3X 


where, of course, da^ is dx . dx. 

Similarly we can define the successive differentials d*w, d*u , .... 
The function u^u(x, y) is said to possess a differential of order to, 
d"u, at the point (a, h) if is differentiable at this point, which 
implies that all the partial derivatives of order n — 1 exist in the 
neighbourhood of, and are differentiable at (a, 6). This condition 
ensures the legitimacy of inverting the order of the partial deriva- 
tives with respect to a and with respect to y, and so 

0"-% _ 0»-Ht 
Zcfdff dffdaf’ 

where r+« = TO — 1. 

The abbreviated notation for d’^u is useful, and may be con- 
veniently introduced here. We write 



and the complete expression is obtained by expanding the right- 
hand aide as a binomial expansion and interpreting l^e powers of 
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8 as indices denoting the order of the partial derivatives nn nnftmftrf ; 
thus 

+ “‘iT 8^ 

The reader should observe that in the preceding discussion ic and 
y are the independent variables, and so dx and dy may be 
treated as constants*. It will be recalled that the differentials of 
the independent variables may be taken to be the arbitrary incre* 
ments of these variables, 

dx = Aic, dy = Ay. 


9 * 6 . Differentiation of functions of functlona 
So far attention has been directed solely to functions 
u==u(x,y,z,...) 

where the variables a?,y, -0, ... are the independent variables. We 
now consider a functional relation 

u^%{x,y,z, ...), 

in which the variables x,y, 5r, ... are not the independent variables, 
but are themselves functions of other independent variables 
r,a,t, ...,80 that, say 

X =^x(Vf 8, t, ...), 


We now prove the fundamental theorem on the permanence of 
the expression for the first differential. 

Theorem. If u^u (a?, y, ...) is a differentiable function of ike 
variables a?, y, x, ..., and these variables are themselves differentiable 
functions of the independent vanables r, 8 ,t , ..., then u, considered 

* Tbs statement that a set of variables ir, are ** the independent variables/^ 
will always mean that they are the independent variables of the problem con- 
sidered, and so the differentials dx^dy^,,, may be treated as constants. The word 
"‘independent** is used by some writers in a loose way, and sometimes when it is said 
that two variables » and y are “independent,** in the sense that x does not depend 
on y, the word “independent** carries a slightly different shade of meaning, x andy 
may be independent of each otbeii and yet not be the independent varinblet of a 
particular problem. 
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08 a function of is differentiable, and its differential is 

given by 

du *= ^ dx + ^ dy + 4- • • . , 

just as though a?, y, 5, ... were the independent variables. 

To fix the ideas, consider only two intermediary functions x and 
y and two independent variables r and s. The method o|f proof is 
evidently general. 

Write 1 Air|-f| Ay| and p=s|Arj-f| 

Since x and y are differentiable functions of r and s. 




Ax = ^Ar +^As + ey 
A3/ = ^Ar + g|As + ey 


•( 1 ). 


where e' and e* tend to zero as 

If ft) denotes the greater of e and and M the greatest in 
absolute value of the four partial derivatives which occur in equa- 
tions (1), then 

\Ax\< (il/ + a))p', I Ayl< (M-ha>)p\ 

and so £ ^ L . ^ . ? I "^1 < 2 o)): 

P P 

thus the ratio p:p remains finite and p-^0 when 
Since u is a diflferentiable function of x and y, 

. du . du . 

Au^^Ax + ^^y + ep .( 2 ), 

where 6-^0 as p-^0. 

Now r and s are the independent variahleSy and so Ar and A« may 
be replaced by dr and and equations (1) may be written 

Aa? « cib + e'p', Ay = dy + e"p', 
and, on substituting these values in (2), 


. du . du 
CkU a= ^ da? 4- . 5 - 
0a? 0y 





3uN 


This proves the theorem, for the expression in the bracket tends 
to zero as p'-*-^, and so 



PEKMANENCE OF THE FIRST DIFFERENTIAL 


231 


9-6] 

The above theorem establishes this fact of fundamental impor- 
tance. The first differential of a function is eoopressed always by the 
same formula^ whether the variables concerned are independent or 
whether they are themselves functions of other independent variables. 

This is only true for the first differential Differentials of higher 
orders are discussed in § 9*6 below. 

9*61. The derivation of composite functions. 

We deduce at once from the preceding theorem two important 
results. 

^ (i) Let it?, y, ... be differentiable functions of a single independent 
variable t, then the derivative of w = w (a?, y, . . with respect to t is 
obtained by dividing the differential du by dt, 
du ^dudx dudy 

dt dx dt dy dt"^ ^ 

(ii) If a?, y, ... are differentiable functions of several variables 
r,a, ... the partial derivatives of w = y, ...) with respect to 
these variables are calculated by the preceding formula, except 
that all the derivatives concerned are now partial; thus 
du^dudx dudy \ 
dr dxdr dydr 

du ^dudx dudy (2)* 

0s dx ds^ dy ds^ 


This is immediate, for if we consider that of all the variables 
r,s, ... concerned, r alone varies, then the conditions are the same 
as in (1), save that when t is the only independent variable 

du dx dy 


are ordinary derivatives, but when r alone varies, the other vari- 
ables being kept constant, the derivatives concerned will all be 


. . , du dx dy 


If the set of equations (2) are multiplied by dr, ds,... respectively, 
then on addition we reprod&ce the fundamental formula 


,( 3 ). 
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NoU, The above result illustrates the great advantage of the difierential 
notation. From equation (3) we can obtain all the information that can be 
obtained as regards first order derivatives, whereas if all the possible sets of 
equations involving partial derivatives are written down, there would be a 
long list of equations every one of which is implicitly contained in (3). 

For example, if 

u^u {x, y, z), {x, y, z), w^w {x, y, z\ 

and we differentiate these, we obtain three equations of the form 
du"^Aidx+Bidy^Cidz^ 
dv ^A^dx-^ B%dy 4* Cjcfo, 
dvit:>»A^dX’\‘B^dy’^C%dz, 

From the six variables w, v, w, j?, y, z sets of three independent Variables 
can be chosen in 20 different ways: corresponding to any one set of three 
independent variables there are nine equations involving partial derivatives. 
Thus the information conveyed by the above three equations involving 
differentials can be obtained only by the formation of no less than 180 
equations involving partial derivatives. 

9*6. Differentials of higher orders of a function of functions. 

In the preceding section we have seen that if we write down the 
expression for the jitsi differential of any function of several vari- 
ables, the equation is always correct, whichever of the variables 
concerned may be the independent variables. The permanence of 
the expression for the first differential is a fact of very great im- 
portance in practice, and it may be stated in the following form. 

Given a differentiable equation between a certain number of vari- 
ables, independent or not, but differentiable, it is always allowable 
to differentiate the equation totally*. 

Consider the function u-u{x, y), when x and y are themselves 
functions of other independent variables, say r and s. We have 
seen that in any case, whether x and y are the independent van*? 
ables or not, 

w- 


* The differential du of a function u {x, y) is sometimes oaUed a total differential, 
to distinguish it from the so* called partial differ entiaU 




p da; and dyU^ 



It is then natural to speak of the process of finding du as differentiating totally.’ 
The concept of partial differentials is not of much practical utility, and will not be 
need in this book. The term total difierential” may however be occasionally. 
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In the formation of the second differential d*M, however, there is 
an important difference when « and y are not the independent 
variables. ^ 

Since « and y are not the independent variables, dx and dy are 
longer constants, but can be themselves differentiated and cPx, 
d^ both exist. On differentiating equation (1) we get 

and on comparison with equations (2) and (3) of §9-4, we see that 


ym d^U , « d^U 


(»3y ^ 5 • -W 


The formation of differentials of higher orders follows the same 
law, but the formulae become more lengthy and complicated. No 
simple general formula for d“M can be given. The introduction of 
more than two intermediary variables causes no difficulty: thus 
when u = u (x,y, z), and x,y,z axe not the independent variables. 

The reader should notice that if r and 8 are the independent 
variables, we have equations of the form 

dx = Ridr + Sids, dy = R^dr + S^ds, 
cPx= Fidr* + ZOidrds + Hids», 

<Py = Fzdr* + 2Gtdrds + Htds^; 
and, on substituting for these in equation (2), we get 
cPu = A dr^ + 2Bdrds + Gd^, 

which expresses as a quadratic function of the differentials dr 
and ds of the independent variables. 

9'61. Example. 

Prow that, by th» tran^ormations u=>‘X-et,v’=‘X+et,th« pariuddifferential 
equation 

SSli ’ 


roduae* to 

toed hanw wlw the equation. 
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In this problem x and t are the independent variables, and we wish to 
express y as a function of u and v, where u and v are functions of the inde* 
pendent variables x and t 

Now ( 1 ), 

and we have to express d^y in terms of the differentials dx and dU 
Now du^dx-edt^ dv«>^dx’\‘Cdt^ 

On substitution in (1) we get 

the coefficient of dxdt being written as since its actual value is not required 
for this problem. 

Now ^ is the coefficient of dx^ in equation (2), and so 
0;r2 0^2 hicv^d^* 

and similarly, on taking the coefficient of dt’^ in (2), 




0^2 


\0a2 ^ 0tt0V ^ 0v2 


02y 


!)• 


If these values are substituted in the given differential equation 




.=c' 


8 **’ 


it follows that 


02y 

0w0i; 


The solution of this equation is simple, for the equation 

implies that ^ ^ ^ function of v alone : and so the general solution of the 
difilerential equation takes the form 

where and / are arbitrary functions. The general solution of the given 
equation is consequently 

y^F{x--ct) +/ {x + ct). 

The differential equation which has just been solved is the ^ wave equation, ** 
and is veiy important in Mathematical Physics. 


* Note that d^u and cPv are zero merely because u and e are lintar functions of 
X and t; and, in general, if u and v had been other than linear functions of xand 
d*u and 'would not have been zero. Equation (1) above would have been incorrect 
If the last two terms of it had been omitted, although in this particular case they 

vanish. 
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97. Euler’s theorem on homogeneous Ihnetlons. 


A function /(«, y, s, ...) is a homogeneous function of degree n 
if it has the property 

/(te, te. . . .) = y, XT, . . .) (1). 

(1) To prove Euler’s theorem, write a! =tic,y' ^ty , then 

•••) ( 2 ), 

and if we take the partial derivative with respect to #, we get 


a/a®' a/a/ 

aa/ at ‘‘’a/ at 

that is +y^, + ... = nt»-V(®,y,^,...). 

Now put t = 1, so that ®'=®, y' =y, ... and we get 

9/ . y . 

which is known as Euler’s theorem. 


•(3). 


(2) Differentiate the equation (2) m times; since t is the only 
independent variable, we have 


(i"/= n(n — 1) ... (n. — m + l)t"~*‘/(®,y,5, ...).dt”^. 

Now 

and since y'”* == when ^ * 1 we get 

( 9 9 

which is tAs generalisation of Euler's theorem. 


9'8. Taylor’s theorem 

In view of Taylor’s theorem for functions of one variable, it is 
not unnatural to expect the possibility of expanding a function of 
more than one variable /{x + h, y + k, e + l, ...) in a series of 
ascending powers of h,k, I,.... To fix the ideas, consider a function 
of two variables only; the reasoning in the general case is precisely 
the same. 
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Consider a circular domain of centre (a, 6) and radius large 
enough for the point (a+h, b-hk) to be also within the domain. 
Suppose that f {a:, y) is a function such that all the partial deriva- 
tives of order n of /(«, y) are continuous in the domain. Write 

x = a + ht, y = h + kt, 

so that, as t ranges from 0 to 1, the point (x, y) moveij along the 
line joining the point (a, h) to the point ia + h,b + A); tten 
/(®. y) =/(o + ht,b + kt)=‘<j> (t). \ 

and similarly <f>" (t) = d% . . . , ^ = d^f. 

We thus see that <f) (t) and its first n derivatives are continuous 
functions of t in the interval and so, by Maclaurin^s 

theorem, 

<f,(t)=<f> (0) + ti' (0) + ^ (0) + . . . + ^ (do, 


where 0 < d< 1. Now put i = 1 and observe that 

«#> (1) =/(® + A, 6 + A), 4> (0) =/(». A), <}>' (0) = df(a, b), 
f'(0) = d*/(a,h), .... dX^K^O'dyCa + d/t.A + dA). 

It follows immediately that 

f{a+h, b + h)=‘f(a, b) + df{a, b) + d*/ (o, 6)+ ... 

in 

where Rn=— ,d”f (a -i-6h,b + 6k), O<0<1, 

n ! 


Note. The reader should compare the assumptions made here 
about f{p,y) with those made about /(a?) for the application of 
Taylor’s theorem to functions of one variable in §445. It was 
there found to be sufficient that /*”* (a;)should exist in a<x< a + h, 
but here we have assumed that all the partial derivatives of order 
n are continuous in the domain in question. It can be shewn by ex- 
amples that the Taylor expansion above does not necessarily hold 
if these derivatives are not continuous*. 


See BxampleB IX, 18 . 
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9'81. Maolaorln’s theorem. 

If we put a<^b»^0,h=:m,k*^y,we get at once, from equation 
(1) above, 

/(*. y) “/(0, 0 ) + d/iO, 0 ) + 1 d*f ( 0 , 0 ) + . . . 

where = ~ d'fiSx, By), 0 < 0 < 1. 

Tho thooreins easily extend to any number of variables« 


EXAMPLES IX. 

1. If u* (1 - 245y +y*) ““ 4, prove that 

2. Prove that gjs invariant for change of rectangular axes. 

[If the axes be turned through an angle a, then 

jfBsa^'cosa-y'sino, yasa/sina+ycosa; 

shew that the above expression becomes •] 


3. If a? *» r cos y « r sin prove that 

r\ 

SiSy ” f* ’ 

( 11 ) 

where t4 is any twioe*differentiable function of x and y. 

4 Prove that the function 

fim, y)=(|«?y|)* 

is not differentiable at the point (0, 0), but that ^ and ^ both exist at the 
origin and have the value 0. 

Hence deduce that these two partial derivatives are continuous except at 
the origin. 
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5. OiTon that jpi, se^ are n independent variables, e is a oonstant 

Pi> P%^ ••nPu ^ ^ functions of u which is itself a function of the j^’s, and 
that 

^lPl+^2P2 + ••. +^nPn^<»h 


shew that 


d^u d^u , * 


6* Given that i is a function of x and y and that 


(i) 

prove that 




02f 0®« d^e dz dz mC^z 0*s ,0*i ' 

(ii) If s»^u+v, y*suv, prove that 

d^Z dh , 02« , . ^ , 02« ^ 0J 

014* ' 0140V 0V* ^ ^ 0y* 0j^ ‘ 

7» Change the independent variables from x and y to i4 and v in 
W (**+y*)(a^ + ,Y,)+4xy^ + 2*^+2y^.(^ 

if 2x s= €**+ e*, 2y = 6»* - «* ; and in 

(ii) ^+2^0^ + 2(y-y»)^+x*yhm.O, 

if j?«ci4v, y««l/v, deducing that z is the same function of u, v i ^ of a?, y* 

8. Given that f is a function of i4 and v, while 
t4«(r2-y*~2ary, v»y, 

prove that the equation 
02> 

is equivalent to *=0. 

Hence deduce that 




««/(4r»-y*-2^y). 

S. Prove that fxy^fy» at the origin for the function 
f{Xj y) *s4r* arc tan ^ - y* arc tan ^ • 

/In /tVn 

la Shew that 


11. Prove that, whatever the fhnctiona/and g, 

(i) *‘^xf(x+y)+yg(x+y) 
aatufies the relation* r - 2* + < =0 ; 

(ii) *’^xf(ylx)+g(ylx) 
■atufiw the relation rifl+Sitxy+ty*’mO. 


* P* f » r, I, t are defined in 1 10*81* 
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12. y)=««ooBJy, prove that the first four terms of the Madaurin 
expansion of /(^, y) are 

ifoxf 2j + 

and obtain the first four terms of the Taylor expansion of /(^4-A, yJ^h) in 
powers of h and L 

Discuss the validity of these expansions. 

13. If/(a^,y)=(l*i^|)*, prove that the Taylor expansion about the point 
(ir, x) is not valid in any domain which includes the origin. Give reasons. 

[See example 4. If a Taylor expansion were possible (w«=l) 

/(ar+A, x+h)=f(x, a:)+A{A(^, a. 

where a? < f < 4?+ A. This is not valid for all h for it implies that 

s= |J7| + A, ^4:0, 

^=0.] 

14. Shew that, if /(^, y)> ^ continuous in a circular domain D 

of centre (a, h) and radius large enough for the point (a+ A, 6-f to be within D, 
h\k)—f{a^ 6)-f 6-f A+6>A) 

where 0 < d < 1. 

If /(^, - 1, A« A«3, verify that the above conditions 

are satisfied and find the value of d. 

15. If 

prove that rx^ + 2»ary -p + gy = 9». 

16. If /(^, y, z) is a homogeneous function of j?, y, « of degree n, prove that 


/«*» f f x$ 
fwi fwi f H* 
fm^ ftyi fu 


(n-i)! 


f xty f xyi f* 
f vx'> f vyy fy 
/*» Ai 
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IMPLICIT FUNCTIONS 

101. Ezistenoe theorems for Implicit Amotions. 

Let ^(®i. .(1) 

be a functional relation between the n + 1 variables u, 

and let 

“ ®i» • • • » 

be a set of values such that the equation 

F(ai, ...,an,u) = 0 ( 2 ) 

is satisfied for at least one value of u; that is, the equation (2) in 
u has at least one root. We may consider u as a function of the x'b, 
« =5 ^ (a!x , flj* , . . . , defined in a certain dom ain where (aji 

has assigned to it at any point (xi, . .. , o^n) the roots u of equation 

(1) at this point. We say that u is the implicit function defined by 
(1): it is, in general, a many- valued function. 

More generally, consider the set of equations 

FpijXi, Xfi, Uif ...,Mct) = 0 (p = 1, 2, ...,wi) ...(3) 

between the n+m variables ajj, ...,Um)i^Qd suppose that 

the set of equations (3) are such that there are points (ici, xa , ..., <c„) 
for which these m equations are satisfied for at least one set of 
values ui,ua, We may consider the u’s as functions of 

the a;’s. 

Up “ (j>p (ajj , Xat • . . , Xf^ ^ (p“l, 2, ..., wi) 

where the functions (ft have assigned to them at the point 

(xi, Xa Xn) the values of the roots «i, Ua , ..., ttm at this point. 

We say that «i, Um constitute a system of implicit functions 

defined by the set of equations (3). These functions are, in general, 
many-valued. 

We now prove an existence theorem for implicit functions; for 
simplicity we consider only three variables, but the method of proof 
is evidently general 
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Theobem 1* Let F(u, x, y) he a continuous functum of the variables 
u, d?, y. At the point (uq, a, b) suppose that 

(i) 6)«0, 

(ii) F {u^ X, y) is differentiable, 


dF. 


(iii) the partial derivative ^ is not zero, 


then there exists at least one fumAion u=^u{x, y) reducing to at 
the point (a, 6), and which, in the neighbourhood of this point, satisfies 
the equation F{u, x, y)^0 identically. 

Also, every function u which possesses these two properties is con- 
tinuous and differentiable at the point {a, h). 
dF 

Since = 0, ^ =}= 0 at the point (wo, a, b), a positive number 8 

can be found such that F(uo^S, a, h) and i^(wo + S, a, b) have 
opposite signs, for the function F is either an increasing or a 
decreasing function of u when w = Wq • Further, since F is continuous, 
a positive number can be found so that the functions 
F (i/o - K y)i F (no + 8, X, y), 

the values of which may be as near as we please to 
F(uo-b,a,h), F (uo + 8, a, b), 
will also have opposite signs so long as \x-a\<7), \y-b\<ri. 

Let X, y be any two values satisfying the above conditions; then 
F(u, X, y) is a continuous function of u which changes sign between 
t^o — 8 and Wo + S and so vanishes somewhere in this interval. 

Let u^u(x, y) be the root (the greatest root if there is more 
than one); then this will be one solution of i^=0 which reduces 
to tio at the point (a, 6). 

Suppose that Am, Ad?, Ay are the increments of such a function 
u and of the variables x and y measured from the point (a, b). 
Since F is differentiable at (uq, a, b), we have 

" AF^ {Fu (wo, a, b) + €} Am + {F^ (uo> a, 6) + e'} A« 

+ {Fy (mo, a, b) + e '} Ay » 0, 

for since F^O, it follows that AF = 0, and the numbers e tend to 
zero with Am, Aa? and Ay, and can be made as small as we please 
with 8 and t). Let 8 and ^ be so small that the numbers e are all 
less than 4 1 Fu(mo, a, b) j, which is not zero by hypothesia 
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The above equation then shews that as A^^-^Oand 

Ay-^0, in other words the function ws=w(a?, y) is conUnuons at 
(a, b). 

It also shews that u is differentiable at (a. 6), for 


At^ 

that is, 


{Fg, (uq, g, b) + e'} A(c >f {Fy (?<o, a, b) -h 6^"} Aj 
^tt(wo, a, 6)+ e 


is, \ 

A Fx(^y0i a^ * Fyin^^ u, 6) a • a • \a 

Am : » - 44 Aa? - - f - } V --1. J ^ 4- ^ Ay 

Fu(uo,a,b) Fu{uo,a,b) ^ 


6i and €2 tending to zero with Ax and Ay, 


Corollary 1. If exists and is not zero in the neighbourhood 

of the point (uq, a, b), the solution u of the equation F^^O is unique. 

For, if there were two solutions and u^ we should have, by 
the mean-value theorem, if ui <u < U2, 


0 = F (Ml , A', y) - F (m2 , X, y) = (mi - u^) Fu {u\ x, y\ 
and so Fu (w, a?, y) would vanish at some point in the neighbourhood 
of (mo, a, 6), and this is contrary to hypothesis, 


Corollary 2 . If F (m, x, y) is differentiable in the neighbourhood 
o/*(mo, a, h\ the function u = u(x, y) is differentiable in the neighbour- 
hood of the point (a, 6). 

This is immediate, for the preceding proof is then applicable at 
every point (m, x, y) in that neighbourhood. 

The above theorem, like most existence theorems in Analysis, is of an 
abstract nature, and the reader will probably appreciate the theorem better 
by considering the geometrical illustration, taking for simplicity the case of 
a function of two variables only*, say F{u^ ar)=0. 


Corollary 1 is of great importance, for by considering a function 
of two variables only, F{Ut x)^0, and taking F(u, x)^ f(u) — x, 
we can enunciate the fundamental theorem on inverse functions as 
follows. 


Theorem 2. If in the neighbourhood of u — the function f(u) 
is a continuous function ofu, and if(f) (ii) /'(m)4*0 in 

the neighbourhood of the point m©, then there exists a unique 

* See, for example, Hardy*B Pure Mathematiee, § 108. 

t That is a steadily increasing (or decreasing) fnnotion in this neighbour- 

hood. 
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continuous function u » ^ (a;), which is equaZ to Uo when te^a, and 
which satisfies identically the equation 

/(“)-«= 0 , 

in the neighbourhood of the point x=^a. 

The function u — thus defined is called iAie inverse functiam, 
of « =/(w). 

Examples, If a^O, then all the conditions of Theorem 2 are 

satisfied, and 

Under the same conditions, if x=^v^ the conditions of Theorem 2 are not 
satisfied, for is not an always increasing (or always decreasing) function of 
w in the neighbourhood of the origin, since it decreases when % is negative 
and increases when u is positive. In fact the equation v^^x defines two 
functions of 

u^njx and u^~-sjx. 

These functions both vanish when ^*=0, and each is defined for positive 
values of x only, so that the equation v?^x has sometimes two solutions and 
sometimes none. 


1011. The logarithmic function. 

So far no definition of the logarithmic function has been given, 
although, like the circular functions*, it has already been used to 
enrich our examples. To illustrate the application of the inverse 
function theorem, it is convenient here to define the logarithmic 
function, and then to shew how to deduce the properties of the ex- 
ponential function from it by means of the inverse function theorem 
of the preceding section. 

Let us adopt the method of defining the logarithm by the 
equation 

loga; = J y, a?>0. 

Since the properties of definite integrals have been discussed in 
Chapter VII, most of the fundamental properties of the logarithmic 
function can be proved directly from these properties. 

(1) By the fundamental theorem of the integral calculus, logo? 
is a continuous function of w in the interval (1, x), it increases 
steadily as x increases, and it has a derivative 

d , 1 
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AlsOi if > 2*. 

f^dt f^dt .f^dt 


Jr t Ji u* 

. 1 f * du 

nence log aj > n I — , 

® Ji u * 

and so log w^^oo as a; oo . 

(2) IfO<aj<l, then log a? < 0, for 

, r*de C^dt . 

log«=J_7 — J_7<0; 

and, by writing t = llu, we get 

, {‘dt ni*du , .... 

and BO log a?-^ - 00 as a; -<► 0 + 0. 

(3) The functional equation for logo? is 

log (a:y) = log ® + logy. 

Now 

if t«yu, hence 

log(ay)» ^»log»-log(l/y) 

« log « + logy. 

( 4 ) 2 %« number e. 

This number is conveniently defined* by the equation 

, f* dt 


f* dt 

"Ji T’ 


and the definition is unique, since log w increases steadily with «, 
and so it can pass only once through the value 1. 

From the functional equation above it follows that 
log ®* ■= 2 log «, log *•=“ Slog log«"««nlog«, 
where » is a positive integer. Hence 

loge»=»nloge—«. 


* Another definition of «, M e limit, hu already been given in |S’S. The two 
^fflnttiniia ehewn to be eqnivalent in § 10*18 below. 
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lip and q are positive integers and denotes the positive gth 
root of eP, we have 

j) = log ev *= log (eW?)* = j log 
Thus, whatever positive rationcil valus y may have, 

loge» = y. 

Also, since 

logc-vr^-logevro-y, 

the above equation extends to all rational values of y. 

Since when y is irrational may be defined by Cantor’s method 
as described in § 6*3, if yn is an appropriate rational approximation 
to y, from the equation 

loge^» = yn, 

we deduce, by the limiting process of Cantor’s definition, the 
equation 

logev^y 

for all real values of y^, 

1012. The exponential fdnotlon. Application of the Inverse 
ftinction theorem. 

We now define the exponential function expy, for all real values 
of y, as the inverse function of y = log x. That is, if y« logo?, we 
write 

a?«expy. 

As X ranges from 0 to oo , y ranges from — oo to oo and increases 
steadily throughout this range, so to each value of x there corre- 
sponds one value of y and conversely. 

If a>0, then, in the neighbourhood of any point a?** a, the . 
function (y, a;) = y — log a? = 0 satisfies all the conditions of 
Theorem 2 (by taking account of differences of notation); and this 
justifies the assumption that a unique inverse function a: » expy 
exists. Since, moreover, Theorem 2 is a special case of Theorem 1 
we can deduce for the exponential function (i) continuity and 
(ii) differentiability in the neighbourhood of the point y«6, where 
h is the value of the function y == loga? when a? = a. It is therefore 
unnecessary to prove for the function exp y any of the properties 
which have already been proved for the function log a? and which 
can be deduced from the implicit function theorem. 

r ^ This Msumes, of oonrse, the oontmoitjr of the logarithmio fonotion. 
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If e be the number defined (as above) to be the number whose 
logarithm is unity, the functions expy and ev are identical for all 
real values of y. 

An alternative method of developing the theory of the exponential and 
logarithmic functions is to take as the definition of the exponential function 
the result that expjr is the sum-function of the absolutely convergent power 
series \ 

l + »+|y + |^ + (1) 

for all values of x. By using the multiplication theorem for abslplutely con- 
vergent series (§ 5*7) it can be proved that \ 

exp X . exp y = exp (j? -f y) (2).* 

Now liA| + |JA|H|iAl’+...=liA|/{l-liAl). 

and since ^ (A) is numerically less than this series, 

as 


exp(x+A)-expj;_ /eipA-l\ 


and by taking the limit as A 0, 

d 


>expa?«exp^ , 


Incidentally we have implicitly proved that exp a? is a continuous function 
of a?. From (2), if m and n are positive integers, 

(exp xY s= exp nx^ (exp 1)” » exp n, 

{exp (?n/n)}’*»=exp m«»(exp 1)"*, 
and so exp (m/n) is the positive value of (exp 
Also expa?.exp(-ar)»l, 

and so for all rational values of x wo have 

exp X « (exp !)*««*, 

where s*=sexpl*ei 4 .l 4 .i + 


We define «• when x is irrational as being equal to exp x. The logarithm 
is then defined as the function inverse to exp x or e®. 

The method adopted in this book is preferable, because it depends upon 
the concept of a definite integral, and this itself may be defined as soon as 
the concept of a bound is understood. The alternative method sketched here 
depends upon a knowledge of operations on infinite series, and infinite series 
themselves require a knowledge of limiting operations. 
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lO'lS. The identifloatiou of the exponential Ihnctlon «• with 
litn (l + -T. 

In § 2-8 we have already proved that if s be the sum of the 
convergent series 


1 I 00^ 7? 


then 




,V n) 


It remains to shew that if e* be the exponential function as 
defined above*, 

lim(l + ?)’‘ = lim(l ( 1 ). 

Now by § 1011 (1) 

Ji-M) h, 

IfA«l/t. 

lira^log^l+^^=x, 

as ^H^ooor as oo. Since the exponential function is con- 
tinuous, we get 


( 




asi-^oooras^-^— 00. 

Hence lim (l -f ?) == lim f 1 4- = e®, 

and (1) follows at once by making t range through integral values 
only. 

The function log.JF may also be expressed as a limit, 

log 0 ? « li m n (1 - = lim n - 1 ) ; 

the right-hand side of which may be shewn to tend to zero. 

Also, if n is a positive integer and a? > 1, 

r* dt . f* dt r» dt 

or n (1 <\ogx<n - 1). 

^ The proof here given is on the lines of one given in Hardy’s Purs Uathe- 
Mlief, p« 868. 
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10‘2* Differentiation of implicit ftmctions. 


To pass from the consideration of explicit to that of implicit 
functions, let y, ...) be a function of the independent 

variables a?, y, .... If the function u reduces to a constant, then 
A«, and therefore also du, is zero. Conversely, if j 


dy -f ... -0, 


du , du 
= ^ aa? 4- 5 - 
dx oy 

since (2^, dy, ... are arbitrary it follows that 




\ 


in other words is a constant. 

Hence the necessary and sufficient condition that the function u 
should reduce to a constant is that du = 0. 

Now suppose that the set of variables a:, y, independent or 
not, satisfy a functional relation 

f (x.y, 0 . 

This equation is said to be differentiable, if the function f{x, y, ...) 
is differentiable. Hence, if the variables concerned, x, y, ... are 
differentiable we have, since d/= 0, 

|d.+|rfy+,..-0. 

This result is fundamental, and may be expressed as follows. 

Given a differentiable equation between a certain number of 
variables, it is always permissible to differentiate the equation, 
whether the variables concerned are the independent variables or not. 

The above principle enables us to deal with implicit functions 
by differentiating the equations which define them. It must be 
emphasised, however, that the results of differentiating implicit 
functions depend for their interpretation on a knowledge of which 
are the independent and which the dependent variables. 

(1) To fix the ideas consider two variables only. Let a> and y be 
connected by the differentiable equation 

J'(«,y)=0 

Ou differentiating we get 


dF ^ dF 


in 
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If y is considered as a function of the independent variable m 
chosen so as to satisfy equation (1), then the derivative of this 

function, is deducible from equation (2), 

dx Fy" 

The same result can be obtained by using the rule for the derivation of 
composite functions given in § 9*61. F{x, y) is a composite function of 
and if we write 

since we get 

da: dy dx 


(2) This argument can be applied to the case where u is an 
implicit function of several independent variables a?, y, defined 
by the differentiable equation 


y» •••> — 0. 

We get, by differentiating the equation, 


dF 

dx 


dx + ^dy + ... + ^du=^0, 


and provided that 0, 

Fxdx + Fydy + ... 

F„ ' 


and the partial derivatives of u with respect to ir, y, ... are the 
coefficients of dx, dy, ... 

^ ^ dv, ^ 

Vx~~Fy' dy~ Fu 


(3) In the general case, suppose that to implicit functions 
‘ m , V, ... of n independent variables x, y, ... are defined by the to 
differentiable equations 

Fp(x,y,...; u,v,...) = 0, (p = 1, 2, ..., m) (3). 

On differentiation we get to equations of the type 



where |) takes the valnes 1 , 2, ..., to . 
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If the determinant 

dj\ m 

du^ dv* 

0u * dv* " 


du * dv 

does not vanish identically, the equations (4) can be solved for 
du, dv, .... Each of these differentials is obtained in the firm of a 
fraction having J for denominator, and each numerator is linear in 
da, dy, .... Thus the partial derivatives of any one of the functions 
w, V, ... with respect to y, ... are respectively the coefficients of 
dx,dy, ... in its differential. 


10 21, The choice of independent variables. 


In the preceding section it has been assumed that the inde- 
pendent variables have been definitely specified, so that it is known 
which of the variables concerned are dependent and which are inde- 
pendent. Suppose now that we are given a differentiable equation 

F{x,y,z)^0 (1), 

and nothing further is specified about the variables x, y, z. 

By the fundamental principle of the last section, the equation (1) 
can be differentiated, and so 




dz 


> 0 . 


.( 2 ). 


Before we can proceed further the independent variables must be 
chosen, and there are three cases to consider. 


(i) Let s be chosen as the variable dependent on the two inde- 
pendent variables x and y in such a way that equation (1) is 
satisfied. Since £ is a function of the two independent variables 
X and y, say 


we have 


.( 8 ). 
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Now equation (2) may be written 


= (iV + 0) (4), 

and by comparing (3) and (4) 


^ Fy 

dx F/ ^ F, 


(A). 


(ii) If y had been chosen as a function of the two independent 
variables x and a so as to satisfy (1), instead of equation (3) we 
should have 




( 5 ). 


and on comparing with equation (2), which is now written in the 
form 


dy^-^dx-jdz, (^V+O), 


we get 


li 

dx Fy’ dz Fy 


.(B). 


(iii) Similarly when x is the dependent and y and t the inde- 
pendent variables we get 


dx_ Fy 


dx _ Ff 
dz~ F^ 


(j;+o) 


,( 0 ). 


The reader will see that in dealing with implicit functions, the 
partial derivatives of one variable with respect to another can only 
be calculated when it is known which are the independent variables. 

Thus ^ only has a meaning in case (ii) when y is the dependent 

• • ••• 

and X is one of the independent variables : in cases (i) and (iii) ^ 
is meaningless. 


10-22. niustration. 

If u^f{x,y) and y’^^ (x, z). explain the meanings of ^ . 


Here we are given two functional relations 


«=/(®. y) (1). 

y = <l>(x, z) (2), 



252 


Off LICIT FUNCTIONS 


[CH. X 

connecting the four variables u, z, y, z. Any two of the four can be 
chosen as the independent variables, and, as we have already stated, 
the meaning of any partial derivative will depend upon our choice 
of independent variables. The choice of two out of four can of course 

be made in six ways, but if ^ is to have any meaningj (i) x must 

be one of the independent variables, and (ii) u must bepne of the 
dependent variables. Hence in this problem we ha>% only to 
consider the cases when the independent variables dre either 
(1) X and y, or (2) x and z. '■ 

Since we are assuming equations (1) and (2) to be differentiable 
we have the two permanent equations 



dy^^dx + ^dz (4), 

cx dz ' ' 

which hold no matter which two of the variables are chosen as the 
independent variables. 

(1) Let the independent variables be x and y. In this case we 
must express du and dz as linear functions of dx and dy. The 
permanent equations (3) and (4) do so express du and dz, and so 
from (3) 

dx^dx' 


(2) Independent variables x and z. 

To find ^ we must express du as a linear function of dx and dz 


and then select the coefficient of dx. In this case also the permanent 
equations (3) and (4) are sufficient, for the fact that y is a function 
of X and z is expressed by the given equation (2). Thus, from (3) 
and (4), on eliminating dy. 
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In order to indicate which case is under consideration the other 
independent variables are sometimes written as suffixes: if this is 
done the equation (5) would read 

8^* 1 __ dvr\ 8yl 

0«J, “ dx\y 

10'3. Differentials of higher orders. 

If all the equations concerned are differentiable, the differentials 
of the second, third and higher orders are obtained in the same 
way by differentiating twice, three times, and so on. It is of course 
necessary to know which are the independent variables, and to 
remember that if the independent variables are a:, y, ... the dif- 
ferentials dx, dy, ... are constants, and so d^x, d*y, ..., d^x, d^y, ... 
all vanish. 

Suppose that the m dependent variables w, v, ... are connected 
with the n independent variables x, y, ... by the system of 
equations 

Fp{x, y , ... ; «, V, ...) = 0, (p = l, 2 m) (1). 

On differentiating we get the systems of equations 

+ +...+^dw + ^do + ... = 0, (p = l, 2, ..., m) 

( 2 ), 

(p = l,2.....m) (3). 

From the system of m equations (2) we can express the m dif- 
ferentials dUy dVf . . . aa linear functions of the differentials cte, dy, . . ., 
and after substituting for dw, dv, ... from these equations in the 
system of equations (3) we have m equations to determine the m 
second order differentials d^w, dH , ... as quadratic functions of the 
differentials <i», dy, and so on. 

It should be noticed that /, the determinant of the coefficients 
of the differentials of the dependent variables (which determinant 
is assumed not to be identically zero), is the same for each system 
of equations such as (2), (3), ...» 
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lO'Sl. niustratloH. 

Suppose that we have three variables k, y, z connected by the 

functional relation F{x, y, z) = 0. If ;er be chosen as the dependent 

variable so that z^z{x, y), it is usual to denote the partial 

, . . . ^dz dz d^z dh , oh , La * te 

derivatives*^, ^ and by p. r. s ahd i. If we 

now suppose that x is the dependent variable, so that v = a? (y, z), 
we shall shew how to express the partial derivatives of the first and 
second orders of x with respect to y and z in terms of and t 

The problem reduces to the calculation of dx and \jPx. The 
equation involving first differentials is permanent, no matter what 
the variables may be, and so, since jsr = (a;, y), 



We now differentiate equation (1), taking x as the dependent 
variable : thus dy and dz are constants, and so 

+ + (2). 


Equations (1) and (2) may be written 

dz^pdx + qdy (!'), 

0 — rda^ + 2sdxdy + tdy*+pdh (2'). 

From (!') we get 

dx — -(dz — qdy) (3), 

P 

and on substituting for dx in (2') we have 


^ }r ds* + 2 (p« — jr) dydz + (gV— 2pq»+p'H) dy*} 

^ (4). 

From (3) and (4) it follows, by selecting coefficients, that 

^ 1 ^ _£ 
dz’^p’ 0y” p’ 

S^x r d*x _ qr—ps d*x 2pg»-p*< — g*r 
dz*’^ p*’ dzdy~ 0y*~ p* 

• W« •» winmlng h«re that ^ 
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10*4. Change of Yarlables. 

One example of changing the independent variahles has already 
been given in § 9’61. On account of its importance in practical 
applications we now give two methods of changing the independent 
variables iiom Cartesian to polar coordinates in Laplace’s operator. 

Example 1. Let V he a function of the two variablet x andy: tramformihe 
expression 

0»F,0»F 

by th^ formulas of jilams 'polar tramf(yrmation x^u cost?, y^u sin v, 

0n differentiation of these two equations we get 
cos V du-^UB,\nv dii 
dy = sin V rfw + w cos v dv 

and hence du cos dla? -f sin v dy '^ 

udvtB — sinrc^-f-co8 2 


Method (i). 
Now 


Similarly 

Hence 

^11 t 
\ 


dVdv 

dx du dx"^ 
dv 
ay* 


vdy) 
vdy) 

02 ; dx \ 

/ . 0 , cos v 0 \ 

\ Ou u ovj 




,.( 2 ). 


0 sin « 0 

cos Vx 

du a 




.(3). 

.(4). 


cost;?; 


■*COS^ V — 

du^ 


sinv 0 
ou u 02 ; 

0* V cos V sin V d'^V 


\ / 01 sin i; 0 F\ 

) I COBVx — ) 

/ \ ou u cvj 


du dv^ti^ 


1 . dV 

cos r sin 2 ; 

dv 


ain V COB V d^ dV ak^ d^V Bin V cos V dV . . 

u du u^ ••••••( }• 


u dv du ' u du ' u^ dv^ ' u* ^ 

Similarly we have, by direct calculation, or by replacing v by - Jjr in (6), 


o^V . - 02r sin t; cos r d^V 
dy^ cu^ u du dv 

OGSvaint; 0*F 


cost; sin t; 0 F 
u^ 0t; 

02 F 


cos2t;0F cos2i;02F sinvcosvBF 
dvdu’' u du ^ t? 




.( 6 ). 


On adding (5) and (6) we get 

02F 02F 08F 1^" 10F 
* dy^ ^ 0t4* 0^2 u * 

Method (ii). 

Since m and y are the independent variables 

a*F,,_ 0*F , , .a^F,, .0F 




cJuof»+-^ , 


.(7). 
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On diffetentiating equations (8), since da and dy are constants, we get 
^mxvdvdm-k^iXMvdvdy^ 
dudv'^’udh^ -cosuc^vcLr— 8invc?j;rfy: 
these become, on using equations (2) to eliminate du^ oTv, 

ite^sssin^ v da^ - 2 sin cos v dxdy H- cos* v dy^^ 
dh^ 2mnvcoBV (da^ - dy^) 2 (sin* v - cos* ») cKri 
We can now express (7) as a quadratic function of the differentials dSy dy, 
and on writing down the coefficients of dx* and dy* we obtain the same 
expressions as (5) and (6). 


Example 2. 


Tramform the expreeeion 

a*r a*F 0*r 
dx^ dy* 01 * 


\ 


by the formulae of epherical polar transformaiion 

^«=rsindcos^, y^rsindsin^, »=rco8d. 

The problem is simplihed by observing that the given transformation is a 
combination of the two plane polar transformations 
j7=ucos<^'| «s=rcosd 

y = wsin^J M=srsin^ 

From (1), by writing ^ for v, we deduce at once that 



027 32 F 07 I 327 107 

SiinilarlT we eee that 

a*F 0»F 8»F, 1 a>F 10F 


,( 8 ). 

.(»). 


From equation (4), on writing w, r, $ for y,u,v respectively, 


dV . -0F cosd9F 
07 


.( 10 ). 


Add (8) and (9) and use (10) to replace ^ which occurs on the right-hand 


side of (8), and we get 

0»F 0«7,0*F 0SF 10»F, 1 0*7,207, cotfl0F 


W) sindSd 



+ 


1 8*7 
sin*d^/ ■ 


10'6. Extreme valnes. 

In § 4‘9 the theory of extreme valnes for functions of one variable 
was considered. We now investigate the theory for functions of 
more than one variable. There are two cases to consider, (1) the 
investigation of extreme values of an explicit function, and (2) the 
investigation of the extreme values of an implicit function of 
several variables when these variables are connected by a number 
of given "equations of conditmu.” 
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10-6] 

Explicit functions. 

To fix the ideas let u ==/ {x, y) be the equation which defines u 
as a function of the two independent variables x and y. The theory 
is applicable however many independent variables there may be. 
We give first the following definition. 

The function f {Xf y) has an extreme value at the point (a, h) when 
the increment 

^f^fiP' + A, 6 + *) -/(a. h) (1) 

preserves the same sign for all values of h and k whose moduli do 
not exceed a sufficiently small positive number rj. If A/ he nega- 
tive the extreme value is a maximum, and if A/ be positive it is 
a minimum. 

A necessary condition that / (a, h) should be an extreme value is 
that both /* and fy should be zero at the point (a, 6), for /(a, h) 
cannot be an extreme value of f{x, y) unless it be an extreme value 
of the function f{x, b) and also of the function f(a, y). In other 
words we must have /* {x, b) = 0 when a? = a, and fy (a, y) = 0 when 
y^b. 

To investigate sufficient conditions we must consider the sign of 
A/. Let us suppose that the first partial derivatives of f (x, y) are 
differentiable at (a, b) and hence existent in the neighbourhood of 
this point, then, if 1 A | and | k | are sufficiently small, and 0<6<1, 

Af^hfa{a + dh, h-^6k) + kfb{a-^6h, b-h6k) ...(2), 

by Taylor's theorem with remainder when n = l. 

Let p = V(A* + A = p sin <jf>, A = p cos <^, so that p tends to zero 

as A and k tend separately to zero, and <j> is arbitrary. Let us write 

^2f gy 

A. B.C respectively for . 

Now since/, and/j are differentiable at (a, b), and also vanish 
at this point, 

fa (a + ffh,b + 0k) = 0 {Ah + Bk-\- 

fi{a + 0h,b + 0k)==0{Bh-\-Ck + e^)] 

where e, and e, tend to zero as /o— >0. 

Thus sin* ^ + 2£sin^ cos ^ + Ceos* <^ + e] ...(4), 

where e-^0 as p-^O. (This c is not necessarily positive.) 

VA 


IT 
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Since 6p^ is positive, the sign of A/ depends upon the sign of the 
expression -h e, where 

E^Asin^<l>A-2Bsm<f}CO&<f>-¥GcoQ^^ (6), 

There are several cases to consider : 

(1) If E never vanishes it keeps a constant sign, and 
be a certain positive number m which it exceeds in 
Thus, as soon as | e | < m, that is for a small enough 
sign of A/ is the same as the sign of E. 

Hence there will be a maximum or a minimum value 
as E is negative or positive. 

(2) If E can change sign, since A / and E have the same sign 
when p is small enough, there will be no extreme value. 

(3) If E, without ever changing sign, may vanish for certain 
values of </> the sign of A/ depends upon e, which is of unknown 
sign, and so no conclusion can be drawn. This is called the doubtful 
case, 

E may be written in the form 

„ (AsinS + B cos 4- - B^) cos* (f> 

E=. . 

Suppose first that A ^0. 

(1) If AG— >0 the numerator of E is the sum of two squares 
and it never vanishes. Hence E never vanishes and it has the same 
sign as A. 

■ Thus there is a maximum value if < 0, a minimum value if 
il>0. 

(2) If jIO — jB*< 0 we can find two values of ^ for which the 
numerator of E has different signs, namely (i) cos^asO and 
(u)tasi(f> — — B(A. Hence E can change sign and there is no 
extreme value. 

(8) IfilC— jB®= 0 the numerator of is a perfect square, and 
E, without changing sign, may be zero. 

This is the doubtful case, in which the sign of A/ depends 
upon «. If .4 = 0, then 

i? - cos ^ (2B sin ^ + C 008 ^), 
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and if Of E changes sign with cos <f> and there is no extreme 
value. 

If il « B « 0, then 

E^C cos* <f>f 

and E may vanish but cannot change sign. This is therefore the 
doubtful case. 

In the above discussion we have assumed only the existence of 
Af B and C at the point (a, h). We have not assumed their con- 
tinuity nor their existence near (a, 6). 

To summarise, it is convenient to state the criteria in the form: 
'The value /(a, b) is an extreme value of /(x^y) if 

fa(a,b)=fi,(a,b) = 0. 
and if f^afib >fah\ 

and the value is a maximum or a minimv/m according as faa (or 
fw)) is negative or positive. 


10*61. Discussion of the doubtful case. 

The general discussion of the doubtful case involves the con- 
sideration of terms of higher order than the second in the Taylor 
expansion of /(a -I- A, 6 + A;) ; in general this is not easy, and it will 
not be considered here. 

When faafbb = fab^ it is sometimes possible to decide whether 
f{x,y) has a maximum or a minimum at (a, 6) by geometrical 
considerations, without considering the terms of higher order in 
the Taylor expansion. The two examples which follow shew that, 
in the doubtful case, /(^,y) may or may not have an extreme 
value at (a, 6). 

Example 1. Let 

f(Xf -y*) (^-2y»), 

and let a«0, 6«0. 

It is easy to verify that /«*=0, fy^O at (0, 0), and that fxy^O^ 

at this point. Consequently 

fxxfw 

If X be the parabola and Jf the parabola x^^y\ we easily see that 
<0 between the two curves L and if, the curves, and 

i7*a 
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/(^»y)>0 everywhere else in the neighbourhood of the origin. Thus the 
origin is not a point at which /(^, y) has an extreme value, so that there can 
be neither maximum nor minimum there. See Fig. 21. 



Fig. 21 


Example 2. Let 

In this case it is easy to verify that, at the origin, 

^=* 0 , ^= 0 ; 

Hence again, at the point (0, 0) wo have /a/yy^/xv®- However, on writing 

it is clear that/ ( 4 ?, y) has a minimum value at the origin, since 

Ar»/(A, h) -/(0, 0)= (a+D* + 

is greater than zero for all values of h and k. 

10*52. Extreme values of implicit ftmetions. 

Let us consider the general problem of finding the extreme 
values of a given differentiable function f(x,y,...;u,v,...) of 
m + n variables which are connected by n independent differentiable 
relations 

Fr{a;,y,...;u,v,...)^0, (r = 1, 2, , n) (1), 

80 that / really depends on m independent variables. 

Every system of values of the m independent variables which 
pves the function / an extreme value must make df vanish. 
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Also, since the n equations (1) are differentiable, we have the 
following n + 1 equations: 


|da: + |dy + ...+^du+... 

dFi , ,dFi, dFi , 

^dx + ^d!/+...+-^du+....0 


•W 


dFn , dFn , dFn J 

dx *’ + -^‘^2' + — + + 

From these the differentials du,dv,... of the n dependent 
variables can be eliminated, yielding a result of the form 


Mdx + Ndy + ... = 0, 

and since the differentials dai,dy , ... of the independent variables 
are arbitrary, we get m equations 


M^O. N=0, .... 


which, together with the n equations (1), form a system of m+n 
simultaneous equations between the m+ n unknowns x,y, ...,u,v, .... 
On solving these we get the system of values for which the function 
/ has an extreme value. 


10'68. Lagrange’s multipliers. 

The elimination of the n differentials du, dv, ... from the equa- 
tions (2) above is most conveniently effected in practice by the use 
of multipliers, a method due to Lagrange. The process is as follows. 
Multiply each of the equations (2), except the first, by constant 
factors Xi, X. 2 , ••., X„ which are to be determined. On addition we 
obtain a result of the form 

A dx + Bdy + . . . + U du + F dv + ... = 0 (3). 

Now assume that the n multipliers have been so chosen that 
the n coefficients U, F, ... of the differentials du,dv , ... all vanish. 
Then in equation (8) there remain only the differentials dx, dy,... 
of the independent variables, and, since these are arbitrary, it 
follows that 


A-0, fi = 0. 



262 


IMPLICIT FUNCTIONS 


[CH. X 

Hence, all the coefficients in equation (3) vanish and we have the 
following m + n equations : 




¥ 

du 


dj\ 

du 


••• + >r" = 0 


dFn_ 

du 


.(4). 


The systems (1) and (4) contain in all 2n4-m equation:^ and 
these suffice to determine the values of the n multipliers \i,X 2 » • • 
and the values of the m 4* w variables a?, y, . ; w, v, . .. for which the 
function / has an extreme value. 

Example. Find the lengths of the axes of the section of the ellipsoid 
^2 ^2 

^ ^ 1 by the plane lx-\-my-{^nz=^0. 

The problem is the same as that of finding the extreme values of the 
function r* where 

subject to the two equations of condition 

f^+y?+iLi=o 

lx-^my-\’nz—0. 

The method of multipliers gives the set of equations 

4?+Xi~5*fX2^ **0, 


y4-Xip+X2m*»0, 


S + Xj ^ 4*X27i' ®s0. 

Now Xi is easily found by multiplying the above three equations by y, i 
respectively and adding, for on using the given equations we get 


X2n 

?ri' 



Xj= -r», 

hence 

jm ^2^ *. XgW 


o*“^ 6*"^ 

but 

0*.te+»iy +»w»X| + 
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and, since Xs4*0, the equation giving the values of r\ which are the squares 
of the lengths of the semi-axes required, is the quadratic in r®, 

10*6. Jacobiana 

If Fi, F 2 , denote n differentiable functions of the n+p 
variables Ui,U 2 , the determinant 


dFi 

dFi 

dFi 

dui’ 

awa’ 

dUn 

dFt 

dFi 

dFi 

dUi' 


dUn 

dK 

dF^ 

dK 

dv i ’ 

aw,’”*’ 

aw„ 


is called the Jacobian* of the n functions with respect to the 
n variables Ui,U 2 , In the following sections we shall con- 

sider briefly some of the applications of Jacobians to important 
results in the theory of implicit functions, and to the determination 
of the question whether a given set of functions are or are not 
independent. A few of the more important properties of Jacobians 
are also discussed. 

The notation for Jacobians varies with different writers, but we 
shall adopt the notation f that 

d (uif u-if •••, 'M'tj) 


10*61. An existence theorem. 

We now prove a general theorem analogous to the existence 
theorem for implicit functions which was proved in § 10*1. To fix 
the ideas we consider a system of two equations involving three 
independent variables a, y, ^ and two unknowns u, v. 

Theorem. Zet the equations 

Fi (a?, y, z, u, v) = 0, F2(x,y,z,%v)^0 (A), 


* Jacobians are also called ** Functional determinants.*’ 

( F F 

It 2> 

tt], 

iaaUuDused. 
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be satisfied for x = wo, y = yo, z=eo, ®'=»o. 0 '‘fid suppose that 

the Jacobian ^ does not vanish for this set of values. 

If the fmctions Fi, are continuous, and possess continuous 
first partied derivatives in the neighbourhood of these wZip, then 
there exists one and only one pair of continuous functions 

u = 4>i (x, y, z), v = <j)i (x, y, z), 

which satisfy the equations (A) and reduce to uo and vg when\^ 
x = xo, y = yg, z = zo \ 

By hypothesis the equations 

Fi{x,y,z,u,v) = 0 (1), 

Ft{x,y,z,u,v)=‘0 (2), 

are satisfied for x = xg, y = yo, z = v^Vg\ and since 

HFuFg)^ 


d («, v) 


+ 0 for these values, one at least of the partial derivatives 


does not vanish for these values. Suppose that ^ + 0* 

Then by Theorem 1, §101, the equation (1) defines a function 
v=f{!c,y,z,u) (3), 

which reduces to vg when x = xg,y = yg, z = zg,u = ug. 

Replace v in the equation (2) by this value, and we obtain an 
equation 

Qix,y,z,u)==Ft{x,y,z,u,f) = 0 (4), 

which is satisfied by the values x^xg,y-yg,z = zg,u:BU^, 


Now 

and firom (1) 


•(5), 


3u du dv du 
du^ dv du 

hence on substituting for ^ in (5) the value obtained fiom (6) 


we get 


d_Q 


djFuFg) 
d (u, v) 

9ti 


( 7 ). 
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and this derivative clearly does not vanish for the values Xo, y#, 
zo, Vo. Now the equation (4) is satisfied when u is replaced by a 
certain continuous function m ^ (aj, y, z) which reduces to uo when 
K — xo, y==yo. A = Ao. Thus, if we replace m by <i>i(x,y,z) in 
/ («, y, z, u) we get from the equation (3) a certain continuous 
function 

v = ^o{x,y,z). 

This proves the theorem, since v^(f>o{x, y, z) reduces to Vo when 
y-yo. * = ^o- 


CoroIjLAEY. It can be shewn that the functions 
u = ^ (®, y, z), v = <j >2 {x, y, z), 

possess first order partial derivatives with respect to x,y and z. 

To prove this, keep y and z fixed and let Am and Aw be the 
increments of u and v corresponding to an increment Ax of x. Then, 
from (1) and (2), 


(s + ’») + ^* (^' + 1.) - 0 


where the e’s and the ij’s tend to zero with Ax, Am and Aw. On 
solving the equations (8) for the ratios Am : Ax and Aw : Ax and 
taking the limit as Ax-^0 we get 


diFuF o) 
du_ d (x, v) 
dx d{Fi, Ff^ 
d (m, w) 

and a similar formula for ^ . 

dx 


( 9 ). 


Similarly we can find the partial derivatives of m and w with 
respect to y and z. 


10*62. Dependence of fonctions. 

We now prove the fundamental theorems on the dependence of 
functions. These important theorems illustrate the way in which 
Jacobians enter into the theory of dependence and independence 
of functions. 
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Theorem 1. are n differentiable fmetione of then 

independent variables xi, Xz, Xn, and there exists an identical 

differentiable functional relation ^ = which does not 

involve the x’s explicitly, then the Jacobian 

d(Vi, «a,...,Mn) 

9(»i, Xi ®„) 

vanishes identically provided that <j>, as a function of the u’s\has no 
stationary values in the domain considered. 

Since ^ (mi, u^, = 0, 

wehave |^dMi + |^du 2 + ... + >0 . (\); 

aui dut dun 

but dui-^da:i+^dxi+ ... + ^dx„] 

OXi dXi dXn 


du„J^dxi+^^dxi+ ... +P^dx„ 

CJJb'y C/»Z'2 ^ 

and on substituting these values in (1) we get an equation of the form 

Aidxi-¥ ... 4- Andx^^O (3), 

and since dxx, dx^, dx^ are the arbitrary differentials of the 
independent variables, it follows that 

ill ~ A2 = 0, . . . , An * O5 

in other words, 

d<t> dui d<f> du2 , Q 

dui dxi duz dxi ’** 

dUtdX2 ^ dU2 dx2 00:3 ““ -W; 


I -Q 

duidxn duzdXn *** dllndXn 
and since, by hypothesis, we cannot have 
d<ff d(f> 

dwi aMa***” dun^ * 

on eliminating the partial derivatives of ^ from the set of 
equations (4) we get 

3(2^1, 

a (a?i, Xzi ... ,2/n) 

The theorem is therefore proved. 
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The vanishing of the Jacobian is also a suflBcient condition for 
the existence of a functional relation between the w^s. The proof 
of this result in the general case is not easy. We first give a proof 
by induction, and then indicate a method of proof which is easily 
applied in the case of three variables, but suffers from the defect 
that it cannot easily be extended to more than three variables: 
the latter proof is a good illustration of the use of differentials. 

Theorem 2 . //* wi, ti2, ^ functions of the n variables 

...,Xn,5ay Um^f^(xi,X2y ..., Xn\ (m « 1, 2, 


and if 


d (Vl, 1/2, Vn) _ Q 
a(a;i,X2, ’ 


then, if all the differential coefficients concerned are continuous, there 
exists a functional relation connecting some or all of the variables 
Ui,U2, ..., 'i^hich is independent of Xi,x^, a?*. 

To prove the theorem when n « 2. 

We have u = f{x, y),v^g (x, y) and 


du du 
dx* dy 


dv djv 
dx* dy 

dv . du 

If V does not depend on y, then ^ = 0, and so either ^ = 0 or 

else ;r- = 0. In the former case u and v are functions of x only, and 
dx ^ 

the functional relation sought is obtained from 
u^f{x), v=g{x), 

by regarding a? as a function of v and substituting in /(«?). 
In the latter case is a constant, and the functional relation is 


dv 

If V does depend on y, since ^ + 0 the equation y(®, y) 
defines y as a function of w and v, say 

y = i^(®, «), 

and on substituting in the other equation we get an equation of 
the form* 

u^F {jB, v). 

* The function g («, y)} It the tune function of c and y as /(«, y). 
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0 = 


du 

du 



dF dv 


di* 

dy 


da dv da ’ 

dv dy 


dv 

dv 


dv 

dv 



dy 


9® * 

dy 



0 

dv ^ 
dx' “ 


dv 


and so, either which is contrary to hypothesis, or = 0, 

so that -F is a function of v only ; hence the functional relation is 

u:=^F{v). 

Now assume that the theorem holds for n — 1. 

Now Un must involve one of the variables at least, for if not there 
is a functional relation = a. Let one such variable be called 
du 

Since ^ ^ solve the equation 

w«=/«(aJi, zCn) (1) 

for Xn in terms of aii , . . . , aud , and on substituting this value 

in each of the other equations we get » — 1 equations of the form 

w«), (r=l, 2, ...,n-l) ...(2). 

If now we substitute /n(iPi, a;a, /p») for Un the functions 
•••> become 

fr(Xi, a?a, •••, (^*1, 2, »-l). 

Then 


a/i 

a/i 

a/x 

da^' 

dat ’ •• 

■’ da„ 

a/. 

a/. 

a/* 

doi' 

dat' •' 

■’ da„ 


d/n 

d/n 

dxi * 

da2’ " 

" dan 


^9l . as'i dUn 
dai'^dundai 

Sffi ^a^i 9 m„ 

dXfi^i dUfi dXf^^i 

^9i awn 
9Un 

a«« 

dxi dUn dxi * '*** 

^ 9 i , ^9* a«» 

0iE„-i dun 0a:„_, ’ 

ag>9Mn 

0M„0a:„ 

dUn 


0^ 

dOi 

dan—x 

5«!» 


* Tb« mkrohanging of the namea of two Tariables merdj changoa the sign of the 
Jacobian, so that its vanishing is nnaffsoted. 
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igi 0 

^9t 9sf* n 

v*??! 1 


dUn dUn dUn 

9a?i * * * * da^i * dx^ 

by subtracting the elements of the last row multiplied by 

^ ^ agn-i 

from each of the others. Hence 


d(gi,g2> 

Wn-l) 


Since ^ + 0 we must have 

3(Ui, W2> •..> 


! 0, and so by 


hypothesis there is a functional relation between gi, gt, fifn-i, 
that is between ..., Mn-i, into which may enter, because 

Un niay occur in the set of equations (2) as an auxiliary variable. 
We have therefore proved by induction that there is a relation 
between w*, 


10*63. Alternative proof for three functions of three vari- 
ables. 


Let 

«l“/l (*!,**. «») — 

.(1), 


Ui=ft (xifXi, Xj) ... 

..(2X 



.(3), 

and suppose that 

j_3(wi.ws,«3)^0 

d{XlyX2yX2) 



(i) Suppose that one at least of the first minors of /, say 
then equations (1) and (2) can be solved for Xi and Xf so that 


(4), 

Xi^g2{uuUi,x^) (5), 

and hence Wt«/j («i, ^si %)®» ^ {'tht «*> ^s) (6). 


If we now prove that ^ 0, then S| does not depend on and iit«« (%,S 2 ) 

is the functional relation sought 
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Consider the determinant 


SLi 


2i 

0 ari* 0 ;r 3 ’ 

% % 

0^1’ 04:2’ 

and replace in it du^ du^ and dAi^ hy their values 

A VWM/I I ^ tvivv -| ^ - 

04?! dX^ OXi 

obtained by differentiating the equations (1), (2) and (3). 

It follows that A«0, since the determinants which are the coefficients of 
dxx and dx 2 each have two columns identical and so vanish, and the coefficient 
of dx^ is the determinant J, which vanishes by hypothesis. 

If, however, the determinant A is expanded from the last column the 

coefficient of du^ is z - ) ~ ^ , which is not zero, and we get an equation of 
0 {Xi , x^j 


dui 

du^ 

s by their v 

dur^^ dxt 


(r-l,2,8)\ 


\ 


the form 

From equation (6) 


du^^Aidui’\-A%du2 . 

dO 


.(7). 

,.( 8 ), 


and on comparing (7) and (8) we see that ^=0, and so 

0473 

W3*(?(Wi,W2) (9). 

Further, no other relation can exist which is distinct from the one just 
found, for if another relation E{uiy %, « 3)=0 existed, on substituting for 
from (9) we should have 

which contradicts the hypothesis that 

(ii) If we suppose that all the first minors of •/’ are zero, but say ^—+0, 
then on solving (1) for 4?i we get 

(Uiy 472 , 473 ), 

^ 2 *=/2 {ffl > ^3) “ ^2 > ^ 2 » ^a)> 

^29 ^ b ) ** ^8 (^1, 472, 473)11 

as before we shew that the determinant 
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10 - 68 ] 

TaniBbes, and deduce that 


vanifthes, and deduce that ^ 5 -^= 0 . 

djp2 ^^8 

Similarly we shew that ^ * 0, ^ « 0, 

and so 

The above proof is elegant and straightforward, but does not easily extend 
to the general case. 

10 64. Properties of Jacobians. 

Jacobians have the remarkable property of behaving like the 
derivatives of functions of one variable. A few of the important 
relations are given here, and the proofs all depend upon the algebra 
of determinants. For simplicity the properties are stated in terms 
of two or three variables only, but they are evidently true in 
general, however many variables may be involved. 

I. Let X and y he two given variables, and u and v two functions 
u^u(x,y), v^v{x,y), 

and suppose that x and y are themselves functions of the two 
independent variables ^ and rj, then, if all the differential ooefficienis 
ooncemed exist, 

3 ( 1 ,^) d{x,y)d{lv) 

This is immediate, for 

du du _ dudx du dy du dx du dy 

' 3^ ~ 3^ 3f dy * dxdr)^ dy drj 


du 

du 



drj 


3b 

dv 


w 

df) 



dv dv dv dx dv dy dv dx dv dy 

df} dxd^"^ dy d^' dxdrj^ dydr) 

and the second determinant is the product of the two determinants 
on the right-hand side of (I), by the rule for the multiplication of 
two determinants. 

II. // and ff^v, then from (I), on assuming the existence 
of the two inverse functions x and y, 

m^x{u, v), y^y{u, v), 

t .TT^ 

Ws) 
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By the theorem in § 10*61 we know that if the functions u and v take the 
values tto and Vq at the point (^oi yo) their Jacobian does not vanish at 

this point, then x and y are functions of u and v which are continuous in the 
neighbourhood of the point t^o); ^i^d further, these functions are single- 
valued and possess first order derivatives. 

in. Let u^u(r, s, t), v = v (r, s, t), where the variahles r[ s, t are 
themselves functions of the independent variables x and y, tn^ 

® - 9 (u, v) 9(r, s ) 8 (ti, t;) d(s, t) 8 {u, v) 8 (t, V) 

h\x, y)~d(r, s) d(x, y)'*’ d(s, t) d{x, yy d{t, r) d{x, \) 

in 

, du du dr duds . du dt -o<. 

We have = + + (2), 


du _ du dr du ds du dt 
dx dr dx ^ ds dx^ dt dx 


^ ^ 3r du ds du dt 

dy dr dy ^ ds dy"^ dt dy 


and if we substitute these values in the Jacobian we tret 

8 {x, y) ^ 

8 {u, v) _ ^ 8 (r, v) ^ 8 (s, v) ^ 8 (^, v) 

d ix, y) ““ drd {x, y) ds d(x, y) ^ d (x, yj ^ 

which is a linear expression of the Jacobians of (r, v), (s, v) and (^, v) 
with respect to x and y. 

Now in each Jacobian on the right-hand side of (4) substitute 
dv dv 

the expressions for ^ and ^ which are analogous to (2) and (3) : 

each of these Jacobians will be given as a linear expression of the 
Jacobians of (r, s\ {s, t) and {t, r), since those of (r, r), («, s) and 
(t, t) of course vanish. Thus we see that the terms which involve 
the Jacobian of (r, $) are 

dr dsd(x, y) ds drd(xy yf 

and this is equal to ~ ^ , the first term on the right of (1). 

^ d{r,s)d{x,y) ^ ^ ^ 

Similarly we obtain the remaining two terms, and the formula is 

established. 

NoU. Formula (I) is analogous to the formula for the derivation of a 
function of a function \ if y“/(j?) and (<), then 

dy dydx 
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formula (II) corresponda to the relation 



and formula (1) in (III) is the analogue in Jacobians of the formula (2) which 
involves ordinary partial derivatives. 


EXAMPLES X. 

!• If find the values of ^ in terms of u and v. 


2. The equation defines z implicitly as a function of s and y ; 

prove that 

020 . dh ^ 

^03^2+0^2-0- 

3. Shew that all the functions which satisfy the difierential 

equation 

q^r-{-pH—^pqs 

may be expressed by the solution of the equation 

*=2'/(*) + 5’(2). 

where / and g are arbitrary functions. Give the geometriced significance of 
this result. 

[See § 10*31.] 


4. The three variables -r, y, z are connected by a functional relation : prove 
that 

/ 0 . r \~2 02 ^ 

\0«/ d^dz^dj/dx^ dx &8y 

where on the right-hand side the independent variables are x and y and on the 
left-hand side they are y and z. 


6. (i) If teas sin cosh y, log (ar+y) + 2y2 ~ 3 tan z^ 4, explain all the meanings 

of and calculate it in each case. 
ax 

(ii) If u^-v+x^Oy li-f f^~y«0, find ^ and ^ whenever they 

have a meaning. 

6. The variables z and u are each functions of x and y defined by the 
equations 

{a-/(v)}*«a?*(y»--i4^), {z-f{u)}f{u)^ux^i 
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7. If j9, V and t are three yariables connected by a functional relation 
4* (pi % prove that 

dp dt dv - 
OT dv ^*** * 

and explain the meaning of each of the partial derivatives. 

8. If f is a function of a and y defined by the equations 

f=ax4-y/(o)+<^(a), 

0=^+y/' («)+</>' (a), 

and a is an auxiliary variable, prove that, whatever the functions / <f> 

may be, the relation ^ _ 0 ^ 

is satisfied. Interpret the result geometrically. 

9. If and ^ is a function of t while a, 6, o and d are constants, 

prove that _ 3 

F“2W“7 ivyj' 

where dashes denote derivation with res^)ect to t 


10. Prove that log x is not an algebraic function of x, 
fdv 

[Ify«log^=/~ were an algebraic function, y would have to satisfy an 


irreducible algebraic equation of the form 

/(*,y)=o (1). 

Now dy^dxjx (2), 

and on differentiating (1) we get 

fzdx^fydy^Oy 

and so from (2) (3). 


Now (1) and (3) must hold for all values of a?, but since (1) is irreducible, 
if one of its roots satisfy (3), the others must all do so. Let yi, y„ 
denote the n roots of (1), then 


dx 

X 


j dx . dx j ^ 

dy\^ —^dy^^ -^-~dy^^ 


or 




and so 


/■ 


yi+.ya+— +y» . 

X n 


m. ^ 


where Ri {x) is a rational function of x. See now Theorem 3, § 3*1.] 
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11. (i) Prove that, if a >0, — ►O 6Bx-^co, 

[This is most easily proved by the theory of indeterminate forms, § 4-51. 
An alternative proof is as follows. Let jt)>0, then l/?<l/ii-*» when <>1, 
and so 


, f«^dt /■« dt 


or log X < (xP - l)lp < xPjp^ 

when jp> 1. Since e >0, p can be chosen to be less than a, and 
0 < (log x)laf‘ <sP'~^lp (a: > 1) : 
but since a > jp, the last term 0 as a: oo . Hence the theorem.] 

. (ii) Shew similarly that, ifa>0, — -►Oas.r-^oo. 

[The above results are frequently stated loosely as follows : log x tends to 
infinity slower, and c* tends to infinity faster than any positive power of a?.] 

12. (i) Transform the expression 

f-i . 0% . f, . 0*« 


^ o . ft , 

^ 0ar^iSi0y \ '^\0y/|0? 


by the substitution a7« 
where I and m are constants and 
(ii) Transform the expression 




by the substitution a? « w cos y—u sin v, 

13. By putting and changing the independent variables a?, y to 

tt, e, where u^yjx and v«=a?y, transform the equations 

0 ( 7 . vO ^ dU dU ^ 

Hence shew that O^X^(f>(ylx) and V^^{xy\ where and i/r denote 
arbitrary functions. 

14. A set of three variables a?, y, z is connected with another set «, v, vi by 
tilie equations 

a?+y-h2f«M, ys+2a?+ay«=v, xyz^v>\ 

prove that gp- - • 


prove that 


16, If a?«cwv, y*=c{(l + 24 ®) (1 - where c is a constant, shew that 


where V is any differentiable function of x and y. 
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16. Prove that the volume of the greatest rectangular parallelepiped that 
can be inscribed in the ellipsoid 

. %ahc 

“373- 


17. Investigate the maxima and minima of the functions 

(i) 

(ii) 

(iii) - f)X^ — %xy - 5y*. 

18. Find the stationary values of the function 

w=e’’^(a?-y+2-8;), 

where <^=s4?®+y^+2;j*-2y2+2z:r-~^. 


19. The variables y, z satisfy the equation 
shew that, if (f)(a)=d=^0 and (a) 4=0, the expression 

/W+/W+/W 

is a maximum when provided that 




\ 


20. Find the shortest distance between the points Pii^n yi^ Zi) and 
A(^ 2 > !/it h)) Pi in the plane 4?4-y +««=2a and P 2 lies on the ellipsoid 

+ z^lc^ = 1. 

21. Find the points of the circle lx’{-my-^nz»0 at which 

the function 

u « 0^4- 6y*+ + ^/yz + %gzx^r^hcy 
attains its greatest and its least values. 


22. Find the greatest and least distances from the origin to the curve of 
intersection of the surface 

4-y* + 

and the plane Ix^-my-k-nz^^O. 

23. If a, b, c are positive and 

shew that a stationary value of is given by 

- ^ 9 P’ jt 

2a(/i*+a)* ^ 2b(ft+ J)* 2c(/!t+o)* 

where fi is the positive root of the cubic 

f/Z - (bc4*oa +ab) fi - 2abeM0. 
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24. Find the condition that the expreaeions pv+jy+n, aie 

connected with the expression 

a** + hy* + 0^ + 2/y* + 2 jiac + 2 A4!y 
by a functional relation. 

What is the geometrical significance of the result! 


26. If u^m («i=l, 2, ..., n), prove that 


3(Mi, M2) Mn) 

3(j;i, A’j, ..., 


{l-Xi*-Xi*- ... 


26. If «iiBcos«i, Xs’^costtjsin Uj, 4;se;cosvssinu2sini«i, shew that 

-sin’ «! sin* M 2 sinttj. 

Extend this result to the n-dimensional case. 

27. Prove that if /(0)=0, f (*)= 1/(1 +x*), then 

[Use Theorem 2, § 10-62.] 

28. Prove that the three functions u, v, w are connected by an identical 
functional relation if 


(i) »=5!-y+*, ic=**+y+j*-2ye; 


(ii) , 
' ' y-* 


D=- 




z-x' x-y' 

(iii) it»««*+**^+4:**-a*(iP+y+«), v=x+t, w^a^-i^+xy-i^. 

Find the functional relation in case (i). 

29. If tt, V, w are functions of the four independent variables a?], x^, Xt, Xi, 


and if 

n_ 8(«,v,w) d{u,%w) 

^ 0(»„ars,»4)’ S(*s.*4.^i)’ 


D 9 («>».«’) o 3(w,v,w) 


^PJQJS JR 

dXi ^2 ^4 ^*^8* 


prove that 



CHAPTER XI 


DOUBLE INTEGRALS , 

11*1. Area and volnme. I 

We have already considered the concept of the length of a 
plane curve, and the length of a curve was defined in § ^'6, but 
we have not yet given precise mathematical definitions ^f area 
and volume. 

The definition of the integral of a function of one variable /(<b) 
with respect to x depends upon the sub-division of the range of 
integration (a, h) into a finite number of sub-intervals, and the 
integral may be described as the analytical substitute for a certain 
area, namely that area bounded by the curve y =/(®), the axis of 
X and the two ordinates at a: = a and a: == A 
The obvious extension of this definition to a function of two 
variables f{x, y) follows by subdividing a rectangle R into sub- 

rectangles, and the double integral of f{x, y) with respect to x and 

fi 

y can be defined in a similar way to that used for defining / (ar) dx. 

Double integrals bear the same relation to volumes as single in- 
tegrals bear to areas. 

All our previous references to "area” have depended upon 
geometrical notions, and such areas as were required have been 
tacitly assumed to exist. We now give a precise mathematical 
definition of “area.” 

ll'll. Definition of area. 

Let S be any set of points in the ajy-plane supposed bounded 
by a rectangle R. Subdivide R into sub-rectangles pn by lines 
respectively parallel to Ox and Oy*: from these sub-rectangles 
form two classes by selecting the ones with the following properties : 
(1) class U contains all the sub-rectangles which contain any points 
whatsoever of 8, and (2) class L contains all the sub-rectangles 
which consist entirely of points of 8. Class U evidently contains 


• See Fig. 22, p. 880. 
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class L. Let the total area of all the sub-rectangles in 17 be denoted 
by A, and the total area of all those in L by a^. 

The lower bound of the numbers A corresponding to all possible 
modes of subdivision of R is called the outer content of S, CS, and 
the upper bound of the numbers a is called the inner content ^ 08, 
Evidently it is true that CS'^GS, 

If the outer and inner contents are equal, the set 8 is said to 
have an area, which is measured by the common value of the two 
contents. This area, when it exists, can be shewn to have the 
fundamental properties, and to agree with our intuitive notions 
of area. 

Curves which possess a length have been called rectifiable curves. 
Such curves have no spatial measure. This result is very important, 
and we therefore prove the 


Lemma. A rectifiable curve possesses zero area. 

Let L be the length of the curve, and suppose that the curve is 
divided into n pieces of equal length. With each dividing point as 
centre describe a square whose sides are of length ^Ljni there are 
n + 1 such squares and they certainly enclose the curve. The total 
area of these squares is 

(n + l) 


and since this can be made as small as we please by increasing n, 
the area in question must be zero. 

Thus the area of a set of points bounded by a closed rectifiable 
curve is unaffected by the inclusion or exclusion of the boundary. 

The above definition of area of course applies only to a plane 
set of points : the concept of the area of a curved surface is a 
more difficult one to which reference will be made in the next 
chapter. 


11*12. Definition of volume. 

To avoid repetition it is merely necessary to state that volume 
can be defined in just the same way as area, the rectangles being 
replaced by rectangular parallelepipeds. 

* The area of a rectangle is of course taken as fundamental, and is giyen by the 
product of the lengths of its sides. If the rectangle have sides of lengths a and 6, 
the area is ad. 
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In the same way as rectifiable curves possess no area, a regular 
surface* possesses no volume. 

Length, area and volume are special cases of the general concept of measure, 
which plays a very important part in the theory of Lebesgue integrifils. It is 
one of the fundamental properties of measure, however defined, that if w>«, 
a set of points in ^^-dimensional space has no m-dimensional measurA 

11'2. Double Integrals. 

Since the fundamental two-dimensional interval is a rectangle, 
we first define a double integral over a rectangle. It will be seen 
later that the extension of the concept of a double integral over 
domains other than rectangles is easily made, and that in practice 
the evaluation of such double integrals is effected by a simple 
artifice. 



Fig. 22 


In order to define a double integral the only notions required 
are those of a bound and of the area of a rectangle. 

Definition. Let /(a?, y) be any bounded integrand, m and M its 
lower and upper bounds in the range of integration, which is a 
given rectangle R. Divide JJ, by lines parallel to the axes, into sub- 
rectangles the areas of the latter being, for simplicity, denoted 
by the same symbol as the sub-rectangles themselves. 


A regular surface is defined in § 12*21. 
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Let M„, ifir, be the bounds of y) in p„: form the sums 

n m 

S = X X MrsPrat 

rsl 
n m 

^ X X pri\ 

r=l *sl 

these are the upper and lower approocimative sums. 

Evidently S^s, and both S and s lie between viA and ilf A, where 
A denotes the area of R: since they are roughly bounded the 
approximative sums S and s possess exact bounds. The lower bound 
of the upper sums is denoted by J, the upper bound of the lower 
sums by /: if J = /, then f{x, y) is Riemann-integrable in iJ, and 
the common value of I and J is the double integral of / {x, y) 
over R and is denoted by 

y) dxdy. 

Exactly the same process may be applied to define triple integrals through 
a given rectangular parallelepiped so that we can similarly define 

J J y> *) ^dydt. 

11*21. Properties of the doable integral. 

Since the definition of a double integral is analogous to the 
definition of a single integral, it is not necessary to repeat the proofe 
of theorems given in Chapter vii. For example, in order to shew 
that the definition given above is valid, it is necessary to prove that 
iT > J. For convenience we state here some of the main properties 
of the double integral: let us denote the value of the double in- 
tegral of /(®, y) over R by B, then 

( 1 ) s<,D4,8, 

(2) mA^D^JlfA, 

where A denotes the area of R The result (2) is the first mean^wUue 
theorem for double integrals. 

If /(«, y) is continuous in B, we have the theorem that 

D=/(ei?).A, 

where 17) is some point in R 
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(8) The condition of inUgr ability. 

Since it is sufficient for integrability that J 1 <€, As in 
Chapter vii it can be proved that it is necessary and sufficient for 
integrability that there should esdst a pair of approanmativei sums 
8 and s such that 

S — « < €• 

(4) Important cases of integrability. 

(i) Every continuous function is integrable. \ 

The proof of this theorem follows the same lines as the proof 
given in § 7*31 for single integrals. The reader is advised to write 
out the formal proof as an exercise*. 

(ii) A function is integrable in a given rectangle R if its dis- 
continuities form a set of zero area. 

Since the set of discontinuities has area zero, it can be enclosed 
in a finite number of rectangles of total area less than e: denote 
these rectangles by In iZ — d the function /(a?, y) is continuous, 

and so we can divide R — d into a finite number of rectangles in 
each of which the oscillation of /(a:, y) is less than €. When R is 
divided into sub-rectangles pr% (some of which are the rectangles 
d mentioned above), we have 

8 s ^ — m^^ Pt$ 

= {Myf — Wr«) Pr8 Pr$ 

(d) (M-d) 

^(M - m) Ad + eA 

where Ad, Aji^ denote the areas of the rectangles d, and of the 
rectangles R — d \ hence 

^ — 5 < (ilf — m) 6 + eA 

and this is small with e; and so the condition of integrability is 
satisfied. 

(iii) If the discontinuities of f{x, y) lie on a finite number of 
rectifiable curves^ f(x, y) is integrable. 

This is immediate in virtue of the Lemma in § 11*11, 

* The theorems on oontinnons functions were proved in Chapter m for fnnctione 
of one variable only, but they are all applicable to fnnotions of more than one 
variable, generally with only slight changes of wording. 
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11 ‘22. The oalonlation of a double integral. 

We have defined a doable integral in such a way that its 
properties are readily obtained, but we have not shewn how to 
evaluate a double integral. We now shew that the evaluation of a 
double integral can be reduced to the successive evaluations of two 
single integrals. The fundamental theorem is as follows. 

Theorem, i/ 1| / («, y) dxdy exists, where R is tlte rectcmgle 

a^x^b, tt^y^R, and if also f f{x, y)dx exists foreachvalue of 

J a 

y in (a, ^8), then the repeated integral 

/. I a ^ 

exists and is identical with the double integral. 

Subdivide R as usual into sub-rectangles pn . In pn we have 

( 1 ); 

if y be fixed, we are concerned with a function of one variable only, 
and by the mean-value theorem for integrals 

[Xf 

mr, (Xr - Xr^i) < f(x, y) dx 4s Mr, {Xr - X^^i) (2), 

and this inequality holds for each value of y in (y,_x, y,). If the 
integral in (2) be denoted by since the function is 

bounded in y,), then 

where /' amd /' are respectively the lower and upper integrals of 
4> (y) in y,). namely 

P' <f)(y)dy and 4>{y)dy. 
ly$~j 

Our object is to prove (i) that I' = J' and (ii) that the repeated 
integral is identical with the double integral 
On summing the inequalities (3) we get* 

pdyj f(x,y)dx4.8 (4), 

* The inequalities (4) are to be interpreted as representing ooneisely two distinct 

statements, namely that hoHh ip {y) dy and <p{y)dy lie between the two 
sums M and 8, 
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where s and 8 are the lower and upper approximative sums for the 
doable integral over JR. It follows that 


j f{x, y)dx4,J, 


but since, by hypothesis, the double integral exists, /■« //and so 
the unique integral 

exists, and it must coincide with the double integral. 

Corollary. If the double integral exists, the two repeated 
integrals cannot exist without being equal. 

It is therefore sufficient for the changing of the order of the 
integrations in a repeated integral, 

W f{x, y)dx=\ dx f{x, y) dy, 

a J a J A 

that the integrand should be integrable with respect to both 
variables, in other words that 




should exist. 

11*221. Extension to triple integrrals. 

Suppose that jjj f {x^y^z)dxdydz exists, where T is the rectangular 

parallelepiped a^x^hy a^y^py A^z^B. In a similar way it may be 
shewn that 

(i) if/; f{Xy y, z)dx exists, then 

/:/: dzdy ^)dx 

also exists and is equal to the triple integral ; or 

(ii) /(^> y> *) dxdy exists, then 

y, z)dxdy 

also exists and is equal to the triple integral. 

Thus if we can begin the calculation by a simple (double) integration we 
can complete it by a double (simple) integration. In any case if 

f{x,y,t)dx 

exists, it gives the value of the triple integiaL 
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11*23. Bepeated integrals. 

Although repeated integrals are used to evaluate double integrals, 
the two concepts are quite distinct. The double integral is defined 
to be the common value of the bounds I and J of two sets of 
approximative sums. The repeated integral 

is merely a combination of two single integrals: if y be kept tem- 
porarily constant [ /(a?, y) dx is a function of y, say (y), and the 

J a 

repeated integral is then 

There is no a priori reason why the order of the integrations 
should be reversible, and in fact it is not always the case. In the 
Corollary above we have given a sufficient condition for reversing 
the order of the integrations, namely that the double integral of 
f{x, y) over i2 should exist. The following example illustrates the 
fact that it is not always permissible to change the order of the 
integrations in a repeated integral. It is not possible to give many 
simple examples of this*. 


Example, Prove that 

Consider the first of these. We have to evaluate 

n x-y , 

io(a?+y)’ ^ 

when X is regarded as constant. Now 




on integrating by parts. Hence 


/, 




#(*+3^ * (l+a:)S^2*^2(*+l) 


1 

’%e' 




* Several examples are given by Hardy in a paper in Proc, London Math, Soc. 
nxvf (1926), Records of Proceedingi^ p. 50. 
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and so 




n ^ — y 1 

Similarly we shew that / ; — dx is - 7; ^ , and hence the value of 

yo(^+y)® (l+y)* 

the second integral is found, 

Jo * 

The reader may observe that in this case, if R is the square 

0<y<l, 


//. 


- V~ dxdy 


does not exist, since the integrand is undefined at the origim 


\ 


11-24 Double integral defined as a limit. 

Just as in the case of a single integral, it can be shewn that a double 
integral, when it exists, is the limit of a certain summation. 

If the rectangle R is divided into sub- rectangles and i;,.,) are the 

coordinates of some point in then clearly 

^ri (^r»> Vr*) ^ 

and so the summation 22 /(^r») *?«) (1) 

must lie between the approximative sums 8 and « for the mode of subdivision 
considered. 

By a method of proof similar to that used for Darboux’s theorem, § 7*22, it 
can be shewn that the sums ^ and % tend respectively to J and I as the 
number of sub-rectangles increases indehnitely in such a way that the dimen- 
sions of the greatest sub-rectangle tend to zero. The limit in question is of 
course a double limit. 

Thus if /(or, y) is integrable so that both S and and therefore also 
the summation (1) which lies between them, tend to the common value of 
J and I as the dimensions of the greatest sub-rectangle tend to zero. 

Although it is not easy to justify, we therefore see that there is an alterna- 
tive definition of a double integral by means of a limit as described above. 


11 - 3 . Dissection of a domain. 

A two-dimensional domain is said to be dissected relative to the 
axis ofy when it is divided by lines parallel to that axis into a 
finite number of pieces, each piece being bounded above by a 
curve y^<f>2 (x), below by a curve y^ <f>i (x) and at the sides by 
lines parallel to the axis of y. The functions (a) and <f>2 (a) are 
assumed to be single-valued continuous functions of a. 

Similarly dissection relative to the axis of w may be defined. 
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If a two-dimensional domain does not itself satisfy the condition 
that its boundary is met by a line parallel to either axis in not 
more than two points, by suitable dissection parallel to either or to 
both the axes, the domain may be divided into a finite number of 
pieces, each of which does satisfy the required condition. 



11’4. Theorem. If f(x, y) is a continuous function throughout a 
given domain D, which is bounded by a finite number of rectifiable 

curves, then j| f{x, y) dxdy exists. 

Let us define a function {x, y) as follows : 

fj){x, y) ~ f{x, y) at all points inside D, 

= 0 elsewhere. 

Now fii(x, y) is certainly integrable in any rectangle B which 
completely encloses the domain i), for the only discontinuities of 
fj> y) lie on the boundary of D which consists of rectifiable curves, 
and so, by case (iii) on page 282, (a?, y) is integrable in JR, and 

l/jo 

11*41. Double integreds over domains other than rectangles. 

The artifice used in the preceding theorem is the one which 
enables us to define a double integral over a domain which is not 
a rectangle. In order to integrate /(«, y) over any plane area A 
whose boundary is a simple closed rectifiable curve, we need only 
define an auxiliary integrand (x, y) which coincides with f(x, y) 
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at all points inside A, and which vanishes everywhere else. Then, 
if fji (Xj y) is integrable in a rectangle R which completely encloses 
the area y) is integrable in A and 

/ \a “ JL 

For evaluating integrals over a domain such as A, we avoid the 
formation of th^ auxiliary integrand by suitably adjustmg the 
limits of integration in the repeated integrals. ' 



Let a and )8 be the extreme values for y, and suppose that the 
area A is such that its boundary is cut by any line parallel to the 
ic-axis in not more than two points. Let the points at which the 
line at height y,(a<y< yS), cuts the boundary of the domain A 
have abscissae xi and X 2 which are, in general, functions of y, then 

IL 

Similarly by taking a line parallel to the axis of y, if y, and y% 
are the ordinates of the two points at which this line cuts the 
boundary of A, and a and b are the extreme values for x, 

II A ’^la^ 

When the domain A does not itself satisfy the condition that its 
boundary must be cut in not more than two points by a line 
parallel to either axis, but can be dissected in such a way that each 
of the pieces so obtained shall satisfy the condition, the result for 
the entire domain follows by addition. 
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Example, Find the value 9f j j ni^ydxdy,^ where A U the domain hounded 
by the axis of x^ ike ordinaie at x^^a^ and the are of the parabola a^^Aay, 



Let PQ be the line at height y, then the abscissa of P is >J{^ay) and of Q 
is 2a, hence 

The reader should verify that the same result is obtained if PQ be taken 
parallel to the axis of y. 

11-6. The cormection between double and curvilinear integrals. 

The fundamental theorem is the two-dimensional form of Green’s 
theorem, and, as we shall see, this theorem plays a fundamental 
part in the subsequent development of the theory of double inte- 
grals. We first prove the 

Lekma. Let C be the boundary of one of the pieces into which 
a given domain has been dissected relative to the asis of y, then if 
^ (*» y) ^ continuous throughout the domain, 

f d>(jr,y)d® = - [ (d>j-4>i)dte, 

J C Ja 

where a ond b are the ahscissae of the straight boundary lines 
parallel to the y-ascis, s <1^ {®, ^ (*)} and <I>i s d> j®, ^ (®)}. 

Now («,y)<fo’+ j^^(s!.y)da! 


9A 


*9 
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(see Fig. 23, p. 287), since curvilinear integrals with respect to ® 
vanish along the straight boundary lines parallel to the y-axis. 
Hence 


J 4> (®, y) d® = J <E> {®, <fii (®)} dx+J <l> {®, (®)} dx 

= -[ (<I>a-«>i)d®, 


which proves the lemma. 

Similarly if C now denotes the boundary of one of the j^ieces 
into which the domain is dissected relative to the a7-axis, 

^ (®, dy. 



The two-dimensional form of Green’s theorem. 

Let D he a given domain, 0 its houndary, P(x,y) and Q(®, y) 
given integrant such that* (i) 0 is a regular curve, (ii) D can he 
dissected relative to either axis, (iii) P(®,y) and Q(x,y) are con- 

dO dJP 

tinuous in hath variables, and (iv) ^ and are also hoth continuous 
over D, then 


The theorem can be divided into two parts: 

( 1 ) ( 2 ) 


* The conditions stated are the standard conditions ” ; they are iraffieient but 
not necessary. 
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consider the second of these. Since curvilinear and double integrals 
are both additive for ranges of integration, it is sufficient to prove 
(2) for one of the pieces into which D can be dissected relative to 
the axis of x. Consider such a piece as that shewn in Fig. 26. 


Since ^ is continuous, the double integral in (2) may be evalu- 


3 ^ 


ated as a repeated integral, and so 




by the lemma. 

Similarly the first part can be proved. 


11*51. Deductions jQrom Green’s theorem. 

We now consider two useful deductions from Green’s theorem; 
the first concerns curvilinear integrals for area, and the second is 
Cauchy’s fundamental theorem on regular functions of a complex 
variable. 


I. Curvilinear integrals for area. 

(i) If Q 8s= P = — y we get at once 


I {xdy — ydx) dxdy 

where A denotes the area of the domain D. 


2 ^, 


(ii) If we put either Q = 0, P^-^y or 0 = P«0 we get 

similarly 

as — J ydx 5= J xdy. 


Hence the area of a closed domain D is given by any one of the 
three equivalent formulae 

xdy, - ydx, J (xdy - yda), 

where 0 denotes the boundary of the closed domain D, to be described 
abways in the positive {anticlockwise) sense. 

19-a 
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IL Cauchy's theorem. If C he a closed contour enclosing the 
domain D and if f{z) * P (i», y) + iQ (^, y) be a regular function of 
iy)y that is to say (i) f(z) is single^valued, and (ii) /' (z) 
exists uniquely everywhere in D, then 

J f(z) dz a 0. 

By definition ^ 

and as is requii’ed in Cauchy’s theory of regular functions, this limit must 
be the same by whatever path A? approaches zero. By allowing Az to approach 
zero by two difterent paths we deduce the Cauchy-Rieraann difierential 
equations which P and Q must satisfy if / (z) is to be a regular function of * 
according to Cauchy’s definition. 


(i) Let Az be taken along the axis of x so that then 

ii:n f{s+^)-/{x) JP_^.dQ 

A.r d.r Ak 


CX 


( 1 ). 


(ii) Let Az be taken along the axis of y, so that Az=tAy, then similarly 



•(2); 

and since (1) and (2) must be equal. 


0P 0§^ fP^ 

^ ‘ oy^ Si dy 

.(3). 

Now 


f /(z)dz- f (P + iQ) (dx + idy) 

Jo • c 


= 1 {Pdas - Qdy) + ij (Qdx + Pdy) 

■ll.('S-f) /Us ‘1 

^dxdy, 


by Green's theorem. On using equations (3) we see that the inte- 
grand of each of the double integrals is zero, and Cauchy's theorem 
is proved. 


Sote on the aemmptioTU requited in ike above proof 
The proof which has just been given is the simplest proof of Cauchy’s 
theorem, but the assumptions required are more restricting than those 
required in the more difiicult proofs. The preceding proof requires the 
assumption of the continuity (or something approaching it) of the function 
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/'(«). The more difi&cult proof, depending on Qoursat’s Lemma*, assumes 
only the exUtence (not the continuity) of/' (e). The fundamental part played 
by Cauchy’s theorem in the Theory of Functions of a Complex Variable 
makes it important to be able to prove the theorem with the least possible 
number of restrictions on the functions concerned. The greater diflBculty of 
the Goursat's Lemma proof is due to the reduction of the restrictions on the 
function f («). 


11'6* Transformations. 

Many multiple integrals can be more easily evaluated by chang- 
ing the variables and expressing the functions and the integrals 
cqncerned in terms of new coordinates. Before considering the 
change of variables in a double integral we shall consider the 
theory of transformation of spaces, dealing for simplicity mainly 
with two and three-dimensional spaces. 

If the coordinates of a point (ic, y, z) in three-dimensional space 
are related to the variables f by a set of equations of the 
form 


where the functions <f>i, <f >8 are single- valued, we say that 

(^y y> zYspace is a transformation of (f, 77, ^)-space, and the trans- 
formation is defined by the equations (1). There is a single point 
(a?, y, z) corresponding to a given point (f, 77, f), but a point 
(a?, y, z) may be the image of several points (f, 77, ^), If, given 
(a?, y, z) there is only one point (f, 77, of which the former point 
is the image, the transformation is said to be reversible, A sufficient 

condition for this is the non- vanishing of the Jacobian ^ 

This determinant is known as the determinant of the transforma- 
tion, and, as we shall see, it plays a fundamental part in the theory 
of change of variable in a triple integral. 

If (f , 77), y « (f> n) the determinant of the transforma- 

3 (x y) 

tion is of course 

0 (t. v) 

We shall speak of (f, O'Space as the original space, and 
(<B, y, ir)-space as the image space: properties of the original space 
may be said to be reflected in the image space. 

* S66 Goursat, Cour$ Analyse, xx, 76« 



294 double: integrals [ch. xi 

11*61. Curvilinear coordinates. 

Suppose that we are given a transformation from (f, i;, £)-space 
to (a, y, 2 f)-space, and that attention is primarily directed to the 
latter space, but the formulae in which a?, y, s figure are incon- 
venient, and we wish, if possible, to replace them by foi^mulae in 
which f, ij, ^ figure. Corresponding to any point P ofl (a?, y, s)- 
space there are one or more points Px of the original space; the 
f , Vf f coordinates of Pi may be taken as coordinates, of ai kind, of 
the point P; they are the curvilinear coordinates of P. They may 
be obtained in either of two ways, (i) by the solution of the equa- 
tions of transformation 


which in practical cases is usually difficult, or (ii) from a knowledge 
of the surfaces in the image space which correspond to constant 
values of the coordinates f, i;, f respectively. The three sets of 
surfaces 

f = r=7, 

for different values of the constants a, 7 define a transformation 
just as well as the equations (1): they divide the image space into 
a network of cells, which is not of course rectangular. 


Example, The equation 


x^ yV t 


1 


►(2) 


defines, for vaiying values of X, a set of con focal quadrics in the image space. 
It is known that through any point (^, y, z) there pass three of these quadrics, 
an ellipsoid, a hyperboloid of one sheet, and a hyperboloid of two sheets*. 
The corresponding values of X, which are the three real roots of the cubic in 
X given by equation (2) when a?, y, z denote the coordinates of the particular 
point in question, are the so-called confocal ooordinatez of the point (a?, y, z ) : 
we shall denote them by Xi, Xg, Xs. 

The transformation is only reversible as far as one-eighth of the image 
space is concerned. Corresponding to one point (Xt, X 2 , Xs) there are, in 9 ^ 
eight corresponding points in the image space. 

From equation (2) we have 
i?»(X)s(a«-X)(6*-X)(c*-X)~^(6«-X)(c2-X) 

-y*(o*-X)(a>-X)-a«(a«-X)(5*-.X)«0 (3); 


* It is assumed that the reader’s knowledge of analytical geometry of three 
dimensions is sufficient to enable the above result to be taken as known. The theory 
of oonfocal quadrics can be found in any text-book on Solid Analytical Geometry. 
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and to find where the roots lie, if we assume that the sign of 

jF’(X), for the important values of X is given by the table 



Pig. 27 


From the table we see that the three roots of ^(X)«0 are such that 
Xi<c2, c 2<X8<6*, 6*<X8<a*; 

and the positive octant of (j?, y, ^)-space is the image of |i.n infinite slab of 
(Xi, Xj, X 3 )-space whose rectangular end is parallel to the and 

whose infinite length is parallel to the axis of Xj for values (rf Xj^A This is 
illustrated in Fig. 27. 

In this particular case the surfaces 

XjaBta, X2»ft Xaasy, 

where o, A y are constants, are respectively an ellipsoid, a hyperboloid of 
one sheet, and a hyperboloid of two sheets in the {x, y, 2 )-spaoe, these quadrics 
' being members of the confocal system defined by equation (2). To any given 
rectangular parallelepiped in the original space, there corresponds a curvilinear 
^ region, bounded by portions of the above-mentioned quadrics, in the image 
space. 

It is a known property of confocal quadrics that the three quadnos which 
pass through any given point (a?, y , ») cut orthogonally. The elliptic trans- 
formation is a case of an orthogonctl traMfiynnixtioni in practice orthogonal 
transformations are always used because of their greater simplicity and 
oonvenienoe. 
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and the direction cosines of the tangent line to this curve are 
proportional to 

d(f>’i d(f>% 0^8 

w w w* 

Similarly on taking the surfaces 

the direction cosines of the tangent line to their curve o!^ inter- 
section are proportional to 

001 002 908 

017 * 017 * 017 ‘ 

These two tangent lines are perpendicular if 

^ 00_2 ^ ^3 9<5fe _ ^ 

0f 017 ^ 0f 017 9? ‘9 i7 “ ^ 

in other words if Fb = 0. Similarly Fi — Fb — 0. 

(2) It is also sufficient, for if Fi^ Fb^Fb — 0 the three eiqua- 
tions of the type of (1) above express the condition that the above- 
mentioned set of tangent lines are mutually perpendicular, and so 
the surfaces 

^= 0 , = {:=7 

cut orthogonally. The theorem is therefore proved. 

For an orthogonal transformation the element of length takes 
the simpler form 

^/iHi d|« + Hidv^ + 

It can be shown that the fundamental magnitudes of space 
transformation are connected by the relation 

•P = 1 Hi, Fa, Fa 

Fa, Ha, Fi 

Ft, Fi, Ha 

The proof is left as an exercise for the reader, since it depends 
only on the rule for squaring a determinant. 

In the case of an orthogonal transformation the element of 
volume {tf I becomes t/{HiHaHt) d^dtjd^ 
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11*64. Conformal transformationa. 

A tiransformation is said to be conformaX if the magnitude of 
angles is preserved, that is to say the magnitude of the angle 
between any two lines in the original space is equal to that of 
the angle between the corresponding lines in the image space. 
If da be the element of length in a given space, and ds the 
corresponding element in the image space, the necessary and 
suflBcient condition that the transformation shall be conformal is 
that the ratio da ; ds shall be independent of direction. 

Now 

'da*~d^' + d7}* + d^, 

ds* = H\d^^ + S^dif^ + Bgd^ + 2Fidf)d^ + iP^d^d^ + 2Ftd^dfj, 

and the condition therefore becomes 

1 l' 1 0 0 0 ’ 

in other words, = jffa = 5s ; Fi = F 2 = Fa = 0. 

Thus every three-dimensional conformal transformation is 
orthogonal*. 

For a plane conformal transformation 
da' = d^* + dv*, 
ds* = Ed^^ + 2Fd^d7, + Gdi)\ 
and so the conditions are 

E_F_Q 

1 “0 “ 1 ' 

It is easy to shew that is the necessary and sufficient 

condition for the plane transformation to be orthogonal; hence a 
plane conformal transformation is also orthogonal*. 

11*65. The polar transformations. 

The polar transformations are so frequently required in practice 
for changing from Cartesian to polar coordinates that it is worth 
while wipin g a special note of the fundamental magnitudes. 


* This rwult is also obvions from the definition of a oonfotmal transformation. 



800 DOUBLE INTEOBALS ^|Oa. XI 

L polar tramform<Uion. 

xwttoos0, yasttsin^, 

\J\^u. 

II. The cylvnd/fioal polar transformation, 

x^uco&<l)f p*^usin(l>y 
ds^ as* c?tt* -f u^d<l}^ + dz\ 

K|=«. 

III. The spherical polar transformation, 

47»rsm^cos0, y=rsin^sin<j^, e—rcos^, 

^ ^ ^ gj jj2 0 ^^ 2 ^ 

|*/|=r2sin 6, 



11*66. Direct and inverse transformations of a domain. 


Suppose that the domain Aj of the (f, i7)-plane transforms into 
the domain A of the (x^ y)>plane. If Gx is a closed curve in Ai its 
image 0 is a closed curve in A, but the senses of C and Cx may or 
may not be alike : if they are, the transformation is direct^ if they 
are not, the transformation is inverse. 

Thus, for example, the polar transformation 


is direct See Fig. 31. 


^«|co8iy, y«f8ini;, 


The reflection transformation 


is inverse. 



n 
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It is possible to determine analytically whether a transformation 
is direct or inverse : the criterion is the sign of the determinant /• 
In the next section it is shewn that, provided that the Jacobian J 



Fig. 31 


does not change sign in Ai, the transformation is direct or inverse 
according as the sign of J is positive or negative. 

117. Area in curvilinear coordinates. 

Suppose that the domain Di is the interior of a closed curve Oi 
within the region Ai, and let D be the image of Di : then D will 
have as boundary a closed curve G within the region A. The area 
A of the domain D can be calculated by means of a curvilinear 
integral, and so 

I xdy, 

Jo 

where 0 is described in the positive (anticlockwise) sense. On 
changing the variables to f and we get* 



and by applying Green*s theorem 



the sign being 4* or — according as Ci is described in the positive 
or negative sense. On evaluating the integrand we see that 


* The X is left anohanged. 
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^ if the sense of ia positive 
A<= — Jj J df dij if the sense of Oi is negative, 


the signs being determined by Green’s theorem. j 

Now A is essentially positive, and if we assume thkt J does 
not change sign in Ai, the sign of J must be positive in\ the first 
case and negative in the second. > 

We therefore see that the nature of the transformation depends 
upon the sign of J. In either case we have the important result 
that 

A^jjjJ\d^dv. 


11*8. Change of variables In a double integral. 

Before proving the fundamental theorem, it is convenient to 
state, in the form of a preliminary lemma, the result which is really 
the generalised first mean-value theorem for double integrals. 'The 
proof of the lemma follows the same lines as the proof of the 
generalised first mean-value theorem for integrals given in § 7'81. 

Lemma. If h{ao,y) is a function which is always positive in a 
domain D, and ifm^g{x,y)^M in D, then 

mjj h(x,y)dxdy^jj h(x,y)g (w,y)dxdy4M jj h{x,y)diedy 

"" ( 1 ). 

the integrals involved being assumed existent. 

Theorem. Let f(x, y) be hounded and integrahle in a domain D, 
then 

y)dxdy^jj^ fi (f, 17 ) I J”! df di 7 , 

where ft (f, y) is the function obtained when x^^^i (f, ri),y=‘^ (f, y) 
are substituted for x and y in the function f (<r, y), and Dtia {he 
domain of which D is the image. 
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If the (f, lyVplane is covered with a rectangular network formed of 
lines drawn parallel to the axes of ^ and t) respectively, the domain 
Dj will be divided up into a finite number of sub-rectangles p„. In 
the («, y)-plane the domain D will be divided up by the curves 

f=a, i)-fi 

into a curvilinear network. Let a„ be the cell of this network 
which is the image of pr$. 





Id 




Fig. 83 


Let Mr, be the bounds of f{x, y) in Or,, and hence also the 
bounds of io pn, then, by the lemma, 

m„[f jJl/i(^.v)d^dv^Mr,ff \J\dUr, 

( 2 ). 

The extreme members of the above inequalities are respectively 
equal to and Mf^arty since, by § 11*7, 

ff IJld^dv^ll dxdy^ar,. 

On summing the inequalities (2) over the sub-rectangles, we get 

(In I I /l (f > v) d^V ^ X^Mn C^n • • • • • '(S)* 

Now jl f{x,y)dxdy exists, and the extreme members of the 

inequalities (3) are approximative sums * and 8 for this double 
integral : it follows that 


jJ^/i(S.v)Uldidif 
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lies between two sums s and 8 which differ by as little as we please 
from 


jj^fia!,y)da!dyi 


the theorem is therefore established. 

Example 1. Shew that the area in the positive quadrant enclosed ^between the 
fowr curves p^x^y^^ q^x^y^ is ^ (a-6) (p-j). 

Let us make the transformation then 


Now 


9 (f» *7) 


/ A ; ■ ■ — < , and bo, since 
/ 9(3r,^)’ 


9 (f ?) _ 

9(«,y) 




?l 


as* 

x> 

dy 


y ’ 


drj dri 


y“ 

CO 1 

0a?* dy 



* i 


‘Buy, 


Hence 


9(1,,) 8xy 8^(^y 


Example 2. Evaluate the double integral 


over fAo domain D hounded by the lines x^O^ y^^y 

The simplest method is to use the transformation which 

may bo written in the form 


Now 


j l^xiyi {l^x^y)idxdy^ j d^dri, 

where A ts the square O^i;^!, and 

L(£i1). I-*?! 

Hence (l-,)id,. 

These integrals cannot be expressed in terms of ordinary dmple Amotions, 
bat they can be expressed as Beta functions (see § 8‘21X and so we may write 
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Smmvpit 8. Protw that B (m, n)— • 

From the definition of the Gamma function, if m> 0 we have 
r(m)=| 

- • • A 0 

and on writing we get 

Let ns write r« (m)s 2 

whence rj|(«i)ra(n) = 4^ j 

a repeated integral which has the same value as the double integral taken 
over the square 0^4?<a, On changing to polar coordinates we get 

Ta (m) Ta (n)=4^ (r cos (r sin tf)2»-ie-»^rc?rcW 

taken over the square. 

Write /<|=4 j r2*»+^*‘'“^«’'»^sin*»‘“^dco8®’^"^ ^c?rc?d, 

and since this is a repeated integral equal to the double integral of the function 
over the positive quadrant of a circle of radius a, 

^ l^a (^) f'a ^ ....••..( 1 ). 

But 2ra (m -fTi ) p sin®**~i ^ cos2»»~ i (2). 

Now \B (m, n)^J (1 — 2 sin ^’^”^ $ 

on writing ^«cos* $, 

From (1) and (2) we have 

Ta, (m 4- w) B {my n) < r,, (m) r» (n) < r^ 2 o (m’^n)B (m, n) 
and on making a -► oo , the limit of the extreme members is r (m4*?i) B (m, n) 
and the limit of the middle term is r(m)r(7^). The result is therefore 
established. 

11*9. Formulae for calculating volumes. 

(1) Volume found by single integration. 

If the solid whose volume is sought is cut by a variable plane 
perpendicular to the line chosen as the axis of Wy the area of the 
cross section of the solid made by any one of these planes is 
a function of x, say A (x). Let a and b be the least and greatest 
values of x for points of the soUd, then 


A«2r« 


s J A (x) dx. 


40 
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For the ellipsoid the cross section by an arbitrary 

plane is the ellipse 








the lengths of the semi-axes of which are 5 ^ * 

and so the area A in question is nhc » hence / 

V^whcj difas J»ra6c. 


(2) Volume found hy double integration. 

Suppose that the surface of the solid whose volume is i^ught is 
only cut in two points by a line parallel to the axis of z, and let 
Z\ and zt (which are functions of x and y) be the ordinates of these 
points. Let D denote the portion of the (a?, y)-plane into which the 
solid projects, then 

V = II dxdy jf (-^2 ~ h) dxdy 

If the solid has a plane base B in the (x, y)-plane itself, and is 
bounded laterally by a cylindrical surface with generators parallel 
to the axis of z, and above by the surface z = f{x, y), then the 
domain D is the plane base B, Zi = 0, and so 

^=1^1 zdxdy .(2). 

It is sometimes convenient to change the variables in the double 
integrals (1) and (2) in order to simplify the calculations. 


EXAMPLES XL 

1. (i) If 8 and 8 are the approximative sums as defined in § 11*2, prove 
that further subdivision of the rectangle R cannot increase $ and cannot 
decrees a 

(ii) If 8iy8i\ 82^ h to any two modes of subdivision of jR, and 2, tr 
refer to the mode consecutive to these, prove that 

and deduce that J^L 

2. Prove, by evaluating the repeated integrals, that 
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8. Evaluate 
where - 1. 

4. If tt+tV»(ir+ty)i, shew that the curves w«constant, r«constant, are 
two sets of confocal parabolas. 

If 0 be the common focus, and the two parabolas intersect at 

P, prove that 

dxdy 


//; 


extended over the area between the parabola u=^ui and the lines OX and OP 
is 2U|17 i. 

6. If /= e“"®* rfr, prove, by expressing /* as a double integral, that 

and deduce that j 

6. Prove that the volume of the wedge intercepted between the cylindei 
afl+y^^2ax and the planes z=mxy z^ssnx is ir {n-^m) a\ 

7. Evaluate 

(i) r® sin Bdr d6 over the upper half of the circle r *= 2a cos d ; 

(ii) 1 1 xdxdy over the first quadrant of the ellipse ; 

and 

(iii) find the integral of a^ydx-^y^xdy along the arc of the semicircle of 
^**fy*=*a* which lies above the axis of x. 

8. Find the area of either loop of the curve x^a sin 2^, cos 6, 

9. Deduce from Qreen’s theorem that if <f> and yjf are functions of x and y 

whore C is the closed curve which forms the boundary of the domain D, 
Specify what conditions have been imposed on <f} and 

10. Establish the formula 

r (m) r (n) * r (w+») B (?n, n) 

by evaluating jj ^-lyn-i dixdy 

over the positive quadrant by means of the transformation 

x^y^u^ y^uv. 

11. Evaluate jj^a^y^tj{l--a^-y^dxdy^ 

where D is the domain defined by y ^0, 4;®+y® < 1* 
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IS. Fiad, in terms of Gamma fiiaotions, tiie area endosed the oorre 


13. Shew that the area bounded by the four curves 

14. Find the volume enclosed by the cylinder ar*+y*»i2(W?, thej paraboloid 

4az^a^+y^ and the plane «os0. \ 

15 Find the value of ^ 

/o jo 

by means of the change of variables defined by the transformation 
xssu{l‘i‘V)y y=v(l+w). 

16. Shew that the volume common to the sphere end the 

cylinder is 



17. Find the volume between the y)«plane| the elliptic paraboloid 
gutpsi^-^qy^ and the cylinder 

18. Prove that 

Deduce Dirichlet’s formula 

/o fy 

andf by applying this formula successively) establish the result 

/’(*-y)-V(y)dy- 

19. Find the centroid of a plane lamina in the form of a quadrant of an 
ellipse of semi-axes a and b (i) when the surface density is uniform, (ii) when 
it varies as the product xy. 

Find also the moment of inertia of this lamina (i) about the minor axis, 
and (ii) about an axis through the centre of the ellipse perpendicular to its 
plane, in each of the above cases. 

20. A system of curvilinear coordinates in the first quadrant is given by 
the two families of confocal parabolas 

y’n y***2v4?4* 

find the moment of inertia about an axis through the origin perpendicular to 
its plane of the region S bounded by two parabolas from each family. 



CHAPTER XII 


TRIPLE AND SURFACE INTEGRALS 

121. Introduction. 

Although in the preceding chapter double integrals were the 
main topic for consideration, it may be remarked that most of the 
theory of multiple integrals is illustrated by the two-dimensional 
case. In the last chapter, where the extensions were immediate, 
the corresponding results about triple integrals were given im- 
mediately after the theorems proved about double integrals. As 
we shall see, the formula for the change of variables in a triple 
integral is the same in form as that already proved for a double 
integral, and it is proved in a similar way by an appeal to Green’s 
theorem. Just as Green’s theorem in two dimensions establishes 
a relation between curvilinear and double integrals, the three- 
dimensional form of this theorem is a relation between triple 
integrals and surface integrals. It is therefore necessary first to 
consider surface integrals and the theory of area of curved surfaces. 

12'2. Surfaces. 

The equations 

® =/(«,»), y^g{u,v), gr=h(u,v) (1), 

where u and v are variable parameters, define a surface. Since a 
surface requires only two parameters to define it, a portion of any 
given surface may be regarded as the image of a plane domain in 
the (w, v)-plane. When the point v) moves so as to trace out a 
plane domain D, the point (a?, y, z) traces out a portion of the 
surface S. We are assuming that the functions concerned in the 
equations (1) are single-valued and continuous. 

JSmmph If 

^•asinfloos^, y—asintf 8in<^, ««acostf, 

then as 6 goes from 0 to and 0 goes from 0 to ^ fr, the point {z, y, f) traces 
out the surface of an octant of a sphere whose centre is at the origin and 
whose radius is a. 
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The parameters u and v may be regarded as curvilinear co- 
ordinates : if we divide the (m, t;)-plane into a network of meshes 
by lines parallel to the axes, the carves 

w =s a, V = /8, 

where a and ^ are constants, divide up the surface into a network : 
this curvilinear network on the surface S in the (a?, 3/,i5)-plane 
corresponds to the network of rectangles in the («, v)-plane. 

In the above example if ^ is constant the curves on the surf^e of the 
sphere are lines of latitude, and if is constant the curves ar^ lines of 
longitude. 

\ 

12‘21. Regular surfaces. ^ 

The surface defined by the equations 

x=f{u,v), y^g{u,v), z = h(u,v) (1) 

is said to be a regular surface if the domain in the (u, v)-plane to 
■which it corresponds can be divided into a finite number of pieces 
within each of which none of the determinants 


9(y. z) d{x, y) 

d(u,v)’ d(u,v)’ d(u,v) ^ ^ 

varnishes. These three Jacobians are among the fundamental mag- 
nitudes of surface transformations, aind they aire usually denoted by 

A. B, C. 

Over any elementary portion of a regular surface we can make 
the dependent variables independent. This is an immediate 
consequence of the fact that over an elementary portion of such 
a surface the equations defining the surface can be solved. 

If 4° 0, this means that the equations 

y=^g{u,v), z=^h{u,v) 

can be solved for u and v in terms of y and z : on substituting 
these values in the equation x=f{u, v) we get the equation of the 
sur&ce in the form 

x=‘F(jf,z). 

Similar remarks apply if jB 4= 0 or 0 4= 0. 


The reader should observe that the usual form of the equation of a surface 
y) implies that the Jacobian 
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12*22. Eltments of length and area on a snrlhoe. 

Let the surftuje be defined by the equations (1) above, then 

= ^ + dv, 

du dv ’ 




we get 
where 


dz — ^ du + ^ d» , 
du ^dv ’ 


ds* = Edu* + 2Fdudv + Q dc* 


(3). 




du dv du dv ^ du dv’ 



The square-root of the expression on the right of (3) is called 
the element of length on the given surface. 

Let P be a point on the surface, and Pi the point in the 
(«, t;)-plane of which P is the image : if be any plane element of 
area enclosing the point Pj, and A the corresponding element of 
area on the surface, under the appropriate conditions the ratio 
A : Ai tends to a unique finite limit as the dimensions of A^ tend 
to zero. This limit, multiplied by dud®, is the element of area on 
the surface : it is found to be 


nJ{EQ — F*)dudv. 


12'S. The area of a onryed surface. 

As the length of a curve can be obtained by means of inscribed 
polygons, it is not unreasonable to expect that the area of a carved 
surface might be obtained in a similar way by means of inscribed 
polyhedra. For a long time this was the method generally employed, 
and standard treatises contained demonstrations to this effect. It 
was pointed out by Schwarz* that, even for such a simple surface 
as the cylinder, this method g^ives us no definite result, the areas of 
the polyhedra varying over a wide range with the shape of the 
triangles which form their faces. 

* WtrU, n, 809. S«e aim Pimipont, Iktorji of Funetton* a Beat Variabtet n, 
ii«08.60S. 
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Satis&ctoiy definitions of the area of a curved surface have only 
been given within recent years, but unfortunately the preliminaiy 
ideas necessary for enabling an account of these theories to be 
given are outside the scope of this book*. In order to shew the 
reader something of the difficulties involved, W. H. Young’s 
definition of the area of a curved surface is given in the next 
section, but, for the reason just stated, it cannot be fully treated, 
and further details may be found in the original memoirlreferred 
to in the footnote. \ 

12*31. Young’s definition of the area of a carved surfac^. 

The fuDdamental idea is obtained in the following way. Consider an element 
of the surface in question, and inscribe, in the skew curve which forms the 
oontour of this surface element, a polygonal figure the lengths of whose sides 
shall be all less than a certain assigned number. Suppose that there are, 
acting along the sides of this skew polygon, vectors represented by the sides 
in magnitude, line of action and sense ; these vectors are equivalent to a couple. 

If we suppose that the magnitude of this couple tends to a unique finite 
limit as the lengths of the sides of the polygon tend to zero, this limit is 
defined to be the area of the skew curve. 

Let C be a circuit in space described in a definite sense, and let Cly Cj, Cs 
be the closed plane curves which are respectively the projections of the circuit 
C on the three coordinate planes ; and suppose that each of the three plane 
curves is described in a definite sense. Let the areas of the three closed curves 
be ai, as, as, and express them by the formulae for area in terms of 
curvilinear integrals t) 

os=i / {zdx-xdz)y / {xdy--ydx). 

J Ox JOt JCg 

The vector a, whose coordinates are (ai, as, as), is taken as measuring the 
veetor^area of C, The modulus of the vector-area, 

s/(aiHa22+a8*), 


is to be the absolute area of C, 

Let S be any curved surface in {Xy y, z)-Bpace, and A the domain In the 
v)-plane of which S is the image : corresponding to a division of A into a 
network of rectangular meshes p„y we have a division of S into curvilinear 
meshes Let be the absolute area of the perimeter of the circuit finy 


and write 




* See W. H. Young, Proe. Boyal 8oc. xovi a (1920), 72 ; sad J. 0. Burkill, Pros. 
London Math. Soe. xm (1928), 81L 
t SssiU*a,x. 
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The nnmher « is en spproximstion to the ores of S, and the upper bound 
of the sums or is defined to be the area of S. 

If drt is the projection of on the (yf)-plan6, then the area of the closed 
plana curre Ci arising from ^ 


where il 


8(y>») 

d{u,v) 




Adudo^ 


as preYiously defined. 


The area a required is therefore, by definition, 

{(JL ^ *)■ + (//^ 


Cdud^Y' 


*By assuming for the functions 


*-/(«,»), y-giy^v), f-A(«,e) 

absolute continuity, it can be proved that 


lim Sa ^ J5®4* C®) dudv ; 

and, on using Minkowski’s inequality for integrals, that 

2a^jl^y/{A^+B^-^C^)dudv ( 2 ); 

lim2a^JJ^^(A^-hjB^+0^)dudv (3). 


hence 


It is not within the scope of this book to discuss the concept of absolute 
continuity, and the proofs of the inequalities (1) and (2) are not therefore given. 
Further details can be found in the original paper to which reference has 
already been made. 

Enough has been said to shew the reader that the area of a curved surface 
has to be defined quite dififerently from the way in which either the length of 
a curve or the area of a plane domain has been defined. 


12*32. Note on other methods of defining surface-area. 

In view of what has already been said, the author is of opinion 
that the best elementary approach is on the lines of de la Vall4e 
Poussin*, who defines the area of the surface a priori by the 
integral (3) above. This method is described in the next section. 

It may be remarked that attempts to define the area of a surface 
as the limit of the areas of approximative polyhedra have generally 
been suocessful only if the sur&oe has a continuously vaiying 


* Cowr» dAnaly$e i (1921), ( 287. 
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tangent plane. Under suitable restrictions a surface can be proved 
to have the area given by the integral (3) above, by projecting an 
arbitrary element of the surface on to one of the tangent planes 
belonging to that element. Provided that the normals to the 
tangent planes only cut the surface once, and the first partial 
derivatives of x, y, z with respect to u and v are all continuous, 
the limiting value of the sum of all the plane areas obtained by 
the above projection is the value of the area of the surface*. 

Instead of projecting the element of surface on to a nangent 
plane, another method is to project it on to a plane for which the 
projection is a maximum. Provided that the surface iST^has a 
continuously turning tangent plane nowhere parallel to the axis 
of z, this definition leads to the same value for the area S as 
before. 


12*33. De la Vall4e Poussin's deflixition of surface-area. 

Let A be the domain in the (m, v)-plane of which a curved 
surface S in the («, y, x)-plane is the image. Suppose that the 
functions 

«=/(«,«), y^g{u,v), z = h{u,v), 

which define the surface, together with their first partial derivatives, 
are single- valued and continuous in the regions concerned, and that 
the three determinants A, B, C are not simultaneously zero in A. 
We define the area of the surface 8 a priori to be 


JI^^(BG-F»)dudv ( 1 ). 


It is easy to establish the identity 

A‘ + B» + 0*=BG-F‘, 

and so the integral (1) is the same as 


1 + C') dudv (2). 


The element of area on the surfiuse may therefore be expressed 
in either of the equivalent forms 

^iA*+B^ + G^dMdv, •/(EG-F^dudo (3). 


* See aoanst, Conn d’Analiy$e, i (1917), 1 181. 
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The latter expression shews that the element of area is invariant 
for changes of rectangular axes, since it depends only on 
di^<=‘da^+dy* + dz^ 

and this is certainly invariant. Hence the integral (1) is inde- 
pendent of the choice of the rectangular axes of reference Ox, Oy, Oz. 

Let us consider the geometrical interpretation of the integral (2); 
since the direction-cosines of the normal to the surface at any point 
are proportional to A, B, C, if these direction-cosines are denoted 
by I, m, n, we have 


£ 

A 


'B' 


n 

C 


.(4). 


»J(A^ + B^+C^) 

If we suppose for definiteness that(?=|=0 in A, the geometrical 
interpretation of this is that the normal is not perpendicular to the 
axis of z, and it can be drawn so as to make an acute angle with 
this axis, so that, since n is positive. 




|(7| 


and the integral (2) becomes 

1C 


IL 


n 


dudv 


.( 5 ). 


If D denotes the projection of the surface S on the {x, y)-plane, 
then on transferring the integral (5) to an integral over the plane 

domam D, since J = = ^ , we get 

d(x,y) G 


II 


dxdy 


.( 6 ). 


Similar integrals are obtainable by assuming that A^0,B<^0. 
The integral (6), and those analogous to it, shew that the value of 
the integral (2) does not depend upon the choice of the parameters 
u and V. It must therefore depend only upon the shape of the 
surface 8. 


If the surface S does not satisfy the condition that the three determinants “ 
A, B, 0 must not be simultaneously zero in the domain A, but if we can 
divide up the surface S into a finite number of pieces Sr (r=l, 2, w), such 
that the three determinants 5, C are not simultaneously zero in each of 
the domiuns a, (r-1, 2, , h), the above argument is applied to each piece 
Sr aeparatdy, and the results are added. 
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The condition under which formula (6) was established, namely 
that 04=0 in A, is equivalent to the geometrical condition that 
the surface 8, which is the image of the domain A, has no tangent 
plane anywhere perpendicular to the (®, y)-plane. When O' + 0 we 
know that the equation of the surface assumes the form 

e = y); 

now n= 1/V(1 +f>* + 9*), 

and so the area of the curved surface 8 is given by 

IIb -y 

The reader is advised to verify that the above integrals give the right 
results for the area of elementary curved surfaces. For example, in the case 
of the sphere 

^ 3 = a sin (9 cos yasasindsinc/), z^acoa^^ 

it is easily verified that 

a® sin* d, F= 0, 6^ « a* 

and so the area of the surface of the sphere is given by 

A=J j ^^{Ea-F^)dudv^ J a* sin $d6d<l>. 

If 6 ranges from 0 to w and </> from 0 to 2»r the point (a?, y, z) traces out 
the whole surface of the sphere, and so 

j ainddd j <f<^«47ra*. 

The calculation of the surface-area by means of the integral (7) is left as 
an exercise for the reader. 

12*4. The Bides” of a curved surface. 

Let She & portion of a surface which is bounded by a definite 
contour. The surfaces with which we shall be mainly concerned 
must possess two distinct sides: by this we mean that if a moving 
point traces out a path in any manner on one side of the surface 
it cannot come to the other side by any means save by crossing 
the contour which forms the boundary of the surface. 

An example of a surface which possesses two distinct sides ’’ is a spherical 
cap. Consider the portion of the surface of the sphere which 

lies between the planes r»:c, r«»a, where e<a; it is clear that on whatever 
"side" the moving point starts it cannot get to the other "side" without 
crossing the boundary, which in this case is the circle ir*+y*«>a*- A 
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It is easy to construct a surface which does not possess two distinct ** sides.” 
Out out a rectangular strip of paper, and on one face of it mark the letters 
Af B^C^D BA shewn in Fig. 33. 


' A D 

B C 

Fig. 33 

Give the strip of paper a twist in such a way that the two narrow edges 
come into contact with the letter C falling on A, and D on B, It will be 
found that the surface so formed does not possess dutinct for a point 
may start anywhere on the surface and move without ever crossing the 
boundary and yet return to its starting-point on the opposite side of the 
^per from the one on which it started. 

Suppose that we have a portion of a surface defined by the 
equation 

« = </>(«, y), 

unfl let the axis of z be vertically upwards as illustrated in Fig. 34. 



Fig. 34 

The side of this surface from which the outward-drawn normal 
makes an acute angle with Oz is called the upper side, and the 
other side, which faces the (a, y)-plane, is called the Imer side. 
The half-line drawn perpendicular to the tangent plane at any 
point on the upper side in a direction outwards above the upper 
side may be called the upper normal : the other half- line drawn in 
a direction downwards below the lower side is the Zoiaer normal 
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12*41. Dissection of a three-dimensional domain. 

Suppose that we have a domain T in («, y, jg:)-space bounded by 
a surface 8: the domain is said to be dissected relative to the oasis 
of z, if it is divided by lines parallel to Oz into a finite number of 
pieces, each piece being bounded above by a surface z^ <f>z (a?, y), 
below by a surface 2 ? = (x, y\ and laterally by a Cylindrical 

surface with generators parallel to Oz. If a domain T ia dissected 
relative to the axis of z we shall suppose that for any pie^ 2V the 
two surfaces ^ = y), ^ = y) are such that the\ tangent 

plane at any point is nowhere perpendicular to the (^, y)-plane, 
except perhaps on the curves which form the rims of these two 
surfaces. Such a dissected piece Tr is bounded by surfaces which 
are only met by a line parallel to any one of the axes in two points. 

Similarly we define dissection relative to either of the other axes. 


12*42. Surface integrals. 

There are two kinds of surface integrals, (i) integrals with respect 
to or, where da denotes an infinitesimal element of the surface S, 
and (ii) surface integrals with respect to y and z, or with respect 
to z and x or with respect to x and y. The former can be defined 
at once. 

Let /(/c, y, z) be a function which is single- valued and continuous 
at all points of S, then if the surface 8 is defined by the usual 
equations 

a7 = a?(u, v), y = y(t4, v), z=^z(u,v), 
the function /(x, y, z) becomes F(u, v) and 


is defined to be 


/L 


<r 



F{u, v)>t/(EG —F^)dudv, 


where A is the domain in the {u, v)-plane of which 8 is the image. 

The latter type is defined by first dividing up the surface 8, 
which is assumed to be regular, into pieces each of which has an 
equation of a particular form. Take, for example, the case of in* 
tegrals with respect to a and y. Suppose that S is divided into a 
finite number of pieces 8r each of which has an equation of the 



SURFACE INTEGRALS 


12-42] 


819 


form t = p(x,y) and no tangent plane is perpendicular to the 
(«, y)-plane; then if 2, is the projection of Sr on the (<r, y)-plane, 

±1/2 y> *'(*• y)} ^^y> 

the positive sign being taken for the upper side of Sr, the negative 
sign for the lower side of Sr. By adding the results for all the 
pieces Sr we obtain 

11 ^ /(®, y, z)dxdy. 

If any of the pieces into which S is divided are portions of 
cylindrical surfaces with generators parallel to Oz, these portions 
give no contribution to integrals with respect to x and y. 

Integrals of the second type can be transformed into double 
integrals over the plane domain A in the («, v)-plane. By the 
formula for change of variables in a double integral 

»>|||;| i»d, 

= F{u,v)\G\dudv. 

and so by addition we get 

IL ^ ^ L ^ 

the side of S which is taken being determined by the sign of G. 

Similar results hold for integrals with respect to z and x, and 
with respect to y and z. 


12‘43. Relation between the two kinds of snrface integral 
We now shew that 

lf{x, y, z)d<T’ml |^/(«. y. «) dyd^ (1). 

tvherz (I, m, n) are the direction-cosines of Idie normal to the swrface 
8 dranun ovt/wardiS from, the side of 8 in question. 

XT _ I m n 1 

A 

~^I{EQ-F'Y 


and so 


I 
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hence the left-hand side of (1) above reduces to 

1/4 <^lE&-P) ^ 

which is identical with the right-hand side of (1). 


12'44. Integrals over closed surfaces. 

If the closed surface £1 is of the simple oval type, such as an 
ellipsoid, and the axis of z is vertically upwards, the ^ints at 
which the tangent planes to S are perpendicular to the (tcjW)-plane 
lie on a certain twisted curve C drawn on the surface 8 . '^ach of 
the two parts into which 8 is divided by this curve 0 has two 
distinct sides. The outer side of the given closed surface 8 is the 
upper side of that portion of the surface which lies above the 
curve C and the lower side of the portion which lies below C. 

Green’s theorem (see § 12‘5) connects a triple integral through 
a domain Twith a surface integral taken over the closed boundary 
surface 8 of the domain T. 

In order to prove this theorem we divide up the domain T into 
a finite number of pieces by dissection relative to one or more of 
the axes Ox, Oy, Oz. For definiteness, suppose that the domain T 
is dissected relative to Oz. In this case we divide up the domain 
into pieces 2V bounded by surfaces 8 r, each of which consists of 
portions having an equation of the form z = v{x, y) and cylindrical 
portions with generators parallel to Oz. The only curves on 8 along 
which the tangent planes are perpendicular to the (x, y)-plane will 
be some of the boundary curves of certain portions 8 r. Since 
surface integrals with respect to x and y are zero over any cylin- 
drical portion with generators parallel to Oz, the sum of the surface 
integrals over all the dissected pieces 8 r is clearly equal to the 
sur&ce integral over the closed boundary surface 8 of the domain T. 
Similar remarks apply to dissection relative to Ox and Oy. 


1245. Charge of variables in a snrlhoe Integral. 

Let the sur&ce 8 in (a;, y, z)-8pace be the image of a surfisme 81 
in rj, {)-8pace, and let A be the domain in the (u, «)-plane to 
which both these surfaces correspond. Suppose that 
/(*, y, a) «=/x (t («. »)• 



321 


12-46] CHANOB OF VARIABLES IN SURFACE INTEaBAM 


We have already seen that 

£ /(., y. ,) ij,*- £ F(,u. (1). 

but* 

8 (?/, z) 8 (y, a (g, 7 ?) 8 (y, z) 3 ( 77 , 3 (y, ^) 8(!:,0 

8 (u,«) 8 (?.i?) 8 (a, V) S(>?, DSCw.t') 

and on substituting this in the right-hand side of ( 1 ), since 

a{UyV) ^ 

we get 


n f{x,y,z)dydz 

J Js 


did, + + 3 (, m ) 


.9 (f. ’j) 


9U D 


9(C. f) 




126. Green’s theorem. 


The three-dimensional form of Green’s theorem may be stated 
as follows. 

Let P («?, y, z)t Q {(c, y, z)y R (x, y, z) be three given integrands, 
T a three-dimensional domain; then if the functions 


P n p^l 

dx^ dy* dz 


are all continuous throughout T and on S, its closed boundary surface, 
and, if the surface integral he taken over the outer side of S, 

||^(P dydz + Qdzdx + R dxdy) = j + ^ + S) 

( 1 ). 

To prove the theorem it is sufficient to consider one of the three 
parts into which the formula ( 1 ) may be divided, say 

Rdxdy^jj ^ dxdydz ( 2 ), 

where Sr and 2 V refer to one of the pieces into which the domain 
T has been dissected relative to the axis of z. 


^ See i 10*64, m. 

t These are the ‘^staadajrd eonditionfl,’* and they are sufficient but not necessary. 
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Now the right-hand side of (2) becomes 

/k ,C 57 

where is the projection of the dissected domain IV on the (a?, y)- 
plane and = y), y), where ^2 >-2^1* Thp integral 

( 3 ) therefore becomes; j 

(«. y. ^ 2 ) -■R(a!,y,zi)}da!dy 1 . . .(4) 

The integral ( 4 ) is the difference between two dotible integrals 
which are respectively the same as two surface integrals, the former 
over the upper side of the surface ^ = <^2(3?, y) and the latter over 
the lower side of the surface y)- In each case it is the 

outer side of those portions of the surface S which belong to the 
dissected piece Tr under consideration. Since integrals with respect 
to X and y over the cylindrical surface with generators parallel to 
the axis of z are zero, it follows that the integral ( 4 ) is the ^me as 



hence (2) is established. 

Similarly we prove the other two parts, and the result for the 
whole domain T follows by addition. 


12*61. Volume in terms of surface integrals. 

In Green’s theorem, if we write P® a?, Q = 0, P = 0, we get 


JJ xdydz 5 = dxdydz 


and so it follows that the volume of the domain T can be found by 
evaluating any one of the three surface integrals 


||* xdydz^ jj* ydzdxy || zdxdy, 


the integral being taken over the outer side of 8 in each case. 


12*62. Volume in curvilinear coordinates. 

Just as in the two-dimensional case, Green’s theorem is used to 
obtain the required formula. 
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Thxobkii. If iht tro/nsformation is defined by the equatums 

then the integral for volume in the coordinates is 

IW^yid^dnd^, 

where J = g ^ ^ domain in tj, ^-space of which 

the domain T whose volume is required is the image. 

Let 8 and Si be the closed surfaces bounding the domains T and 
fi, then, if V be the volume required^ 


F= 1 1 xdydz 

On applying Green’s theorem we get 


■3(£e) 




4 


d^dffd^f 


and the integrand reduces to 

dxd(y, z) . dxd(y, z) dxd(y, z) _djx, y,j) 
d^diVsO ^Vd{^,^yd^d{^,v) d{^sV >0 ^ 

since the second order derivatives are annulled. It follows that 


r«± ||j^ Jdf dijdC. 

Since V is essentially positive we shew as before (§11*7) that 
the sign of J determines the nature of the transformation: if J is 
positive the outside of 8 corresponds to the outside of £> 1 , while if 
J is negative the outside of 8 corresponds to the inside of 8i, In 
either case 
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12*6. Change of variables in a triple integral. 

Without giving the detailed proof, we now state that if the 
domain T be divided into cells by the surfaces 

f=a, v = A ?=7. 

and we apply the formula for the volume of a cell and the g^eralised 
first mean-value theorem for a triple integral, then | 

JJ V’ z)d^dydz=jlj^ /i (f, y, f) | 

The reader is advised to write out the formal proof as an e^ceroise. The 
proof is on exactly the same lines as the one given for double integrals in 
§ 11-8. 

Example, Calculate DirichleVe integral 

over the interior of the tetrahedron formed hy the coordinate planet and the 
plane 4-^=1. 

Write x+y^z^(, ,...(!)> 

and use the formula for change of variables above. 

The equations (1) may be written 

( 2 ), 

and the tetrahedron in (.*?, y, «)-8pace is seen to be the image of a unit cube 
in ({, tf, f)-space. The determinant 

d(x,y,z) 

may be calculated directly from the equations (2), but if we write 


so that 
then 


z^i 

8(a?,y, z) 8 (u, v, w) 

7>0 8(£, 7, f) 


1. 

-1, 

0 jx 1, 

Vt 

7f 

0, 

1, 

-1 j- 0, 

f, 

C( 

0, 

0, 

1 1 0, 

0, 

fo ; 


The triple integral in (f, 7, O-coordinates can be calculated as a repeated 
Int^al, and so 

/= -vYdv.p^Cii-O^dc 

-B (o+ZS-h-y+a, X+1) . B O+y+2, «+l) . B (>-+ 1, ^+1) 
r(aH-i)rO+i)r(y+i)r(X+i) 

“ r(«+/S+y+X+4) 



12’61] OHANOB OF VARIABLES IN TRIPLE INTEGRALS 825 

12 * 61 . Laplaod’s stjUBtiou in oTthogonal cnrvilinoair co- 
ordinates. 

Laplace’s equation 

is one of the fundamental differential equations of Applied Mathe- 
matics and Physics, and it is frequently necessary, for the applica- 
tion of this equation to many of the problems which involve its 
use, to be able to express it in terms of other systems of coordinates. 
The direct method of transforming V^V into spherical polar co- 
ordinates was given in § 10*4 The method which is now given 
enables us to express Laplace^s equation in any system of orthogonal 
curvilinear coordinates. 

If {If m, n) are the direction-cosines of the normal drawn out- 
wards from the surface S which bounds a given domain 1\ Green’s 
theorem may be written 


da 


dxdydz (1); 


and on writing P = 


dV 


dV 


■ Q = ^ , iJ = ^ , equation (1) becomes 

0F 





where r- = t =- +r» 5 - + n 2 - 
dp ox oy 02 


and denotes the derivative in the 


direction of the normal to the surface element in question. 

Let u, V, io be any system of orthogonal curvilinear coordinates, 
and let Ti be the rectangular parallelepiped bounded by the planes* 

V»Vi, W — Wii M = M2, V = Vt, 

then T (the image of Pi) in {x, y, ^)-space is bounded by sur&ces 
which will be denoted by 

Ui. Vt, Fi; Ui. F„ F, (3). 

On writing Pri=l//ii®, Hi — l/ha*, 

the element of length is given by 


, - du* . dw* 


• We aw assuming tha$ Wa>Wi. 
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and \J \^ hence 

il, S - E. 

The first integral in (4) may be calculated in another way. The 
surface S consists of the six surfaces (3), and by considering Ui 
only we get 

^ ‘‘S') 

for ^ is a derivation along the normal to the plane u « i^i\in the 

3 3 

direction of u decreasing, so that ^ ^ second term 

in the last integral has a negative sign because the integral on the 
left-hand side of (5) is taken over the outer, which is the lower, side 
of £/i. Hence, on assuming that the transformation is direct, we 
have 




, , - avdw. 


Similarly for integration over the surface and since integrals 
with respect to v and w are zero over the remainder of <8, 


ii 




dj 

dv 


dcr^ 


h dV 

Sx ^2^*3 


dvdw. 


On treating the other four pieces of the bounding surface S in a 
similar way we get 


fL 


dp 


da 




* dwdu-¥ 


3F 


Ai/t, 0w 


dudv 


)■ 


(6). 


and by Green’s theorem the last integral transforms into 

E, la-" (« a ) + i (a. s ) + L (E S) 

By comparing (4) and (6) we get 

V*F-AxAsAsll ( \ i (A |r 

(()u\h 2 hz duj 0v\hzhi dv J dw \h 1 k 2 dw, 

For the polar transformation we have 

dJg^sas c?r* r^dB^ + r* sin* B d<ji\ 


)}• 


and so 
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6 (bt f) + ^ ^ ^ (sl^ |^} 

P^\ drj'^r* ■*■ r» dfi Aaia^ d d<f>» ' 

12-7. Curvilinear integrals in three-dimensional space. 

The notion of a curvilinear integral can be extended at once to 
three-dimensional space. Consider an arc AB of a twisted curve 
on which ai varies in such a way that it is either always increasing 
or always decreasing from ® = a to a; = 6. If the equations defining 
the curve are on —/ (<), y = <f}{t), z^yfr (t), by the inverse function 
•theorem t is a raonotonic function of x, and so y and z can be ex- 
pressed as functions of x. If P (x, y, z) is a continuous function of 
X, y and z, and y and z are themselves continuous functions of x, we 
define the curvilinear integral along the curve C, 

\^P{o^,y,!i)dx (1), 

to be the ordinary Riemann integral 

f P[x,y (®), z (®)} d® = [ (®) d® (2). 

} a ' j a 

By an argument similar to that used in § 8*7, it can be shewn 
that the integral (2) certainly exists under the conditions stated 
above. 

If a given curve L does not satisfy the condition that the 
equations a? »/ (t), y — <f> (0» ^ — are monotonic functions of 
the definition can be extended to such a curve provided that it is 
possible to divide up the curve L into a finite number of curves 
Cr on each of which the coordinate x is always increasing or always 
decreasing. In this case 

f P{x,y,z)dx^lz \ P{xyy,z)dx. 

In the same way we can define curvilinear integrals with respect 
to y and with respect to z, and the most general expression of a 
curvilinear integral in three dimensions is 

J (Pdx + Qdy + Jtdz), 

where P, Q, Jt are continuous functions of the three variables 
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12*8. Stokes’s theorem. 

In certain problems which occur in Applied Mathematics and 
Physics, it is useful to be able to express a combination of surface 
integrals over a given surface in terms of curvilinear integrals 
round the circuit in space which forms the rim of the given surface. 
This is effected by means of Stokes’s theorem, of which a broof is 
now given. \ 

Stokes’s theorem is proved here mainly because of its importance 
in the applications of mathematics to physical problems.! It oc- 
cupies a very different position from Green’s theorem, which, 
although it has important practical applications, is one of the 
fundamental theorems in the theory of multiple integrals. 

Stokes’s Theorem. If Che the circuit in space which forms the 
rim of a given surface S, then 

j^(Pd^ + Qdy + Rd,) = l\^ 



where P, Q, R are continuous functions of x, y, z, and the sense of 



Fig. 85 


description of C is so related to the side 
of S that a person traversing G and 
keeping on the correct side of 8 has that 
side of the surface on his left 

The result may be divided into three 
parts: consider one of these parts, 

J Pdx 

We are assuming that the surface 8 
is one whose equation can be expressed 
in the form z^p{x, y). 

If this is not the case, then so long as the 
surface possesses two distinct sides we divide 


it lip into suitable pieces by dissection parallel to the axis of z so that on each 
of the dissected pieces the tangent plane is nowhere perpendicular to the {x, y>- 
plane. If the theorem is proved for any one of such pieces, it follows for the 
whole surface 8 by addition. 
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Let 2 be the plane domain in the (x, y)-plane which is bounded 
by the closed curve F, the projection of the given circuit C on 
the (a?, y)-plane. If are the direction-cosines of the upper 

normal to 8, 

i _ m n 
^ ~ — 1 ^ 
dx dy 

and since dzdx^mdtr, dxdy ^ndcr, the right-hand side of (2) 
becomes 


I.Usf-f)*”'!' 

(3)- 

• The integrand of (3) is 


/dPdz dP\ dPi 

(4). 

\dz ay dy) dy 

if Pi (x, y) = P [x, y, V (x, y)}. 


The integral (3) therefore reduces to a double integral over the 

plane domain % 


^^^dxdy. 

's 


Now j Pdx= 1 Pidx, 



and so the required result is established if we prove that 

-jj, 

which is part of the two-dimensional form of Green's theorem. 

Thus equation (2) is proved, and the other two parts of the 
theorem may be similarly established. 

12*9. Multiple integrals. 

Although there is no geometrical analogy for the case of more 
than three variables, the analysis of most of the work of this chapter 
is easily extended to n variables. 

If /(xuWt, is integrable function of the n independent 

variables Wi,x%, ws can eaisily define the w-ple integral 

f/ ’ • • * > dxidxt--- dxn, 

where JS is a hyper-rectangle in n-dimensional space. 
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It is unnecessary to restate theorems which readily extend from 
three to n dimensions, and one example is sufficient by way of 
illustration. The formula for change of variables remains the same 
for n-ple integrals, for let 

Xr = <f)r (oCi , ^1 1 • • • , ) (r “ 1, 2, • . . , w) 

be the equations which define the transformation, and le^ 


then 


T ^ • • • » 


JJ . . . ^ 2 » • • • 1 ^n} dx\dx % . . . dXf^ 

- 11 


where D and D' are the domains in the respective spaces which 
correspond by the given transformation. 


EXAMPLES XIL 


1. Prove that the volume eiiclosod by the cylinders 
is 128aVl6. 

2. A solid is bounded by the cone and the cylinder 

Prove that the volume of the solid is 2 ^2/45, and hud the area of the conical 
surface bounding it. 


3. Prove that 

where T is the tetrahedron formed by the coordinate planes and the plane 
iP/a+y/64-2/c«=l. 

Verify that the moments and products of inertia of the tetrahedron about 
the axes are the same as those of four particles, each ^ at the corners of 
the tetrahedron together with a fifth particle, f P, at the centroid, where 
Vam^abc, 

4 If 7* denote the domain in which 4?, y, # take all positive values such 
that (4?/a)^ + (y/^)*4-(*/c)*' ^1, shew that the triple integral 
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a«tn be reduced to a omistant multiple of the single integral 

n 


/: 


F{t)t>^dt, 


IIL 


where ^•^alp+^lq+yjr- 1. 

Deduce that if 7* is the unit sphere with its centre at the origin, 

^dydz _ j 

6. Prove that the area of the surface « 2.ry included between the planes 
aj=:0, ^=0, y^b is AJ{ab) (a-^b)j7^ 

6. Prove that the area of the portion of the sphere ;r2+yH(*-c)*«c2 
contained within the paraboloid ^z^x^ja-^y^jb is 47 rc s/{ab), 

7. Shew that, if the x and y coordinates of anj point on the paraboloid of 
Question 6 are expressed in the form 

:r=atan ^cos<^, y=6tan^8in<^, 

the angle 6 is the inclination of the normal at any point to tke axis of *. 

Prove that the area of the cap of the surface cut off by the curve is 
|ira6(sec®X-l). 

8. (i) Find the area of the surface of the spheroid 

(ii) A nearly spherical ellipsoid is defined by the equations 
a?«a sin 6 cos y« (a+w) sin 6 sin (#>, a«»(a+€) cos 
where t and w are small compared with a. Prove that, if squares of t and 
are neglected, the area of the surface is approximately 47ra*-t-|j7ra(w+€). 

9. If Cis the curve defined by j^+y*+«*-264?-26y*=0, a?+y=26, prove 
that 

j iydx-k'zdy-k-xdz)^ 

the path beginning at the point (26, 0, 0) and lying at first in the portion of 
space for which c is negative, 

10. Prove that the volume of a cone which extends from the origin to the 

surface »), »), (w, v) is given by 

iff ^dudvy 


where 


s 

Xqf 


y > 




and suffixes denote partial derivation, 

Hence prove that the volume of one octant of the cone *<+y«»*«tan>a 
between its vertex and the surface a?‘+y+**=l is 


s*r(i) 


/« V(' 


du 


iJ{G 08 Uy 
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11. Find the position of the centroid of the spherical sector formed by the 
revolution of a sector of a circle of angle 2a about its axis of symmetry 
(i) when the density is uniform, (ii) when it is proportional to the distance r 
&om the centre. 


12. Find the moment of inertia of an octant of a sphere about one of its 

straight edges, by direct evaluation of the triple integral. j 

13 . By choosing as axes of coordinates three coterminous edges of a cube, 

prove that the coordinates of the centroid of that portion of the cube which 
remains when the corner bounded by the plane ~ 2a has hem removed 

are giveh by \ 

where a is the length of an edge of the cube. 

14 . Find the jX)sition of the centroid of the solid formed by rotating, a 
plane semicircle of radius a about an axis in its plane perpendicular to the 
base of the semicircle when the distance of the axis of rotation from the centre 
of the semicircle is by (b > a). 

[The solid is one-half of an anchor-ring.] 


16 . Deduce from Green’s theorem that 

IjJ^(uV^v-vV^u) dxdydz^jj^ g - i,g) rf<r, 
where d<r denotes an element of the surface S which bounds the domain T, 
and denotes derivation along the outward-drawn normal. 

Deduce also the “generalisation” of the formula for integration by parts 



0 A 


+ dxdydz 

{PJ^%dydz^ QyQidzdx^EiRidxdy) 



16 . If by the inversion transformation xm^hmp^ where 

rp r* « 4. ^2^ pt ^ ^ the twice differentiable function V (x, y, z) 

becomes Fi (f, ly, f), prove that, if V* Fi«« 0 , then V* ( F/r)«® 0 . 

17 . Prove that 


{{ [ dxidx i ...(fa?n 

yy ”7 






. . . ... ■2»r(4n + i)’ 

the integration extending over all positive values of X|, X3, which 

satisfy the inequality ^ 1. 


18 . P«.v« that 

where the integration extends over all values of or, y, s such that 
^4.^^4.3184.2191 (^y-by^+xr) does not exceed unity, and 1. 
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POWER SERIES 


IS'l. The definition of a power seriea 
The series 


ao + ai(a-a) + a,(«-e[)*+...+a„(«--«)»+ (1), 


in which z, a and the coefBcients are in general complex numbers, 
is called a power series abottt the point z — aas base. The Taylor 
expansion of /(«) as a series of ascending powers of a? - a, 

f{x)-aQ + ai{x-a) + at{x-a)*+ ( 2 ), 

where 


**/(«). «!-/'(»). - 


./>) 


2 ! 


an' 


/<">(«) 

nl ’ 


is an example of a power series with which the reader is already 
fitmiliar; but in our previous discussion of these series we have 
only considered the case in which all the numbers involved are real. 
The Maclaurin series is a power series about the origin, and it 
corresponds to the series (1) above when a = 0. 

Power series are some of the simplest as well as the most 
important series which occur in Analysis. We have already con- 
sidered the exponential and logarithmic series, and, as we shall see, 
one of the rigorous methods of introducing the circular functions 
sin X and cos ® is by defining them as the sum-functions of certain 
power seriea 


13-2. The concept of uniform convergence. 

In § 8‘431 we have already mentioned the concept of uniformity 
with special reference to uniform continuity, and it was stated there 
that although uniformity of continuity was not an important 
concept, uniformity of convergence was of very great importance 
in Analysis. Before discussing the theory of power series it is 
convenient to establish some fundamental results about operations 
on uniformly convergent series. When this has been done it is an 
easy matter to deduce from them their application to power series. 
This procedure is preferable to proving these properties only for 
the special case of power series. 
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Consider the series 

ui (a?) -f t/2 («) 4* . . . + Wn (a?) + - .(1), 

and write (a?) « 2 (a:). 

r-l 

If Sn (a;) tends to the limit a (a;) as n oo , then [an (a;)] ts said to 
converge to the sum a (a?), and a (a?) is the " sum-function ** of the 
series (1). As we have already seen in the case of a sequence {an} 
which does not depend on a?, the number v involved in the di^finition 
of a limit in § 2*53 necessarily depends on a. When the sequence 
{a»(a;)} is considered, the number v is, in general, a function of* a 
AND OF X. It is precisely here that the concept of uniformity 
becomes important, i/, given a, a number m (a) can be found WHICH 
DOES NOT DEPEND ON X such that | a,* (a?) — a (a?) | < a for all values of 
and for all values of x in a^x4,h, then s^(x) converges 
UNIFORMLY to 8 (x) in (a, b). 

Let m (a, a?) denote the least m for which the above holds, then 
the question as to whether a sequence [sn (a?)} converges uniformly 
to a (x) in (a, b) is precisely the same question as the following. For 
a fixed value of e, is tiie function w(a, x) bounded for all values of 
X in a^x^bl 

For if m (a, a?) < /i (a) for all values of x in (a, 6), then the number 
fi may be chosen instead of m, and since fi does not depend on x the 
condition for uniformity of convergence is satisfied 


Example 1, Let in the range 0 ^x^l. 

Clearly here a {ar)«0 in 0 < a? < 1, and a 

(a) If 0 < 4 ; < then f if, and only if» 


where c < 1 ; and so 


n> 


log (VO 

log(l/a?)* 



log (1/0 1* 
log(Wj 




* The symbol [x] is used to denote the greatest integer oontained in s. The 

reader should realise that m must be an integer. 
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(5) If then (^)|«0 and so we have^»(€, a;)^0. 

We therefore see that m(e, x) exists for every value of in but 

it is not bounded in this interval, for as x approaches the value 1 from below 
the value of m (e, x) given by (2) increases indetinitely. We therefore see that 
in the interval this secpience is non-uniformly convergent, 

and further that the non-uniformity is due to the inclusion of the point ar«l 
in the range. The sequence considered is uniformly convergent in the interval 
0 ^x ^ 1 — d, where d > 0 and as small as we please. 

JVote, The reader will observe that uniform convergence is essentially the 
property of an interval, and the definition of uniform convergence presupposes 
a specified range of values of Xy usually some given interval (a, b), which is 
always a closed interval. 

* The concept of uniform covvcrfjence at a given point has however a good 
deal of importance, and for our present purpose the following definition may 
be given. The sequence (.r)} is said to converge uniformly at the point if^ 
given t, we can find a number m, and an interval surrounding the point 
SMAih that throughout it^ and from and after n^m^ 

W{x)-s{x)\<e 

If the interval is (^o “ ^)» ^ »» ai*® functions both of 47o 

and of f. 

This may be contrasted with the concept of continuity, where continuity at 
a point is the essential original concept, and ** continuity in an interval” is 
derived from it, 

13’21. Discontinuity of the sum-function of a power series. 

Let us consider the series 

(T+^ 

Since this series is a geometrical progression with common ratio 

1/(1 +«*) which is always less than unity, save when ® = 0, the 

series is absolutely convergent for all real values of « (each term ' 

is in fact essentially positive). 

Now (®) » 1 + «!*- 1/(1 + 

and so «(®) = lim «„(«) = ! + a!*. when«+0, 

»-<►* 

and clearly from the series s (0) = 0. 

Thus, although the series is an absolutely convergent series of 
continuous functions, its sum-function s (x) has a discontinuity at 
the point «- 0. The fact that a convergent series of continuous 
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functions can have a discontinuous sum-function was first pointed 
out by Abel*, and, as we shall see, this can only occur when the 
series in question is non-uniformly convergent. 

13*22* The uniform convergence of series. 

When the definition of uniformity of convergence for a sequence 
{^n(^)} has been given, the case of uniform convergence 6f a series 

follows at once by writing an(^)=* 2 Ur{x), \ 

r«l \ 

The general principle of uniform convergence. Ha neces- 
sary and sufficient condition that a sequence (a;)} should converge 
uniformly to $ (x) in a given range a^x^byis that, given e, there is 
a number m (e) independent of x, such that 

\Sn(^)-Sn'(x)\<€, 

for all values of n* >n where and for all values of x in 

(a, &)• 

By recalling the general principle of ordinary convergence, § 2 53, 
we see that the necessity is trivial. To prove the sufficiency we 
assume that the condition holds, and then prove (i) that s^ {x) tends 
to a limit for each value of x, and (ii) that the convergence of Sn{x) 
to this limit six) is uniform. Result (i) follows at once from the 
general principle of convergence. To prove result (ii) we observe 
that the above inequality holds for all values of n': make cx) , 
then 

I «n (®) - V (®) I I «n (a?) - « («) I . 

and SO 

for n>m, and for all values of m in (a, h). Hence Sn{x) tends uni- 
formly to 8{x). 

COROLLABY. The necessanj and sufficient condition that the series 
Su„(w) should converge uniformly in a given interval is 

that, given e, it must be possible to choose a number m, independent 
of X {but depending on e), such that 

I U,n+1 («) + Mw+» (a;) -t- . . . + Wm+p («)!<« (1 ) 

for all positive integral values of p. 

* J, Math* (Berlin, 1826). Canohy in 1821 stated definitely that a function 
defined ysy a convergent series of fanctions which are continuous in an interval 
mast itself be continuous in that interval. See Court d*Analyie, i, 181 (1821). CSona* 
pare with Theorem 1 below. 
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The proof follows at once from the theorem, for we have only to 
write in the statement of the general principle 

above. 

It is convenient to write 

-®n, p (^) = ^n+l (^) + ^n+2 (^») + . . . + (o?), 

and then the inequality (1) above becomes simply 

1 p 1 < f • 

13’3. General properties of uniformly convergent series. 

Theorem 1. If every term of the series 'Zun(x) is continuous in 
the interval and if further the series converges uniformly 

to s{x), then the sum-function s{x) is also continuous in a^xi^b. 

rite Sfi ~ s 

so that, on the hypothesis of uniformity of convergence of the series, 
we have 

for all values of 7i>m(e) independent of x. 

Let c be any point of (a, 6), and, to fix the ideas, suppose that 
it is an internal point, so that a < c < 6. 

Now 

I « (a?) - S (c) 1 = 1 {Sm 0>) - Sm (c)} + {« (^) " (®)1 ” (c) “ «m (c)} 1 

<l«m(*)-Sm(c)| + liim(*)l + |-Km(c)| 

^ 1 (^) ~ (c) I + 2e , 

but, since Sm(x) is continuous at the point x—c, there is a number 
S(e, m) such that, whenever [a; — 

1 Sm (®) ~ (c) 1 < 6 j 
and SO l«(a?) — «(c)|< Se, 

under the sole restriction that |®-ci<8. Since further m is a 
function of e only, S is a function of e only, which proves that s(x) 
is continuous at « = c. 

A slight modification of the argument covers the case when c 
coincides with either a or b. This is left as an exercise for the 
reader. 

The above theorem still holds if a? is a complex variable. 

PA 
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Kot» on iht iheorem. 

The reader should observe that discontinuity in the sum-function 
involves non-uniformity of convergence of the series, but the follow- 
ing example illustrates the important fact that series exist which 
have a continuous sum-function but which are neverth^ess non- 
uniformly convergent. 

Exwmjjie. Let fa(«)»nx/(l+n*j;*). 

Whatever the value of x, we have 

*(x)» lim \ 

and so »(x) is continuous for all values of x. Also we see that is, for 
each value of a continuous function of x. 

Now 

if JFa4?*€«*-l^r|n+c>0, 

If €<^ the expression on the left-hand side has the same sign as the 
coefficient of n\ save when n lies between the two real roots of the quadratic 
in n, 

The expression E is therefore positive if n | >X, where 

Xs{l+s/(l~4e2)}/2f. 

Thus m(€, x)«[X|a7|~*] if |^|>0, 

while m(c, 0)«0. 

Hence m (c, :r) is not bounded, and there is non-uniform convergence in 
any interval which includes the point 

Theorem 2. A uniformly convergent eeries of continumsfum^ 
Hons of a real variable x may be integrated term-by-term. 

Suppose that we have the series 

(«) + (a?) + ... + + (1), 

of which each term is a continuous function of a? in and 

suppose also that the series (1) is uniformly convergent to sum 5 ( 0 ^) 
in 

Write $(x)^Bf^(x) + Bn{^) (2), 

* A very interesting graphical method, doe to Osgood, is described in Bromwich^s 
BefifdU Serin (1926), |4S. The method illustrates the non-unilormity of eon- 
vsrgenee of the above sequence in a strUdag vraWi 1* not proposed to discuss 
the graphical illustration here. 
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then, since e (a?) is continuous by Theorem 1, the equation (2) is 
integrable in (a, 6), and so 

J^s(a;)da=:J s„(aj)da5+ J Rn{ai)d9n 

Now let n-^ 00 , and, since the series (1) is uniformly convergent, 
|i2||(4;)| < € when independent of x\ and so, when n'^m^ 

I j |daj< €(6 — a). 

Hence 

[ s(«)daj= lim [ Sn(x)dx 
Jm n’-^-oa J a 


‘J Ui(a;)da! + j Ut(x)da! + ... +J 


Corollary. If the integrations are extended only to the portion 
(a, x) of the interval (a, b), the integrated series is also uniformly 
convergent in (a, a?). 

Forlf iJn(a?)da;U[ |iJn(»)l(iaj^ f ^|iJn(®)lda:< €(6-a) 

\J a i J a J tt 

forn ^ m (c), which proves the result. 


Theorem 3*. Let the integrable function s{x) he the sum of the 
series of integrable functions ui {x), (x), ,Un (x ), , . . , and suppose 
that this series converges uniformly to s{x) in a ^x^b except for a 
finite number of sub4ntervals, the sum of whose lengths can be made 
less than e: theUy if there exists a positive number JT, such that 
|s,i(«?)|<ir for every value of x in (a, h) and for every positive 
integer n, 

rd r6 * 

I 8 («) d® = lira I 8«(®)d®* lim 2 | «,(®)<ir. 

J H J 0 r=l J a 

Let the sub-intervals in which the uniform convergence feils be 
(<* 1 . 6»). (o». h), (a*. h\ where 

h 

2(i»,-Or)<«* 


* Thb ii given by Carelew in the tiathematieal OaxeUe, xm (1927), 

p. 438. It gives s set of suffioient conditions for term-by-term integration other then 
the standard condition of uniform oonvergenoe given in Theorem 2. 
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Then we have 

^ b 


J s(a:)da-’j (a?) dx 


= (^) - Sn (a-0) - 2 {s (x) - $n (x)] da?j I 

+ S {« (x) - 5n(a;)} dx\.. .(1). 


Now |5„(^)|< jfiT and so |6’(^)| = [lim 5n(^)l^JSr, 
whence | s (x) - Sn (x) | < 2Ii. 

The series converges unirormly in (a, h) except in the sub-intervals 
(tti, bi), {aje, bk), and so there is a positive integer 7/i* such that 


when m(e), the same m serving for all values of x in the part 

of (a, b) which remains when the above set of sub-intervals is 
removed. 

It follows from (1) that, when n ^ w, 


[ s(x)dx-^ f Sn (x) dx 

J a J a 


< (6 — a) 6 + 2/fe = ife, 


where il/ is a constant. Hence 


fb . f* ^ f* 

I s {x) dx = lira Sn (x) dx « lim I Ur (x) dx, 

J a J a I J a 

An example of a series which is integrable term-bj-tcrm but which is 
non-uniformly convergent is provided by considering the series for which the 
sum to n terms, {x\ is given by 

nx 


We have already seen that this sequence is non-uniformly convergent in 
any interval which includes the point x^O. 

The reader may easily shew, however, that 



lirn Sn(x)dx^0 


« lira 

n-*>ap 



* Of coarse the number m must be independent of x. When the reader is quite 
familiar with the concept of uniform convergence it is not so necessary to emphoMist 
the fact that m must be independent of although it is of course the fundamental 
and the most important fact of all 
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Theorem 4. Let the series 

Ui{x) -f U^ioc) -f ... + Unix) 4- (1) 

be a convergent series of functions of the real variable a?, the sum- 
function of which is s (x) : theUy if the series of derivatives 

Ui (x) + W («) + ... + Un (x) -f (2) 


is a UNIFORMLY convergent series in (a, b) with sum a{x), 

s* (x) s= O' (a:). 

By Theorem 2» 

f* r* / f* # 

J cr(x)dx^j u{ (x) dx + j {x) + ... 

• 00 

= 2 jwr(a;)-M,(a)| 

r*l 

■%Ur{x)-'2,Ur{a), 

1 1 

since the series (1) is convergent. Hence 

a (x) dx = 8(x)-s (a), 

a 

and, on taking the derivative with respect to x, we get 

ff (x) = s' (x), 

since a (x) is continuous in (a, b). 

The reader should observe that for the validity of term-by-term derivation, 
it ii the derived eeries which must be uniformly convergent It can be shewn 
that the theorem holds if the series (1) converges for at least one value of * 
in (O) h). 

13 ' 31 . Weierstrass’s test for uniform convergence of series. 

A series 2u, (a:) is umformly convergent in a given range of values 
of X, provided that (i) | «„(*)!< <M values ofn grea^ t^n 

a fixed number m, where w a function of n only, and (n) 1,M„ 
is a convergent series. 

The proof is simple, for with the notation explained above, 

S Mr<€ 

for all positive integral values of p, the numb^ m 
on e, and not on *. Hence it follows that Z«r( 
convergent in the given range. 


depending only 
x) is uniformly 
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13*32. Another test ibr uniform oonvergence. 

If Sn (x) s (x) for every x of a certain range and Mn iB <Ae upper 

bound of Tn (x) = | (x) - 5 (a;) | for fixed n and varying x, then the 

necessary and sufficient condition for uniform convergence is tiiat 
as 00, I 

(i) Let Mn-^0; then, given e, < € for n ^ m (c) ind bo 

(x) ^Mn<€ \ 

for w > m (e) and all x. The convergence is therefore unifirm. 

(ii) Let the convergence be uniform. Then Tn{x)<€ for 
n > /I (e) and all x. Bence ^ € forn > /a (c). This being true for 

every €, 

We deduce at once that, if {5„{x)} is non-uniformly 

convergent. 

13*4. Power series. 

Let us consider the power series where, in the general 

case, both z and the coeflScients a„ may be complex numbers. 

(i) If I I 0 as n 00 the power series is absolutely con- 
vergent for all values of for 

i 1 

I 1 ” = 1 I ” I ^ I 0 as ?i -► 00 , 
and so 2|anl|^|" converges by Cauchy s test, §6*2 (iv), hence 
is absolutely convergent for all values of z, 

1 

(ii) If llm 1 1 = 00 the power series never converges, for 

1 i 

Hm 1 anSf^l^ == 1 -?| liin | Un] ” « 00 (z^O), 

and so | does not tend to zero. 

(iii) If neither of the above cases holds, then Urn ] Un ) must be 
finite and not zero, It is usual to write 

1 

where JR is a positive constant. In this case we have 
Tm\anJ^\^^\z\IR, 

and, by Cauchy's test, the series lunZ'^ is absolutely convergent if 
I I < if. If ( z: I > ii the nth term of the series does not tend to zero, 
and ItanZn is divergent (or oscillates infinitely). 
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Cauchy's test gives no criterion if \z\^R, and, as we shaU see 
later, this case needs separate discussion. 

The number R is called the radius of convergence of the power 
series, and it is so called because if we consider the circle j z | JR 
in the Argand diagram, then for values of z inside this circle the 
series is absolutely convergent, and for values of z outside 

this circle the series does not converge at all. For values of z 
on the circumference each case must be considered on its own 
merits, and for such values of z the series may converge, diverge 
or. oscillate. The circle | <^ | = JS is called the circle of convergence 
of the power series. 

By writing z^R^ the series becomes where 

R^a^nt S'lid the radius of convergence of the new series is clearly 
unity. Without loss of generality therefore we can take 'power series 
whose radius of convergence is unity as typical series. 

When the variable is real the circle of convergence = 1 
reduces to the end-points of the interval — 1 

The theorems which follow are proved only for real power series 
'Za^x^ and these will be considered as power series whose RADIUS 
OF CONVERGENCE IS UNITY. 


13*5. Properties of real power series. 

Theorem 1. The series Za^^a?^ is absolutely convergent in the open 
interval — l<a;< 1, 

This is immediate, for we are assuming that the radius of 
convergence of our typical power series is unity. 

Theorem 2. The senes is uniformly convergent in the 

interval - where 5 > 0, and as small as we please. 

This follows at once from Weierstrass's test, for 
1 

1 i m I a„ a;” 1 ” = 1 a; 1 ^ 1 — 8, 

1 

and so 1 1* < ^ I ^ values of n > r (S) ; 

hence 1 ] < (1 - « ilf» forn > v (8), 

and ZMn is clearly convergent, since it is a geometrical progression 

with a common ratio less than unity. 

The above theorem is very important, for it shews that for power 
serieB s knowledge of the range of abeolute convergence is all that 
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is necessary to give the requisite information about uniform 
convergence. 

Abel’s Lemma. Ld = and let {»„} be a positive non- 
increasing sequence, then, if K = max |sp | , 1 < p < n, , 

|2o,t»,| < l-XA-)- 

Now S«,w,= Sir>i + (sj-Si)Da + ... + (s„-s„_i)t)# ' 

1 

= Si (Vi - Vi) + Si{Vt-Vi) + ...+ S„_1 - Vn) + *»»», 

and since Vp — Vp+i > 0, Vp > 0, inequality (A) follows. 

Theorem 3. Abel’s theorem on power sebie.s. 

00 

//2a„ converges^ then is uniformly convergent in 

0 

and 

f{x) -*•/(!) 05 a: -► 1 - 0. 

Let = then, by Abel’s lemma, 

I lia,®’’ 1 $ Ka^, 

m 

where K « max | |, m ^ n. 

Since Sttn converges, iT < e for m > /a (t) ; and so 

n 

1 2a»;c* I < ex”* $ e, 

m 

and since /t is independent of x, 2a«a!“ is uniformly convergent in 
O^ar^l. 

Further, by Theorem 1 of § 13'3,/(a:) is continuous in 
and BO f(x)-*-f(\) as — 0. 

It follows similarly that ifX{—)’*anis convergent, then 

f (x) -*■ /{— 1)05®-+-— 1+0. 

Example. Prove that log2=l- J + J— 

We have already eeen that 

log(l+®)=®-^ + J-J+ (1) 

if - 1 < ^ < 1 , this range being the range of absolute convergence of the series 
on the right-hand side of (1). By Theorem 2 we deduce that the above series 

^ Since we are only concerned with the point « « 1, the interval 0 < « ^ 1 has been 
chosen, but the theorem is equally true in - (I - 3) ^ jp ^ 1, if C>0. 
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w uniformly convergent ^ 

extreme points 1 and - 1 separately" ® tJ*® 

we put *-.1 in the series (l^ it becomes 

which can easily be shewn to be {condition.ii7^ 

^ries test Hence, by Theorem 

0 ? 1 . ’ ''“® (1) w uniformly convergent in 

Again, because the series (21 is cnnvAi-m>..4 j j 
that the sum-function of the series (2) is\he’l^* wT ***«''wm 

series (1) as X * 1 -0; and s?3 ^ ^ ® «um.function of the 


^_lim^log(i+:r)„l„g2, 

the required result is established. 

If we put x= - 1 in the series (1 ) it becomes 


which is 
case. 


~(i+i+i+i+...), 

known to be divergent, and so Theorem 3 is not applicable in this 


13'6. Operations on power series. 

Lemma The se^ obUdned by the derivation or integration of a 


Let the given series be Sa^x". then the reciprocal of the radius 

of convergence is iim | o„ | ». 

For the integrated series we have 


j— , 1 11 

hm I aj(n + 1) |« = lim {l/(n + l)}n | 

1 

»hiu|a„|’*=l/i2. 
Similarly for the derived series 


L 1 i 

lim I no* I" = lim n" I On I" 

1 

^ =lim|aa|«=l/5, 

since n*-a.l (see Examples V, 10). 

Theorem 1. If the power series 2a„a:“ has radius of convergence 
its sum-function is continuous in | x | < 1 - S, S > 0. 

This follows at once from Theorem 1, § 13'3. 
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Theorem 2. If for values of x such thcU la?l< 1, 

then^for the same range of values of x. 

All that is Reeded is to shew that the conditions of Theorem 4 of 
§13*3 are satisfied. By the lemma the derived series has! radius of 
convergence unity, and is therefore uniformly convergent^n 

S>0. \ 

The original series is certainly convergent, and eac^ term 
possesses a derivative in | rr | < 1. 

Theorem 3. If \x\<l,\xQ\<l,ihen 

I' /«) = 2 - Xo"«). 

This follows at once from Theorem 2 of § 13*3. 

The above theorem can be extended to give the following im- 
portant result, which for convenience may be stated as 

Theorem 4. A power series may be integrated term-hy-term 
right up to the radius of convergence^ provided only that the result- 
ing series converges at that point 

For, if Sa„/(n+ 1) converges to sum A, then, by Abells theorem, 
Xa^x^^'^'^Kn + 1)-^A asa?-^l — 0. 

Hence, by taking the lower limit of integration xq to be zero, we 
deduce that 

lim [ f(t)dt 

exists and is equal to A. 

The following examples illustrate the application of the above 
theorems. 

£xample 1. By the binomial theorem, if 0 ^ or < 1, we have 

( 1 + jp) “ * as 1 -- a? + + , . . , 

and so 

in other words log2»l 

since the' latter series is convergent 
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jSfRxmp^fS. Again, if «*<1, 


S47 


hence 


/; 


dx 


(1 — a?*)i 


-l+i l + hl l + Ll:^ 1 

2 3 2.4‘6^2.4.C’7' 


provided that the eeries on the right of (1) is convergent, 
proved by Qauss’s test, for 


..( 1 ), 


This is easily 


**«+i 

and ^=§>1. 


2« (2n+l) 







In this case the integral on the left-hand side of (1) is not an ordinary 
^Riemann integral, since the integrand is not bounded when iP w 1. The integral, 
however, exists as an infinite integral for 


V p-* dx 

}ToJo 

and, even in this case, it is true that the sum of the series on the right of (1) 
is Jw/ 


13'7. The general binomial theorenL 
Consider the series 

/(a7)c=l +wa;-f m(m — + ‘l)(m-2)g-^+ 

the convergence of the series for real values of m and x has already 
been mentioned, and the investigation of the convergence has been 
set as an example (Examples V, 8). On recalling the results we 
find that the series is absolutely convergent if | a?| < 1 ; if a? » 1 the 
series is (conditionally) convergent if m-f 1 >0; and if a; = — 1 
(the series being then one whose terms are ultimately all of the 
same sign) there is convergence if m >0. 

If I a? 1 < 1, it can be shewn by Maclaurin's theorem that the sum- 
function f{w) « (1 + a?)”*, but the extreme cases can only be rigor- 
ously investigated by an appeal to Abel's theorem, and so the 
discussion has been postponed until this point. 

Since the above series is absolutely convergent when |a?] < 1, it 
is uniformly convergent in any interval (— 6, 6), where 0 < 5 < 1. 
Now 

/' (a;) - fn |l + (m - 1) ic + (m - 1) (m - 2) ™ + . . . J 
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where ^ (») only diflFers from f{x) by having m — 1 in the place 
of m. 

Now 


(l-f “ 1 + m(m — 1) (m- 






and so 




d fix) I 

in other words x)^, 

where A is an arbitrary constant. Since /(0)=s 1 and the positive 
value of (1 +a?)”* is to be chosen, it follows that A^l, and so 

/(x)^(l +x)^. 

The above argument only applies when x is restricted to lie in 
the interval — 6 < a? 6, where 0 < 6 < 1. 

By Abel’s theorem we deduce that the sum of the series when 
a; = — 1 is zero provided that m > 0 ; and if m -f- 1 > 0 the sum of 
the series when a: = 1 is 2’^ 

The discussion in the case when both m and x may be complex 
numbers is more diflScult and is not given here*. 

13*8. The circular functions. 

(1) We are now in a position to give rigorous definitions of the 
circular functions. Consider the two series 


/ir«2 nAi 

C{x) = 1 + . 


....( 1 ). 

...( 2 ). 


8{x)-x gj + g, — + + 

both of which are absolutely convergent for all values of ajf. It is 
clear that each of these series has an infinite radius of convergence, 
and so they represent functions which are everywhere continuous, 
and each may be differentiated term-by-term any number of times 
in succession. It is easily seen that, for every value of x^ 
0'{x)^--S{x)g C"(x)^^C{x)g C"'{x)^8{x), C^^{x)»C(x)\ 

8''(x)^^8(xl 8'''{x)^^C(x)g 8'''{x)^8{x). 


• The reader may refer to Bromwich** Ififinite Seriet (1926), § 96. 
t These resolts are easily estabiliilied by means of the ratio 
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Since the fourth derived functions are equal to the original func- 
tions, the same series of values is repeated in the same order in 
the successive differentiations. 

W e see also that C {x) is an odd function and S (w) is an even 
function, that is to say 

(?(- a;) = C(x), S(-x) = ~S(x) (3). 

(2) The addition theorems. 

There are several ways of proving the addition theorems, but it 
will suffice to indicate one of these methods. Consider the function 
F{x)={G{x + Xy)-G {x) G (a-i) + S{x)S (a:i)l» 

-i-[S{x-^Xi)-S{x)G (a-i) - 8 (iTi) G (a.-) j*. 

It is easy to see that F' {x) = 0, and so F(x) must be a constant: 
but since F{(i) = 0 it follows that F{x) = F{0) = 0 and consequently 


G (x + xi) = C (x) G(xi)~S{x)8{xi) (4), 

8 {x + xi) = 8 (x) G (xi) + G{x)8 {xi) (5). 

From these addition theorems, by writing xi=:x, we get 

G(2x)^G\x)-8\x) (6), 

S(^2x) = 28ix)Cix) (7); 


and by writing a!i = — a: in (4) we get 

C^a;) + fi^*(a:) = l (8). 

(3) Periodicity. 

It is rather more difficult to establish the properties of periodicity 
directly from the series : this may be done in the following way. 

We have 0(0) = 1>0; 

but C(2)<0. 


for 


02 

C(2) = l-J,+ 


04 /2« 2®\ /'2^® 2^®\ 

4! “ Wl “ Slj ~ liul “ 12V “ 


where the expressions in brackets are all positive, since for n ^ 2, 

On 9«-t 2 

" _ “ ■ >0 

rl! {n + 2y ’ 

4 16 1 

andso C(2)< + 

hence C (2) is certainly negative. By Theorem 7,§ 3*45, C (x) vanishes 
at least 09ice between a; 0 and a? 2. 
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By writing 

we easily see that between and ij? = 2, S{x)>0, and eo 

C (a?) = — fif (x) is constantly negative in this range. It fallows that 
0(/c) is a strictly monotonic decreasing function in thw interval 
and can therefore only vanish at one point f in the inteAval. 

The number which is the least positive zero of (7(a;),\is there- 
fore a well-defined real number which, for a reason to b^ seen in 
a moment, will be denoted by ^isr. 

Since C(ifij) = 0, it follows from (8) that 

and, since 8 (x) is positive between 0 and 2, it follows that 

/S(itsr) = L 

From (6) and (7) we deduce that 

C(2tsr)*l, S(2t!r)«0, 

and from the addition theorems we deduce that 

G(x + 2isx) =« C (a?), 8 {x-^ 2w) =» 8 (a?), 
and the functions G (x) and 8 (x) possess the period 2«r. 

(4) It now remains to shew that the number tsr = tt, the length of 
half of the perimeter of a circle of radius unity. When this has 
been done the complete identity of the functions G{x) and S(a?), 
with the functions cos x and sin x, will have been established. 
Consider the curve defined by the equation 

x^G{t\ y^8(t)\ 

then the point P whose coordinates are (a?, y) is always at a distance 
from the origin given by 

1 OPh V(^+ y*) * « 1 

by equation (8) above. The locus of P is accordingly a circle whose 
centre is the origin and whose radius is unity. In particular, if t 
increases from 0 to 2«r, the point P starts from the point 4,(1, 0), 
on the axis of x and describes the perimeter of the circle exactly 
once in the anticlockwise sense. As t increases from 0 to «r the 
function C{t) is monotonic decreasing from 1 to - 1, and so the 
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abscissa of P assumes each of the values between 1 and — 1 exactly 
once, while S (t) remains positive. The point P therefore describes 
the upper half of the circle steadily and passes through each of its 
points once only. In exactly the same way, by using the appropriate 
relations deducible from the addition formulae, we can shew that 
when t increases from v to 2er the point P describes the lower half 
of the circle. 

We therefore see that if m and y are any two real numbers for 
which a!* + y*='l, then there exists one and only one number t, 
such that 0 < t < 2«-, for which the equations ® *= C (t), y = jS (t) are 
simultaneously satisfied. 

■ The length of the curve described by the point P when t increases 
from 0 to a value to is given by 

(t) + S'* (t)} dt = dt = to, 

and so the complete perimeter of the circle is obtained by putting 
to =* 2w. Since the perimeter of a unit circle is of length 2w we 
have proved that the numbers w and tt are identical. 

We have now established the result that the abscissa C (t) of the 
point P for which the arc AP = t coincides with the cosine of the 
angle subtended at the centre of the circle by the arc AP, and S (t), 
the ordinate of P, coincides with the sine of that angle. Hence we 
may write cos t for C (t) and sin t for S (<). 

13 81. The other trigonometrical functions. 

The two functions sin x and cos x are fundamental, and from them 
the remaining four may be deduced. Thus 

eosec ® *« 1 /sin x, sec ® =» 1/cos x, 

tan®=Bin®/cos», cot ®= cos a/sin®. 

The expansions in power series for these functions are not so 
simple. We consider first the expansion 

+ + + 

where the numbers P., the so-called BemovUi’s mtniers, are not 
wplicitiy known but are easily obtainaWe from reourienoe formulae 
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which can be found as follows. On using the expansion of ^ in 
powers of a? we have the identity 

hence £o=l, — and for n>2, 

Ip, 1 , 1 B, I 

1 ■^(n-‘2)l 2r "•■^1 (n-l)l V 

The first few of Bernoulli’s numbers (which do not confbro^ to any 
apparent law of formation) have the numerical values 

Bt — \, B3 = Bs = B7 = ... = = Bt = — T^g, 

Bt--^, Ba = — -^, -^12 = “ jf/sV » Bii^^, 

.. X CO X e*/* + e-»/* 

g* _ 1 + 2 2 e*'* - e“*/* 

= z coth z 

by writing x *= 2z. It follows that 

a cot ^ = 1 - {2zf - (3). 

Since tan x = cot a; — 2 cot 2a?, we deduce that 

00 92^ ( 9 ^ — IN 

(4); 

and with the help of the formula 

cot X + tan = 1 /sin x 

"S'* 

The remaining useful series for sec z is usually written 

<«>■ 

where the coefficients En, usually called Euler's numbers, can be 
found from the identity 

The first few of Euler’s numbers are 

E,^l, Eg^b, Egm-ei, J?,»18S6 

JBj* JSi* 0. 


and 
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13*9. XllustratiYd example. 

In order to illustrate the procedure which is adopted to obtain 
power series from other known power series by means of the opera- 
tions of term-by-term derivation and integration, the following 
example is given here. 

Prove that 


i (1 -«))* — 4-^(1 4 i) i (1 4- i + -I- 

and that the result remains true when a: = — 1. 

If |«?|< 1 the two series 

(1 — = l4a?4a?*4a^4... 

-log(l-a!) = a! + ^ + ^+... 


are absolutely convergent, and so, by § 5'71, their formal 
absolutely convergent in the same range and its sum is — 
Thus, when | x | < 1, 

X — iZJ 

and on integrating from 0 to x, where [ arj < 1, we get 


product is 
log (I -a?) 
1 — a? 


•• I 


i{log(l-«)}* = ^ + ^(l + J) + ^(l+i+i) + (1), 


integration terra by term being valid over any range strictly within 
the range of absolute convergen«*e. 

The result can only remain true when a; = — 1 if the series 

J-i(l + J) + i(l+Hi)-ia+i + i+i) + (2) 

is convergent. The series clearly cannot converge absolutely, for 
when ail the terms of the series (2) are taken positively 


«» 







1 

>n + l’ 


and so each term of the series exceeds the corresponding term of 
the series 2 l/(n + 1) which is known to be divergent. 
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Now «, > tt„+i 

that is if 

(n+l n + 2 ) 2"^ (?H- 1) (a +”^) * 

which is true, because if n > 1, 


1 + 2 + ... +~ >1 


Further 0 as n oo , for 

1+I+... + - 

2 n n 


1 4 r 4- ... -f r 




1 


' w4 1 

1 


14~' 

n 


hence for 


1 454...4 

2 n 


tends to the same limit as - (§ 2*6). 


n 71 

The alternating series test therefore applies, and so the series 
(2) is conditionally convergent, and its sum is ^ (log 2)1 


EXAMPLES XIII. 

1. Discuss the uniformity of convergence of the sequences 

(i) «„(x)«arctannar, (ii) #n(ar)«x»/(l4^^). 

2. Prove that the series 

^ ^ X 

• ^+n:P'*'(:TT;r9+- 

converges in the interval (0, ^), where ^ is a positive constant, for all values 
of Xt but that the series is not uniformly convergent in this interval. 

$• Prove that the scries 

*+1 (x+1)(2j;+ 1) ^ (2i+T)T^T)'^’*‘ 

is non-uniformly convergent near the point amO, 

4 . Prove that the series 

T+P"ro+3+13"**- 

is tmiformly convergent in the interval #>0, but that it is not absolutely 
convergent 
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6. Prove that the seriee 

is aheolutely convergent in the interval -c $ 1, where 0 <c < 1, hut that 
it is not uniformly convergent in this interval. 

8, (i) Prove that the series 2 uniformly convergent for all 

values of and that it may be differentiated term by term, 

(ii) Examine for uniformity of convergence the series 


Ji 1+i^ 


1 

7 e Justify the equation 

when m>0, n>0. 

Deduce the values of the sums of the series 

8. (i) The series ta^x^ has radius of convergence R and the series 

has radius of convergence R ' : determine the radii of convergence of the series 

2 (<*» i j’*, 2 du 2 JC*. 

(ii) Find the radii of convergence of the series 

2 — 2 — r 2art7i!a!*| 

nP n! ^ ’ 

if the radius of convergence of 2%x* is R>0. 

9. Find the expansions in power series for arc sin x and arc tan Xy specifying 
the range of values of x for winch they are valid. 

10 . Provethat, if |jr|<l, 

arcsinx ^,2 . 2.4 . 2 .^ . ^ 

'^ 3 ^‘^ 3 . 5 ^'*' 3 . 5.7 

2 J 7 ^ 2 4 tC® 

and deduce that ^(arcsin g +3 4+3^ 6“^ 

Examine whether the last equation remains true when x^h 

11. Prove that, if |« I < 1 , 


IS. If 1*1 < 1, prove that 

" j ** ^ ^ 

arot(ui*(i*-j-;^-374 + 6.6 

and deduoe that the som of the series 

1-j-J+i+i-. 

is 0*43888 apptoumately. 


f: 


13-1 
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13. Prove thet 




log(l 

14. Shew that, if |4r| < 1, 

^/(l+x»)log{;r+V(l+**)} ^+?-|? + 0 7 - 

and that the result remains true when j?=a ± 1. 

16, Prove that, if jar | < 1, 

1 ri fT I //I . Nn 1 * 1 . 3 1 . 3 . 5 \ 

log K {1 + V(1 +^)}]'=2 2 - J:-4 4 + 2 : 1 : C 6 - , 

Is it allowable to put iF=loriP==— 1? 

16. Examine the convergence, whether it is uniform, and the validity of 
term-by-term derivation of the scries 

c*sin e”* sin ru-f..,. 

17. If Sn shew that 

I lim (x) lim / 
and give reasons why this is so. [See § 13*32.] 

18. Find the sums of the following series in terms of elementary functions : 

w 2+5+¥+n+- 

r'\ jl- jL~ 

rT3-3T5'^^7'“77i>^‘*'* 


(iii) 07+ 




r + ... 


3 6 7 

[To prove (i), observe that if J{x) is the required function 
whence f{x) may he found.] 

19, Find the expansions in power scries of the functions 

(Olog — , Ou) 


20. Prove that the converse of AbePs theorem on power series, (which is 
not in general true), holds if the coeflScients are all non -negative : that is, 
if a»^0 for all n, and if 

lim SanOJ** 

eadsts, then la^ converges, and its sum is equal to that limit 
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